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PREFACE 


‘tbook for a first course in the 
tboOK ior a first course in the theory of 


functions of one complex variable for students who are mathematically 
mature enough to understand and execute « —5 arguments. The actual pre- 
requisites for reading this book are quite minimal; not much more than a 
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Bs 


stiff course in basic calculus and a few facts about partial derivatives. The 
nice fram advance dealer; hat are ice aqkaiere pala LAS Avast 
topics from advanced calculus that are used (e.g., Leibniz’s rule for differ- 


entiating under the integral sign) are proved in detail. 

Complex Variables is a subject which has something for all mathematicians. 
In addition to having applications to other parts of analysis, it can rightly 
claim to be an ancestor of many areas of mathematics (e.g., homotopy theory, 
manifolds). This view of Complex Analysis as “‘An Introduction to Mathe- 
matics” has influenced the writing and selection of subject matter for this book. 
The other guiding principle followed is that all definitions, theorems, etc. 
should be clearly and precisely stated. Proofs are given with the student in 


mind. Most are presented in detail and when this is not the case the reader is 
AlA nearical ayzka se A ee ae ae BO a GAT sa4 Ds a Se al on ca a eS es NL 
told precisely wnat is missing and asked to fill in the gap as an exercise. [he 


exercises are varied in their degree of difficulty. Some are meant to fix the 
ideas of the section in the reader’s mind and some extend the theory or give 
applications to other parts of mathematics. ( Occasionally, terminology is used 


oe? 


ry 
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rs I through V and Sections VI.i and VI.2 are basic. It is possible 
to cover this material in a single semester only if a number of proofs are 
omitted. Except for the material at the beginning of Section VI.3 on convex 
functions, the rest of the book is independent of VI.3 and VI.4. 
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r 


eo 


points in a metric space. The results of the first three sections of this chapter 
are used repeatedly in the remainder of the book. Sections four and five need 
no defense; moreover, the Weierstrass Factorization Theorem 1 is necessary 
for Chapter XI. Section Si 


completely disregard. 

The remaining chapters are independent topics and may be covered in any 
order desired. 

Runge’s Theorem is the inspiration for much of the theory of Function 
Algebras. The proof presented in section VIII.1 is, however, the classical one 
involving “pole pushing’’. Section two applies Runge’s Theorem to obtain a 
more general form of Cauchy’s Theorem. The main results of sections three 
and four should be read by everyone, even if the proofs are not. 


Chapter IX studies analytic continuation and introduces the reader to 
analytic manifolds and covering spaces. Sections one through three can 
be considered as a unit and will give the reader a knowledge of analytic 


uit 
vil 


Vili Preface 
continuation without necessitating his going through all of Chapter IX. 
Chapter X studies harmonic functions including a solution of the Dirichlet 


Problem and the introduction of Green s Function. If this Can be called 
applied mathematics it is part of applied mathematics that everyone should 


rT 44th ’ a) io pl 


Hadamard’s Factorization Theorem and the Great Theorem of Picard are 
sufficiently different that each merits its own chapter. Also, neither result 
depends upon the other. 

With regard to Picard’s Theorem it should be mentioned that another 
proof is available. The proof presented here uses only elementary arguments 
while the proof found in most other books uses the modular function. 

There are other topics that could have been covered. Some consideration 
was given to including chapters on some or all of the following: conformal 
mapping, functions on the disk, elliptic functions, applications of Hilbert 


aRARrA Mma thadea tn ramnilav fonctions Rin t th 
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ine naa wy Uwe Graw 
and these topics were the victims. For those readers who would like to explore 
this material or to further investigate the topics covered in this book, the 


bibliography contains a number of appropriate entries. 


Most of the notation used is standard. The word “‘iff”’ is used in place of 
the nhrace Sf and anly if? and the eyumbhal Bb te nead tn indicate the and ofa 
LLIU pill aot Al QAMiU Ulil iL 3 CQALINE ULI OYLILUYVIL = ZO YUOUU UY TLINEAWOLUD ULI VLU VI a 
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proof. When a function (other than a path) is being discussed, Latin letters 
are used for the domain and Greek letters are used for the range. 

This book evolved from classes taught at Indiana University. I would like 
to thank the Department of Mathematics for making its resources available 


tno oma Airing ite preparation Twanld acnacially lake ta thank the etidante 
VU ile aur ing 1S pivpalia tion. EE WUUIU UCSOPeErially LINY CU LHGIIN LLIN OLUUEIILD 


in my classes; it was actually their reaction to my course in Complex Variables 
that made me decide to take the plunge and write a book. Particular thanks 
should go to Marsha Meredith for pointing out several mistakes in an fae 


draft, to Stephen Berman for gathering the material for several exercises o 


] corrections of 

manuscript. I must also thank Ceil Shee f 
manuscript under unusual circumstances. 

Finally, I must thank my wife to who 

iS 


encouragement was the most valuable assi 
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John B. Conway 


PREFACE FOR THE SECOND EDITION 
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prepare a list of corrections for a third printing. When I 
mentioned that I had some ideas for more substantial revisions, they 
reacted with characteristic enthusiasm. 

There are four major di ffer erences between the pr oc 
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included. This has the nes of providing a quick proof of the theorem 
in its full generality. Nevertheless, I have a strong attachment to the 
homotopic version that appeared in the first edition and have proved this 
form of Cauchy’s Theorem as it was done there. This version is very 
geometric and quite easy to apply. Moreover, the notion of homotopy is 
needed for the later treatment of the monodromy theorem; hence, inclu- 
sion of this version yields benefits far in excess of the time needed to 


discuss it. 


pushing” is buried in the concept of uniform approximation and some 
ideas from Banach algebras. Nevertheless, it should be emphasized that the 
proof is entirely elementary in that it relies only on the material presented 
in this text. 


Next, an Appendix B has been added. This appendix cont 


bibliographical material and a guide for further reading. 

Finally, several additional exercises have been added. 

There are also minor changes that have been made. Several colleagues 
in the mathematical community have helped me greatly by providing 
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thank publicly Earl Berkson, Louis Brickman, James Deddens, Gerar 
Keough, G. K. Kristiansen, Andrew Lenard, John Mairhuber, Donald C. 
Meyers, Jeffrey Nunemacher, Robert Olin, Donald Perlis, John Plaster, 
Hans Sagan, Glenn Schober, David Stegenga, Richard Varga, James P. 


Williame and May ZFarn 


Finally, I wish to thank the staff at Springer-Verlag New York not only 
for their treatment of my book, but also for the publication of so many 
fine books on mathematics. In the present time of shrinking graduate 
enrollments and the consequent reluctance of so many publishers to print 


advanced texts and monographs, Springer-Verlag 1s making a contribution 
to our discipline by increasing its efforts to disseminate the recent develop- 


ments in mathematics. 


John B. Conway 


ix 


Preface 


— 


IT. 


III. 


IV. 


TABLE OF CONTENTS 


The Complex Number System 


. The real numbers 

. The field of complex aumbers:. 

. The complex plane 

. Polar representation and roots of semplet auniber 
. Lines and half planes in the comnlex plane 


RR BRA BARR K KR PARR Ak Re whee eee 


. The extended plane and its spherical representation 


Metric Spaces and the Topology of C 


§1. 
. Connectedness 

. Sequences and soingleteness 
. Compactness 


Elementary Properties and Examples of Analytic Functions 


§1. 
§2. 


§3. Analytic functions as mappings, Mabius bears ratiGnie 


Definition and examples of metric spaces . 


Continuity 


. Ne Ree e aE 


Power series . 
Analytic functions . 


Complex Integration 


§i. 
§2. 
§3. 
§4. 
§5. 
§6. 


Riemann-Stieltjes integrals 

Power series representation of aaialyeie fanCtiOHS 
Zeros of an analytic function . 

The index of a closed curve F : 
Cauchy’s Theorem and Integral Formula . 

The homotopic version of Cauchy’s Theorem and 


SEQUEL wi ilvil Wh 8 tate J 


simple connectivity 


7. Counting zeros; the Open NMappiue T Repreni 
. Goursat ’s Theorem F ‘ 


Singularities 


§1. 
§2. 
§3. 


Classification of singularities 
Residues ; 
The Argument Prnciple: 


Xl 


Vii 


CON fh WH = = 


30 
33 
44 


Xi 


VI. 


a 
~ 
— 
rm 


IX. 


XI. 


Table of Contents 


The Maximum Modulus Theorem 
§1. The Maximum Principle 


8) Schwar7’s Temma 

J=- bw whA VV GEL Z oF BWSR ° . ty 

RQ DaAwmwaw Premntinme an A LlYnAawmneA’s Theen Sawrleon Theanewne 
YI. WULIVUA functions QU PIidUaiMalu dS LLU UWILeIvse LOCULULLI 
SCA Dhennmar TT InAalef Mhonrar 

8+. Phragmen-Lindel Y ineorein 

ClAamnartn nA Cnnvarganres in tha 

VVLIparl Uu VY IVOLEL OU Li tile 


Space of Analytic Functions 
§1. The space of continuous functions C(G,Q) 
§2. Spaces of analytic functions 
§3. Spaces of meromorphic functions 
§4. The Riemann Mapping Theorem 
§5. Weierstrass Factorization Theorem 
§6. Factorization of the sine function 
Th, wrammn framntinn 


§7. Ai BALA function 
§8. The Riemann zeta function 


§1. Schwarz Reflection Principle 

§2. Analytic Continuation Along A Path 

§3. Mondromy Theorem 

§4. Topological Spaces and Neighborhood Sveienis. 


§5. The Sheaf of Germs of Analytic Functions on an Open Set 


§6. Analytic Manifolds 


Harmonic Functions 

§1. Basic Properties of harmonic functions 

§2. Harmonic functions on a disk . 

§3. Subharmonic and superharmonic functions 
§4. The Dirichlet 


Drohkhlem 
ane viricniet rrooiem 


§5. Green’s Functions . 


Bs) 
S 
=e 
o 
*T] 


unctions 


| 
No 
oo 


a | 
Ww Gd 
CoO GW & 


142 
151 
155 
160 
164 
174 


174 
i7v 


187 


NN Nw 
co GO 3 
oo i 


Table of Contents 


XII. The Range of an Analytic Function 
§1. Bloch’s Theorem 
§2. The Little Picard Theorem 

§3. Schottky’s Theorem 

§4. The Great Picard Theorem 


Appendix B: Suggestions for Further Study and 
Bibliographical Notes . 


References . 
Index 


List of Symbols 


Chapter I 


The Complex Number System 


We denote the set of all real numbers by R. It is assumed that each 
reader 1s acquainted with the real number system and all its properties. In 
particular we assume a knowledge of the ordering of R, the definitions and 
properties of the supremum and infimum (sup and inf), and the complete- 
ness of IR (every set in R which is bounded above has a supremum). It is 
also assumed that every reader is familiar with sequential convergence in 
R and with infinite series. Finally, no one should undertake a study of 
Complex Variables unless he has a thorough grounding in functions of one 


; peer: - 
real variable. Although it has been traditional to study functions of several 
1 


1 


real variables before studying analytic function theory, this is not an 
essential prerequisite for this book. There will not be any occasion when 
the deep results of this area are needed. 


§2. The field of complex numbers 


We de 


vy w Swiss 


(a, b) where a and b are real numbers and where adit n and multiplication 
are defined by: 


oO 
o) 
oo 
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(a, b)+(c, d) = (atc, b+d) 
(a, b) (c, d) = (ac—bd, be +ad) 


It is easily checked that with these definitions C satisfies ail the axioms for 
a field. That is, C satisfies the associative, commutative and distributive 
laws for addition and multiplication; (0,0) and (1,0) are identities for 


XN 


dditive a nd mil ti_ 
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addition and multinlicatian Dn ae and the multi 
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plicative inverses for each nonzero element in ce" 

We will write a for the complex number (a, 0). This mapping a — (a, 0) 
defines a field isomorphism of R into C so we may consider R as a subset of 
C. If we put 7 = (0, 1) then (a, b) = a+bi. From this point on we abandon 
the ordered pair notation for complex numbers. 

Note that i7 = —1, so that the equation z?7+1 = 0 has a root in C. In 
fact, for each z in C, z*+1 = (z+i) (z—i). More generally, if z and w are 
complex numbers we obtain 


z?+w* = (z+iw) (z—iw) 
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2 The Complex Number System 


By letting z and w be real numbers a and b we can obtain (with both a and 
b # 0) 


1 a—ib a | oe 
Rh ye = agp ee 
aT lU “u TY u TY a TTY / 
so that we have a formula for the reciprocal of a complex number 
Wlhan wea urrita 7 aS thlan he DMN wea wall A and Atha vonl and tianatinavs 
VV AINE WY Witt 6 HWT HWY (4, U UN) WY Vall YU AMIU VY LULIN PCM ANU LTIUYS ius 
parts of z and denote this by a = Rez, b = Imz. 


We conclude this section by introducing two operations on C which are 
not field operations. If z = x+iy(x, ye R) then we define |z| = (x7+, 7)? to 
be the absolute value of z and Z = x—iy is the conjugate of z. Note that 


vee v = - “yy 


2.1 zi? 22 
In particular, if z 4 0 then 


] Z 

pio 1.12 

z |4| 
Tha LAV Ax ncwy nonwnmnm kK mone Mmm RrRA ME seAM Aft ahcal 4a Pre | ra Yel ana esr FraaistrenFf an 
LU LUILUWI I$ alvu basic properties UL avVosoVUlUuUtl valuUTs alll conjugates 


whose verifications are left to the reader. 


2.2 Rez = 4(z+Z) and Imz = 5; 2-2): 
i 

2.3 (zFw) =Z+w and Zw = zw. 

2.4 [zw] = |z| |w}. 

2.5 |z/w| = |2|/|w| 

2.6 [z| = |zI. 


The reader should try to avoid expanding z and w into their real and 
imaginary parts when he tries to prove these last three. Rather, use (2.1), 
(2.2), and (2.3). 


1. Find the real and imaginary parts of each of the following: 


° . a 3. 
1 lak ae 3. 345i f—14+i/3\°; 
z’ zta 0 TG 1? \ 2 
(—1-if3\ 14" 
> i"; | —= for 2<n< 8 
2 wD 
9. Find the ahcolhite value and caninaate af aach af the fallawina: 
det BR ASAAND FEL UWYIVYIWEW YCULUY CII wVIIUedty Wl waGwlli Vi ULI AVULIV VV IILE «© 
3—] i 


The complex plane 3 


3. Show that z is a real number if and only if z = Z. 
4. If z and w are complex numbers, prove the following equations: 


= |z|*—2Re zw+|w|’. 
|Jzt+w|? + |z—w|? = 2(\z|7+|w|?). 


5. Use induction to prove that for z= 2z,+...+2Z,3; W = W,W2...W,: 


lw] = |w,].. .|w,l3Z = Z,+...4+2,3 0 = W,... W,. 

6. Let R(z) be a rational function of z. Show that R(z) = R(Z) if all the 
coefficients in Rf7) are real 

WU LAEWAWEEELYD ADE ANUS) Uiliw ~_wetic 


dentified y Wi th the uniaqu 1e noint (Re 7 Tm 7\ in the nlane R2. The a addition 


aiwnet usa the un! yu Vw pwsirre aru mg BAAE cal ZAL ULIWY pe teeeew uM BENALLA AL 


of complex numbers is exactly the addition law of the vector space R?. 
If z and w are in C then draw the straight lines from z and w to 0 (=(0, 0)). 
These form two sides of a parallelogram with 0, z and w as three vertices. 
The fourth vertex turns out to be z+ w. 


Note also that l7_ wl ic exactly the dictance hetween 7 and w With thic 
|* vr | Aw wexte we Ys PALLY VWLVILLLIYwY Wet Yiwewweilh & C4 irs ¥Ve VV BUAR CURIA 
oo mind Be Ae ed ie ae ase On Pay ty aS ad Of 1. Pa on L 
Lil WIId tile last equ lation OF ICIse 4 Il I 
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parallelogram law: The sum of the squares of the 
parallelogram equals the sum of the squares of the jonah of its eee 

A fundamental property of a distance function is that it satisfies the 
triangle inequality (see the next chapter). In this case this inequality becomes 


—z,| < |z,—z,| + |z,—2,] 


li 2 
[ i Jt t ~~ 


[z 


1 
a 


for complex numbers z,, Z,, 73. By using z,; -—z. = (Zz; —23)+(z3—Z2), it is 
easy to see that we need only show 


3.1 Iz+w| < |[z| + [wi (z, we C). 


To show this first observe that for any z in C, 


2° RS 22 Dee a ce es] 

ery 4 — |] S WOead S&S |*{ 
—|z| < Imz < [2 

TY ee De fi use pee = Leet lel Chee 

FICHU, INC (LW) => jew] = \<| |W] 1 f1Us, 


|z-+w|? = |z|?-+2Re (zw) +|w|? 
< |z|*+2[z| |w| +]? 
(|z| + |w])?, 


from which (3.1) follows. (This is called the triangle inequality because, if we 
represent z aa w in the plane, (3.1) says that the length of one side of the 
triangle [0, z, z+w] is less than the sum of the lengths of the other two aa 


Or the chorte st ee hatican TWO 
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4 The Complex Number System 
ing an inequality one should always ask for necessary and sufficient conditions 
that equality obtains. From looking at a triangle and considering the geo- 
metrical significance of (3.1) we are led to consider the condition z = tw 


for some te R, t > 0. (or w = tz if w = 0). It is clear that equality will 
nerwr ouzghan the tun nn: into ara naAlinaaer unth tha anriain Tn Fart ff urn lAnbL 
VWUL Ul THO UWU PULTIls ALY VUITICAL Witli UlIel ULIsi 4d. A111 LaAVL, 1k We LOUUA 
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at the proof of (3.1) we see that a necessary and sufficient condition for 
|z+w| = |z|+|w]| is that |zw| = Re (zw). Equivalently, this is zw = 0 (i.e., zw 


is a real number and is non negative). Multiplying this by w/w we get 
\w|*(z/w) = Oifw ¥ 0. If 


t=z/w= (3) |w|?(z/w) 
then t > Oandz = 
By induction we He get 
3.3 |Z; +Z.+...+2,| < [zy] +]z.]+...+]z,| 
Also useful is the inequality 
3.4 | |z|—|w|| < |z—w) 


lat 11g gaa at taking a ramnilayvy roningnatea Anac tn a naint in tha niana 
AVL UDO OWN’ WrtIidat ta 111s a VY LI PIVA wyilju GQAwWw uUuvVedD ty a prYvasrre All ULI v ally 
This: 1S al SO easy; in fact, Z is the point obtained by reflecting z across the 


Exercises 

1. Prove (3.4) and give necessary and sufficient conditions for equality. 

2. Show that equality occurs in (3.3) if and only if z,/z, => 0 for any integers 
k and /,1 < k,1 <n, for which z, 4 0. 

3. Let ae R and c > 0 be fixed. Describe the set of points z satisfying 


|z—a|—|z+a| = 2c 


OSsible te oe SR 


Consider the point z = x+iy in the complex plane C. This point has 
polar coordinates (r, 6): x = r cos 0, y = r sin 6. Clearly r = |z| and @ is 
the angle between the positive real axis and the line segment from 0 to z. 


Notice that @ nhic anv multinie af I- can be substituted for @ in the above 
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equations. The angle @ is called the argument of z and 1s denoted by @ = arg z. 
Because of the ambiguity of 6, “arg” is not a function. We introduce the 
notation 


2 


4.1 cis 6 = cos 6+i sin 6. 


Polar representation and roots of complex numbers 5 
Let 24, > ry CIS 6,, Z2 aaa A> CIS 6,. Then 2422 = lla CIS 0, CIS 6, = FyP%o 

[(cos 6, cos 6,—sin 0, sin 0,)+i (sin 6, cos 6,+sin 0, cos 6,)]. By the 

formulas for the sine and cosine of the sum of two angles we get 


4.2 2122 = Vrylo Cis (6,+8,) 


Alternately, arg (z,z,) = arg z,+argz,. (What function of a real variable 
takes products into sums?) By induction we get for z, = r, cis 0,1 <k <n 


4.3 Pe cng ly SE ls oe CISCO) on EO, 
In particular, 
4.4 z" = r" cis (nd), 


for every integer n > 0. Moreover if z # 0, z:[r~‘ cis (—8)] = 1; so that 
(4.4) also holds for all ieee n, pone hegative, and zero, if z #0. Asa 


special CaS€ O f (4.4 4) we get de Moivre’s formula: 
(cos 6+i sin 6)" = cos nO+i sin nO 
We are now in a position to consider the following problem: For a given 
complex number a # O and an integer n > 2, can you find a number z 
cotrotfimine (sth a 4 OC ELAws: ie Aer Coane he 6 Aaa <A BAwAD Te Tinhkt AF SA AN t4hae 
sadlioslylus £2 — Us FIUW Wildly SUCh Zz Can yuu UU ET TEE TIL UL UF.) LHS 
solution is easy. Let a = |al| cis «; by (4.4), z = |a|’” cis (a/n) fills the bill 
1 
However this is not the only solution because z’ = |a|'” cis — («+27) also 
n 
ang eR ni fo 20. RA PR Ae RATE OA ee Ale kh ee 
SALISHOS [2 J) = a. Ll idl CaCl OL LO NUNIDCTS 
4.5 la|'/" cis — ~ (a+ 2k), 0O<k<n-l, 
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in an nth root of a. By means of (4.4) we arrive at the following: for each 
non zero number a in C there are n distinct nth roots of a; they are given by 
formula (4.5). 


Example 
Calculate the nth roots of unity. Since 1 = cis 0, (4.5) gives these roots as 
Qn. 4a _ Qn 
1, cis — , cis —,..., cis — (n—]). 
n n n 


In particular, the cube roots of unity are 


Exercises 


6 The Complex Number System 


2. Calculate the following: 
(a) the square roots of i 
(b) the cube roots of i 
(c) the square roots of f 3 429] 


We sGuale V a 
2 A nerestitiesoa nth want nf wmity 10 a camniley nimnmbher oa cnc that 
J mm H! trrli“itivue filtli FUouUte UY) usrtity iO a Vu tae LLULLLUSYL u OULEL CLECLL 
1 2 Poe) lee ES Gite SUR. ee. a Dee ele ee Sk Se Reed Benen 
l,a,a*,...,a” ° are distinct nth roots of unity. Sh that if a and b are 


primitive nth and mth roots of unity, respectively, nea ab is a kth root of 
unity for some integer kK. What is the smallest value of k? What can be said 
if a and b are nonprimitive roots of unity? 
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4. Use the binomial equation 


(a+b)" = y (;) a” * pk, 


k=0 


and compare the real and imaginary parts of each side of de Moivre’s 
formula to obtain the formulas: 


where 


n (n\ A 2 cae (n\ n—-4 : 
cos un? = cos" @—[.} cos” ~ sin* 6+[ , | cos” * @ sin* 6— 
AS) ny 

sin 10 = (") cos"~? @ sin o—("} cos’? @ sin? @+. 
am“ FT. : an c oe s a at a1 ae ae . 7 n-1 n 
5. Let z = cis — for an integer m > 2. Show that 1+z+...42"-° = 0. 

n 

fr Oban, sa YES, oy Pe Cie eS momorphism of the additive grou 
6. Show that g(t) = cis ¢ is a group homomorphism of the additive group 
R onto the eee group T = {z: |z| = 1}. 


7. If z¢€ and Re(z”)=0 for every positive integer n, show that z is a 
positive real number. 


§5. Lines and half planes in the complex plane 


oo 


Let L denote a straight line in C. From elementary analytic geometry, 
L is determined by a point in Z and a direction vector. Thus if a is any point 
in L and b is its direction vector then 


= {z=a+tb: -w<t< oo}. 


Since b # O this gives, for z in L, 


In fact if z is such that 


Lines and half planes in the complex plane 7 


implies that z = a+tb, —c < t < o. That is 


What tc the laciuc of each of the cete 

VV REGAL AAR LEIA IW UDD Vs VOI OV URE OU 
( (z—a\ ) 
4z:Im{ —— ] > 07, 
( : Oo] 
= 


7 ee i 


As a first step in answering this question, observe that since 5 is a direction 
we may assume |[b| = 1. For the moment, let us consider the case where 
a= 0, and put H, = {z: Im (z/b) > 0}, b= cis B. If z =r cis 6 then 


z/b = rcis (@—8). Thus, z is in Ho if and only if sin (@—f) > 0; that is, when 
Re Ae -rtR Hanre site the half nlane lying tra the left af th lina JT if 
Bv “~N UNM Fi T Me LIVLIVE 440 19 C11 LIail pial AYLHIE t\Y wuLien IV or tL 1€ ALIN 4s IL 


Ho 


AN \\ 
“ants 
Ante 


4 AA\\\ 


we are “‘walking along L in the direction of b.”’ If we put 


a — Sectm{24) = 0) 
sa cae eas saa 
\ b A J 

then it is ae to hat H, = a+H, = {a+w: we H,}; that is, H, is the 


Similarly, 


K, = ‘a Im ey. < oF 
b 
is the half plane on the right of L. 


wanntan 


eh 
tr 
@) 

o> 
> 
a?) 
= 
o> 
oO 
QO 
=" 
2 
oOo 
on 
N 
NN 
| 

~ 

| 

™ 
~~ 
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1. Let C be the circle {z: : r}, r > 0; let a = c+r cis « and put 
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soa sans 2 


where 6 = cis 8. Find necessary and sufficient conditions in terms of f that 
L, be tangent to C at a. 


§6. The extended plane and its spherical representation 


mpiex S We W Cc 
come inanited: as the variable approaches a given Boi To disciiss this situa- 
tion we introduce the extended plane which is CU {o}=C,. We also 
wish to introduce a distance function on C,, in order to discuss continuity 
properties of functions assuming the value infinity. To accomplish this 
and to give a concrete picture of C,, we represent C,, as the unit sphere 
in R>, 

S = {(X1, X2, x3)eR>: x +3423 = 1}. 

Let N = (0, 0, 1); that is, N is the north pole on S. Also, identify C with 


{(x;, X2, 0): x,, x. € R} so that C cuts S along the equator. et for each 
point z in C consider the straght line in R? through z and N. This intersects 
N 
gp i 
Pe as, Pe 


the sphere in exactly one point Z # N. If |z| > 1 then Z is in the northern 


hemisphere and if |z| < 1 then Z is in the southern hemisphere; also, for 
{Z| — 1, Z =z. What happens to Z as |z| —+> 0c? Clearly Z approaches N: 


YY AACEU asp pwssy uv wriwuily fd e2ppivaewtliwy atY¥ 5 
hence, we identify N and the point oo in C,. Thus C,, is represented as 
the sphere S. 

Let us explore this representation. Put z = x+iy and let Z = (x,, x2, x3) 


be the corresponding point on S. We will find equations expressing x,, x2, 
and x. in terme of x and wv The line in R23 throu oh zy and Nic aorven hy 
epee fh.S ZLh OWS £440 XxX Lea eae s Je The il! ne 44, UN b1dh,vvu &i* ae «6A EAN LT Av &ivwis vy 
{tN+(1—t)z: —«w < t < oo}, or by 

“1 4/1 a\ /1 a\ \ Pes ~ 4% “a | 

6.1 (i -a)x, d-Dy, 0: —20 <i < wo} 

St ne aU CEEY CES (YT, [NEE SEEN, bE ey ERI 1a or ZY «ee D , Menten! Aiipieed «3, 
FICE, We dil WN Le COOTAUINAtCS OL 4 LW We Call HUNG the Vdlue OF fF al 
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which this line intersects S. If t is this value then 


1 = (1—4*x?+(1-2°y’ +2 
= (1—1)?|z|? +2? 


From which we get 


1 — 7? — 41 4\2/ 5/2 
— (i tj ra | . 
Since t 4 1 (z # ©) we arrive at 
|z|?-1 
Le [12 1 
j2| ek 
Thus 
2x 2y |z|?—1 
6.2 X=. ee ES ES 
deft? 2 |zj2ea? OF fel? 4 


f -\ @ 
“2 Ze _ iz 2Z) — fz i 
Ue A,;= AN — 
jj "4 joj w4 j<j wa 
If the point Z is given (Z # N) and we wish to find z then by setting 
¢ v andA weaindg (41) wa arriwa at 
- AN3 aliu “Uollls \VUel)s ww QGIILVY AL 
Pv) t va 
1 T 4A2 
6.4 z= 
l—x, 


Now let us define a distance function between points in the extended 
plane in the following manner: for z, z’ in C,, define the distance from z to z’, 
d(z, z’), to be the distance between the corresponding points Z and Z’ in R?. 


Tl 7 _ fe. a a Ne FP fia Oh LEY at ne 
WL = (Xy, X2, X3) ANG 2 = (XX, Xz, X3) tnen 


\ _ ‘\2 *\2 \2414 
6.5 A(z, 2’) = [(%, —x1)° + (%2 — X3)° +(%3 — 3)] 
Vtech 2 lank A AE OD ae oS?! Bese Re a LLON one 
UsHis UIC ldl Uldl 2 dliu 2 aire Ol dD, (0.J) BIVeS 
Lt rywve 12 _ 47. ary ee 7 ' Perot a. 
0.0 L4l4, 2 J) = &— LA] TAWA. TAZ43) 


6. \ = ———— ’e 
y a2) = ED dee DF 7 §O 


In a similar manner we get for z in C 


6.8 d(z, 00) = : 

(1 4 /7/2)4 

ye |“ J 
This corresnondence between noints of S and € _ ics called the sterenoranhir 
MBM AAAW LO Ee a BS Se ene) wwe Tt? wwade pee an eae wh i a4 DS “00 AW wiiiw us vss wees batienlt @ td bad elie rrw 


e 
means nts 
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Exercises 


1. Give the details in the derivation of (6.7) and (6.8). 


2. For each of the following points in C, give the corresponding point of 


S: 0, 1+7, 342i. 
3. Which subsets of S correspond to the real and imaginary axes in C 
A Tat A hea circle lying in CS Then thare te a uninqne nliane Din m3 ene 
“Fe Bw i Ue a Vllivib | 1116 Ail i ARLIVLE LLINIWN LO GA Ulli piaile i 411 UN oOUWIL 
that PO S = A. Recall from analytic geometry that 

= W415 X20 X3)) XP 1 FX 2P2TX3R3 = es 
where (8,, 82, 83) is a vector ortho ate to P a ] is some real number. 


It can be assumed that 6?+ 62+ % = 1. Use this 
if A contains the point N then its eee on C is a Straight line. Otherwise, 
A projects onto a circle in C. 

5. Let Z and Z’ be points on S corresponding to z and 
W be the point on S corresponding to z+z’. Find the c 


z’ respectively. Let 
oordinates of W in 


terms of the coordinates of Z and Z’. 


Chapter II 


Metric Spaces and the Topology of C 


ray — 


§1. Definition and examples of metric spaces 


A metric space is a pair (X, d) where X is a set and d is a function from 
X x X into R, called a distance juncHion or metric, which satisfies the following 


conditions for x, y, and z in X: 
d(x, y) = 0 
d(x, y) = Oif and only if x = y 
d(x, y) = d(y, x) (symmetry) 
d(x, z) < d(x, y)+d(y, z) (triangle inequality) 


B(x; r) and B(x; r) are called the open and closed balilis, respectively, with 
center x and radius r 


Examples 


1.1 Let ¥ = R or C and define d(z, w) = |z—w]. This makes both (R, d) 
and (C, d) metric Das In fact, (C, d) will be the example of principal 
interest to us. If the reader has never encountered the concept of a metric 
space before this, he should continually keep (C, d) in mind during the study 
of this chapter. 

1.2 Let (X, d) be a metric space and let Y < X; then (Y, d) is also a metric 


a metric space. 

1.4 Let X = C and define d(x+iy, a+ib) = max {|x—al, |y—5]}. 

1.5 Let X be any set and define d(x, y) = Oif x = yand d(x, y) = lifx #y. 
To show that the function d satisfies the triangle mequality one my 
considers all possibilities of equality ee x, y, and z. Notice here that 
B(x; €) consists only of the point x if «e < 1 and B(x; ©) = X if « > 1. This 
metric space does not appear in the study of analytic function theory. 


1.6 Let X¥ = R" and for x = (x%,,...,x,), y = (1,--->),) in R" define 
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1.7 Let S be any set and denote by B(S) the set of all functions f: S>C 
such that 

IF llo = sup {| f(s)]: seS} < 0. 


That is, BCS) consists of all complex valued functions whose range is con- 
tained inside some disk of finite radius. For f and g in B(S) define d(f, g) = 


| f—gll... We will show that d satisfies the triangle inequality. In fact if f, 

ao and hb arein BCS) and cic any noint in SC then | ffe\— of)! _— | f{fo\ re o\ 

5? GUM MH GLY stl DVO] GUY O19 Gly PULLIt th WO LUE | PLO ~ BW] [J 7 ODT 
Lf fa! -~ | Lf Priv! ss lary oN! ~!tTL rit . out It rt 

h(s)—gs)| S (Ss) -AG)| + |AG) —8(5)| SIP —Alleo + IA 8 ilo. Thus, when the 

supremum is taken over all s in S, || f—g\l. < || f-All,+|]2—-g1|... which is 


the triangle inequality for d. 


1.8 Definition. For a metric space (X, d) a set G © X is open if for each 
x in G there is an « > 0 such that B(x; «) € G. 

Thus, a set in C is open if it has no “edge.” For example, G = {zeC: 
a < Rez < 5} is open; but {z: Rez < 0} U {0} is not because B(O; €) is not 
contained in this set no matter how small we choose e. 

We denote the empty set, the set consisting of no elements, by []. 


— mg 


m 


n 
, . » fn ‘ 
1>+++,G, are open sets in X then so is ( \ G,; 


oN 
1) 
A 
— 


Proof. The proof of (a) is a triviality. To prove (b) let x eG = (\ G,; then 
k=1 

x eG, fork = 1,...,n. Thus, by the definition, for each k there is an «, > 0 
such that B(x; «,) © G,. But ife = min {e,, «,,...,¢,} thenfori <k <n 
B(x; «) © B(x; «,) © G,. Thus B(x; «) < G and G is open. 

The proof of (c) is left as an exercise for the reader. Hi 

There is another class of subsets of a metric space which are distinguished. 
Th xan Are the aAtcn saz Ranh (wR fase A oR Ase = ANS S eet leo IVE ce ate a3 
LHS ale tn © sOvus WILL UVUIMNAIM all LHOIL CUERU , ALCL Nnatery, LHIC SCLS W 


complements have no “edge.” 


1.10 Definition. A set / < X 1s closed if its complement, X—F, 1s open. 
The following proposition is the complement of Proposition 1.9. The 
proof, whose execution is left to the reader, is accomplished by applying 


45 vv at eat ilt 40 et SCORN SE 


1 
(a) The sets X and ( are closed; 


(b) If F;,..., F, are closed sets in X then so is \_ " I: 
k=1 


(c) If {F;: j¢ J} is any collection of closed sets in X, J any indexing set, 
then F = CO {F;: j € J} is also closed. 
The most common error Pe upon pean of open and 


is to interpret the definition 


aM OE ASA ee aay Ba 


Q 
— 
Oo 
~~” 
Oo 
Ou 
”n 
oO 
~-> 
mn 


ea 
> 
fi 
D 
Ee 
o. 
oo 
1) 
D 
» 
ot 
oo 
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closed. This, of course, is false as can be seen by looking at {zeC: Rez > 0} 


U {0}; it is neither open nor closed. 
1.12 Definition. Let A be a subset of X. Then the interior of A, int A, is the 
set |) {G: G is open and G c A}. The closure of A, , is the set (| {F: F 


If A = {a+bi: a and b are rational numbers } then ee ab A = C 
and int A = (. By Propositions 1.9 and 1.11 we have that A™ is closed and 
int A is open. The boundary of A is denoted by 0A and defined by 0A = A™ 
O (X— A)7 


1.13 Proposition. Let A and B be subsets of a metric space (X, d). Then: 
(a) A is open if and only if A = int A; 
(b) A is closed if and only if A = A°; 
(c) int A = X—(X-—A)"; A~ = X—int (X—A); 0A = A” —int-A; 
(d) (AUB) =A UB; 
(e) Xo cint A if and only if there is ane > O such that B(xo; «) © A; 
(f) X9¢€A™ if and only if for every « > O, BXo -E)NASLO. 


VF Seo? = = — — i! ee Na 7 rt J 


Proof. The proofs of (a)-(e) are left to the reader. To prove (f) assume 
= = V -“ 1V \ ; a v4 \. Des sane FAN. fe 355 58%) 
X9€¢A = X—int (X—A); thus, x) ¢int (Y—A). By part (e), for every 


e >0O B(xXo; €) is not contained in X— A. That is, there is a point y € B(x); ©) 
which is not in X—A. Hence, ye B(x); €) AN A. Now suppose x, ¢ A~ 
X—int (Y—A). Then x, «int (Y—A) and, by (e), there is an « > 0 stich 
that B(x 9; «) © X—A. That is, B(xy; ~} NA A = so that xq does not 
satisfy the condition. i 

Finally, one last definition of a distinguished type of set. 


1.14 Definition. A subset A of a metric space X is dense if AT = X. 
The set of rational numbers @ is dense in R and {x-+iy: x, yeQ} is 


1. Show that each of the examples of metric spaces given in (1.2)—(1.6) is, 
indeed, a metric space. Example (1.6) is the only one likely to give any 


difficulty. Also, describe B(x;r) for each of these examples. 

2. Which of the following subsets of C are open and which are closed: (a) 
{z:|z|<1}; (b) the real axis; (c) {z:z"=1 for some integer n=1}; (d) 
{ze C:z is real and OS z< 1}; (e) {ze C:z 1s real and OSz <1}? 

3. If (X, d) is any metric space show that every open ball is, in fact, an open 


set. Also, show that EVERY closed ball is a closed set. 


4. Give the details of the proof of (1.9c). 

5. Prove Proposition 1.11. 

6. Prove that a set G < X is open if and only if X—G is closed. 

7. Show that (C,,, d) where d is sek by (I. 6.7) and (I. 6.8) is a metric space 
8. Let (X, d) be : a metric space and Y ¢ X. Suppose G © X is open; show 
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that GC Y is open in (Y, d). Conversely, show that if G, < Y is open in 
(Y, d), there is an open set G © X such that G,; = GON Y. 

9. Do Exercise 8 with “‘closed”’ in place of “‘open.”’ 

10. Prove Proposition 1.13. 


11. Show that {cisk:k=0} is dense in T={zeC:|z|=1}. For which 
wealerme pf Ain Catel LONER SN Agnew tn 79 
Values OL 7 IS (EIS[ AT). A <—U; Gense lll £: 
§2. Connectedness 
Let us start this section by arving an ayamnloe T at =— Se- ff: lel =~ 12 
u ab ai Sirius il VAG Ie Aww 41 mae = Nee I“| i 5 
U {z: |z—3| < 1} and give X the metric it inherits from C. (Henceforward, 


whenever we consider subsets X of R or C as metric spaces we will assume, 
unless stated to the contrary, that X has the inherited metric d(z, w) = |z—w.) 
Then the set A = {z: |z| < 1} is simultaneously open and closed. It is closed 
because its complement in X¥, B = X—A = {z: |z—3] < 1} is open; A is 
open because if ae A then B(a; 1) < A. (Notice that it may not happen 
that {ze C: |z—a] < 1} is contained in A—for example, if a = 1. But the 
definition of Bia; 1) is {ze X: |z—a| < 1} and this is contained in A.) 


Similarly B is also both open and closed in X 
T te tenn avamnila af a nanucannactad CRNA 
2110 t0 QAli VAG V1 GW LIVI UVTI LOU vparwy 


lee 


™ 


An equivalent formulation of connectedness: is to say that X is not 
connected if there are disjoint open sets A and B in X, neither of which 1s 
empty, such that Y = A U B. In fact, if this condition holds then A = X¥—B 
is also closed. 


2.2 Proposition. A set X < R is connected iff X is an interval. 


Proof. Suppose X = [a, b], a and b elements of R. Let A < X be an open 
subset of ¥ such that ae A, and A # X. We will show that A cannot also be 


Claim. fa,a+r) < A.In ae ifa<x< ae Ges puttingh = a+r—x > 0, 
the definition of supremum implies there is an « with r-h <e« <r and 
[a,a+e) © A. Buta < x = a+(r—h) < a+e implies x € A and the claim is 
established. 


H ty» dt Ae rif anth 
ALVUVYYUYY 1 


ann a vc A then by the 
a a AS for AL, Vill ULI VVLILIG ' il ct 


of A, there is a 6 > O with [a+r, a+r+8) © A. But this gives [a, a ee 

< A, contradicting the definition of r. Now if A were also closed then a+r eé 
= X—A which is ae Hence we could find a 6 > 0 such that (a+r—86, 

a+r] © B, contradict 


ng the above Claim. 
od YY 

r 

i 
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If w and z are in C then we denote the straight line segment from z to w 


[z, w] = {twt+(1—dz: 0<t <1} 


A nvalaann fram ato hic a cat PDP = | | [- wl where 7 — 7 w = hand 
mr pve &VvF ALVALL WU LY YY ADO aA OWE -£ VU L“k> WkJ Am 9 ON? 7 =I Us, Vn YY wisi 
k=1 
w, = Z,,, for 1 < k < n—1; or, P = [a, z, z,, bj. 
K ATS 7 ? | rd £ ii J 


2.3 Theorem. An open set G < C is connected iff for any two points a, b in 
G there is a polygon from a to b lying entirely inside G. 


Proof. Suppose that G satisfies this condition and let us assume that G is 
not connected. We will obtain a contradiction. From the definition, G = 
AWB where A and B are both open and closed, AN B = (J, and neither 
A nor B is empty. Let ae A and be B; by hypothesis there is a polygon P 
from a to b such that P © G. Now a moment’s thought will show that one 
of the segments making up P will have one point in A and another in B. 
So we can assume that P = [a, b]. Define, 


Then SQ T=T7),SUT = [0, 11,Q0¢S and 1 e¢T7. However it can be show 

aa ' ' a t J§5 Bt — ai L“3 “jo Ww uw 422 OS A a AAW TITY T we AY wteaa Jw WAAAY TY £2 

has Lath COR eA TT nek: Hee (CR eRe R AR DY AR ee A AiR the RAS Ren Tec AL 
ldl VULLI oO WU £ al’ Upel (LAU! List <)> VULTLLIAGUIULI 1s LUIC VLUHTICULLCUIIUSS UL 


]. Thus, G must be connected. 

Now suppose that G is connected and fix a point a in G. To show how to 
construct a polygon (lying in G!) from a to a point b in G would be difficult. 
But we don’t have to perform such a construction; we merely show that one 
exists. For a fixed a in G define 


= {beG: there is a polygon P < G from ato D}. 


The plan is to show that A is simultaneously open and closed in G. Since 
ae A and G is connected this will give that A = G and the theorem will be 


nroved 
pivreu. 


Tre aehauy that tc ARAN let L- A anA leat D_ITr «= = hl Lea «- 
1VU SLIUW Ull at A iS VUpell Wl OCA ANU Wl £ = [U, <4, 2-225 “no OJ Ud 
polygon from a to 6 with P © G. Since G is open (this was not needed in the 


first half), there is an e > 0 such that B(b; «) < G. But if ze B(b; «) then 
[b, z] < Bb; ©) < G. Hence the polygon Q = P U [b, z] is inside G and goes 
from a to z. This shows that B(b; «) < A, and so A is open. 

To show that A is closed suppose there is a point z in G—A and let e > 0 
be such that B(z; «) < G. If there is a point b in A M B(z; «) then, as above, 
we can construct a polygon from a to z. Thus we must have that B(z;«) N A 
= (], or B(z; «) © G—A. That is, G—A is open so that A is closed. 


2.4 Corollary. Jf G < C is open and connected and a and b are points inG 
then there is a polygon P in G from a to b which is made up of line segments 


parallel to either the real or imaginary axis 


wrruse FV wet ' wwe “whe vue J weyviwve 


Proof. There are two ways of proving this corollary. One could obtain a 
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polygon in G from a to b and then modify each of its line segments so that a 

new polygon is obtained with the desired properties. However, this proof 

is more easily executed using compactness (see Exercise 5.7). Another proof 

can be obtained by modifying the proof of Theorem 2.3. Define the set A as 

in the proof of (2.3) but add the restriction that the polygon’s segments are 
1 


- 
_ 


one exception. If z « B(b; <) then [b, z] may nc i 
is easy to see that if z = x+iy, b = p+iq then the polygon [8, pai U 
[p+iy, z] < B(b; «) and has segments parallel to an axis. 

It will now be zeal ene any set Sina metric space can be expressed, 


2.5 Definition. A subset D of a metric space X is a component of X if it is a 
maximal connected subset of XY. That is, D is connected and there is no 
connected subset of X that properly contains D. 
If the reader examines the example at the beginning of this section he 
will notice that both A and B are components and, furthermore, nee are 
only X. For another example let ¥ = {0, 1, 4, 4,...}-. 
Then clearly every component of X is a point and each point is a component. 


Cn) 


¢ are all open in X, the component {0 
J 


Notice that while the components { 
U 


2.6 Lemma. Let Xo ¢ X and let {D;: j « J} be a collection of connected subsets 
of X such that x) ¢ D; for each j in J. Then D = \) {D;: j € J} is connected. 


Proof. Let A be a subset of the metric space (D, d) which is both open and 
closed and suppose that A 4 (]. Then A 1D, is open in (D,, d) for each j 
and it is also closed (Exercises 1.8 and 1. cs Since D, is connected we get that 
either 41D; = (] or AN D, = Dj. Since A # () there is at least one k 
such that AM D, 4 (J; hence, AN D, = D,. In particular x9 ¢ A so that 
x9 € AOD, for every 7. Thus 40 D; = D,, or D,; © A, for each index j 


This gives that D = A, so that D is pone. sy 


9 "7 enream Let ( a) ho YY motrir enaro hon 

a@mer @ AAWWA WEARKO 4 ¥ \**>  F ww we Frrivbtiw wpuercee. AM FtUit 
flar\ Bark -«- RE, Ome Oe? POT PGE! ME St me ae RSE OPN TENN TMA? Allan © 
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(b) Distinct components of X are disjoint. 
Note that part (a) says that X is the union of its components. 


Proof. (a) Let D be the collection of connected subsets of X which contain 
the given point x9. Notice that {x9}¢ D so that DY * (7. Also notice that 
the hypotheses of the preceding lemma apply to the collection Y. Hence 
C=\) {D: De QB} is connected and x, ¢C. But C must be a component. 
In fact, if D is connected and C < D then x, ¢D so that De Y; but then 
Dc C, so that C = D. Thus C is maximal and part (a) is proved. 


(b) Suppose C, and C, are components, C, # C,, and suppose there is 
NUT 7 Die of a ys >] i Do ee rr 
aA nant wv in f' NT A nain tha lamma carte that ff" 11 ff" 7a AANKADtOA 
a plist V0 4li i | -2 fi1gpail CLI IVILIIIA pays tlIaAL Yj VJ \-2 oOo VVLLIVVLeUu. 
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Since both C, and C, are components, this gives C; = C,; UC, =C,, a 
contradiction. 


on. (a) Tf A C YX is coi 
Uile \a J4y — A bd UU 


3 
S 


Lf <r 


e 
(b) Jf Cis a component of X then C is closed. 
The proof is left as an exercise. 


ed 


z.9 Theorem. Let G be open in C; then the components of G are open and 
there are only a countable number of them. 


Proof. Let C be a component of G and let x9 « C. Since G is open there is an 
e > 0 with B(x,; «) © G. By Lemma 2.6, B(x,; ©) U C is connected and so 
must be C. That is B(x); «) © C and C is, therefore, open. 

To see that the number of components is countable let S = {a+ib: 
a and } are rational and a+bieG}. Then S is countable and each com- 
ponent of G contains a point of S, so that the number of components is 
countable. 


‘xercises 


1. The purpose of this exercise is to show that a connected subset of R is an 
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< 6, the interval [a, 6 
(b) Use on (a) to show that if a 
interval. 


2. Show that the sets S and Tin the proof of Theorem 2.3 are open. 
not connected, 


3. Which of the following subsets X of C are connected; if X is 
what are its components: (a) X = {z: |z| < 1} U {z: |z—2| < 1}. (b) X¥ = 


F | 
0, Nudie [n> 1 (c) X = C—(A VU B) where A = [0, «-) and B= 
ae 3 


U 
io os i A. AN AY 22190 
Yo = fF UD 0.rF —- GUS JUsS Wee 


4. Prove the following generalization of Lemma 2.6. If {D;: jeJ} is a 
collection of connected subsets of X and if for each j and k in J we have 


D,AD, # Cithen D = |) {D,: je J} is connected. 

5 Show that if Fc Vie AtneaA and connected then for every nair af nointe 
Waive vy ULECAUL AL 2 ZA AU WAWOWNS CHELINE WWII FLEW IE EWE OW YL pe Wai prvirtity 

a, b in F and each e > 0 there are points zo, Z,,..., 2, in F with Z> = a, 


pol 
= 6 and d(z,_,, Z,) < «for 1 < k < n. Is the err vers that F be closed 
needed? If F is a set which satisfies this property then F is not necessarily 
connected, even if F is closed. Give an example to illustrate this. 


§3. Sequences and completeness 


One of the most useful concepts in a metric space is that of a convergent 
sequence, Their central role in calculus is duplicated in the study of metric 
spaces and complex analysis. 


fw 7 
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{x, } converges to x—in symbols x = lim x, or x, — x—if for every « > 0 
there is an integer N such that d(x, x,) < « whenever n > N. 

Alternately, x = lim x, if 0 = lim d(x, x,). 

If X = C then z = lim z, means that for each « > 0 there is an N such 


that |z—z,| < «e whenn > N 
Many concepts in the theory of metric snaces can be nhrased in terms 
AVS aay wT ci tw AML tiiw TALwei - wk ALAWUL IW pew wUisi wwe pitt uUvwts ALA wi LAL 
ey ee een AL eed Ti BAe fe ae Aepeekw kta 
of SCQUCTICGS, Lic LOlilOwW! 1B Is dil CAAITIpIeC 
2 9 Droannacitinn sot Fc 10 placod fff fav parh esaupnro Sy Lin wit 
eae 6A AU pPVvEtauile 4h Vt A é% bs UL*ItUnCeu ey JV! Cucie VEUUCTHELY U*n J eit A wvVeure 
x = lim x, we have xeé F 


e > 0, there is a point x, in B(x; «); that is B(x; 6) O F # L, so that xe F™ 
= F by Proposition 2.8. 
Now suppose F is not closed; so there is a point x, in F~ which is not 


in F. By Proposition 1.13(f), for every « > 0 we have B(x9; e)O F ¥ C2. 
/ 1\ 


In particular for every integer n there is a point x, in Bl X03 7 OF. Thus, 
n 


ws .- 1 a e a e ae a —— 2 ns a e a 

A(X, X,) < - which implies that x, > x>. Since x9 ¢F, this says the con- 
nt 

dition fails. 


3.3 Definition. If 4 < X then a point x in X is a limit point of A if there 
is a Sequence {x,} of distinct points in A such that x = lim x,,. 
The reason for the word “distinct” in this definition can be illustrated 
by the following example. Let Y = C and let A = [0, 1] U {i}; each point 
in [0, I] isa ee point sof A but iis not. We do not wish to call a point such 
as i a limit point; but if “distinct”? were dropped from the definition we 
could taken x, = i for each i and have i = lim x,. 


3.4 Proposition. (a) A set is closed iff it contains all its limit points. 
(b) If A — X then AT = AU {x: x is a limit point of A}. 
The proof is left as an exercise. 

lvsis we know that a basic 
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sequences are called Cauchy sequences. One of their attributes 1 
know the limit will exist even though you can’t produce it. 


3.5 Definition. A sequence {x,} is called a Cauchy sequence if for every 
e > 0 there is an integer N such that d(x,, x,,) < ¢ for all n, m > N. 


If (X, d) has the property that each Cauchy sequence has a limit in XY 
then (X, d) is complete. 


3.6 Proposition. C is complete. 


Proof. If {x, +iy, } 1s a Cauchy sequence in C then {x,} and {y,} are Cauchy 
sequences in R. Since R is complete, x, — x and y, — y for points x, yin R. 


It follows that x+iy = lim (x,+iy,), and so C is complete. il 

BS ais Ss prea oy —— saaak Vint tr ns Ata ON NS AD Seep’ 
f Ms re A A tT Seb sta metric Pe (T £7 ana T L Qe\ To Ag - ere re aon 6 
Consiaer U,, witn itS metric dU. 0./ ana 1. 6.6). Let Z,, Z O€ points in VT; 
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it can be shown that d(z,, z) — 0 if and only if |z,—z| > 0. In spite of this, 
any sequence {z,} with lim |z,| = oo is Cauchy in C,,, but, of course, is not 
Cauchy in C. 

If A < X we define the diameter of A by diam A = sup {d(x, y): x and 
A}. 


y are in 
7 


3.7 Cantor’s Theorem. A metric space (X, d) is complete iff for any sequence 


vy 


{F.} of non-empty closed sets with F, > F, >... and diam F, > 0, a F, 
consists of a single point. n=1 


Proof. Suppose (X, d) is complete and let {F,,} be a sequence of closed sets 
having the properties: (i) F, > F, >... and (ii) lim diam F,, = 0. For each 
n, let x, be an arbitrary point in F,; ifn, m = N then x,, x,, are in Fy so that, 
by definition, d(x,, X,) < diam Fy. By the hypothesis N can be chosen 
sufficiently large that diam Fy < ¢; this shows that {x, } is a Cauchy sequence. 
Since X is complete, x, = lim x, exists. Also, x, is in Fy for alln > N 


o@) 
since F, < Fy; hence, xo is in Fy for every N and this gives xy ¢ (| F, = F. 
n=1 
So F contains at least one point; if, also, y is in F then both xy and y are in 
F., for each n and this gives d(xo, y) < diam F,, > 0. Therefore d(x, y) = 0, 


Cauchy sequence in X and put F, = 
F,>.... If « > 0, choose N such that d(x,, x,,) < « for each n, 
N; this gives that diam {x,, X,41;,--.} < ¢ for n => N and so diam 
« for n > N (Exercise 3). Thus diam F, > 0 and, by hypothesis, there 
point x, in X with oo as = FFs OO . In parocule Xo is in F,, 
19) KX o, x ) < diam i —> 0. Therefore, Xo = lim Xn b 

There is a standard exercise associated with this theorem. It is to find a 
sequence of sets {F,} in IR which satisfies two of the conditions: 


(a) each F, is closed, 


(bh) F. > F. D 
pai oe, eee 9 


jet) 


Go 


(c) diam F, > 0; 
but which has F = F,; 0 F, \... either empty or consisting of more than 
one point. Everyone should get examples satisfying the possible combina- 
tions. 


3.8 Proposition. Let (X,d) be a complete metric space and let Y< X. Then 
(Y,d) is a complete metric space iff Y is closed in X. 


Proof. It is left as an exercise to show that (Y,d) is complete whenever Y is 
a closed subset. Now assume (Y,d) to be complete; let x) be a limit point 
of Y. Then there is a sequence {y,} of points in Y such that x)=limy,. 


Hence {y,} is a Cauchy eae (Exercise 5) and must converge to a 


point yo in Y, since (Y,d) is complete. It follows that y»=x, and so Y 
contains all its limit points ee 'Y is closed by Proposition 3.4. 
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Exercises 


a 
4. Let z,, z be points in C and let d be the metric on C,,. Show that IZn —z|>0 
if and only if d(z,, z) > 0. Also show that if |z,| — oo then {z,} is Cauchy 
in C,,. (Must {z,} converge in C,,?) 


5. Show that every convergent sequence in ( Yis a Cauchy sequence 
ws maw Rea Sessa w Y ae A wwWwaht wa OMe aocadiins Racetd Asww A244 \<* 9 wes aw Ld et ee eT ee Re 
a Nia thensé examples nf non complete ie Poe. Wan 
6. Give tnree examples of non Compiete metric Spaces. 


7. Put a metric d on R such that |x,—x| —0 if and only if d(x,, x) > 0, 
but that {x,} 1s a Cauchy sequence in (R, d) when |x,| — oo. (Hint: Take 
inspiration from C,,.) 

8. Suppose {x,} is a Cauchy sequence and {x,,} is a subsequence that is 
convergent, Show that {x,} must be convergent. 


§4. Compactness 

The concept of compactness is an extension o 
infinite sets. Most properties of compact sets are analogues of properties 
of finite sets which are quite trivial. For example, every sequence in a finite 
set has a convergent subsequence. This is quite trivial since there must be at 


least one point which is reneated an infinite number of times. However the 

aweveu Y/Y ALWw rw in VY ALALWAA aw a “Trew eet WY UE e448 A2AAALALLALV YW ASAVWALAALAV/TWA WVHA CTHEDE wwe BAW TT we T wa ras 
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same statement remains true if ‘‘finite’’ is repiacea oy “compact.’ 

A 4 Mak maréu ree bset Bo! ae, ack nike UA ee OT <a * Ce ae ee sf Cie ie pce y Pee ) Pane 

4.1 Definition. A subset K of a metr Cc space X is compact it tor évery Couec- 

tion Y of open sets in X with the ive operty 

A” ypo-lilsm. Me @) 

iY 4 Ms HY USA US A Bf 

there is a nate number of sets G,,..., G, in Y such that K C G, UG, VU 
eye OW oa Be ge VE ete Be. PRON Ma wee ge eee eo ee te 
UG, i sets & satisiying (4.2) iS Called a cover OF K;3 ii 


Bach rember of G j open set it is called an open cover of K. 
Clearly the empty eee and all finite sets are compact. An example of a 
non compact setis D = {zeU: |z} < 1}. UG, = 42: |z} < 1 —-p torn = 
L n) 
2, 3,..., then {G,, G3,...} is an open cover of D for which there is no 
finite subcover. 


4.3 Proposition. Let K be a compact subset of X; then: 
(a) K is closed; 
(b) If F is closed and F < K then F is compact. 


roof To nrove nart (a) we will show that _ ~ Tet x. e K~: by Pro- 
a vue AW Diesel hve \“) vw VV ALA WAANY VV PALL LAL ah end ee “vg as 3 “J RAW 
: 1) 

position 1.13(f), B(x; «) OK # ( for each « > 0. Let G, = x—Al x: = 

vo , € co n u? 

Lowy 

ha 2 

and suppose that x, ¢ K. Then each G, is open and K ¢ 7g G,, (because [ | 


a= n=1 
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cs 1 
as :) = {x,}). Since K is compact there is an integer m such that 


f 1 \ 
Kel G,. ButG, © G, ¢ ...so that K ¢ G, = X—B| x); — |. But this 
n=l & A) 
—- 4a? A oe I \ mo OF m4 ed A ig eT. -~ 7 7 — 
Zives tinal aa Xo; am ] PY A = | J, a CONMTAGICLIION. LAUS A = 
44) 
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41 


a 

GU {X—F} is an open cover of K. Let G,,..., G, be sets in Y such t 
KCG,VU...UG,U(X-—F). Clearly, F< G,;U...UG, and so F is 
compact. Hi 

If ¥ is a collection of subsets of X we say that ¥Y has the finite inter- 
section property (f.i.p.) if whenever {F',, F,,...,F,} © Fi, Fy OFZ... 9 
F, # (J. An example of such a collection is {D—G,, D—G;,...} where 
the sets G, are as in the example preceding Proposition 4.3. 


4.4 Proposition. A set K < X is compact iff every collection # of closed 
subsets of K with the fii.p. has (\ {F: Fe F} # (0. 


Proof. Suppose K is compact and -F is a collection of closed subsets of K 
having the f.ip. Assume that () {F: Fe #} = (0 and let Y = {X-F: 


FeGF*. The | | fy_ Ff: Fe Pv Vo, (VEE Fe Ft—= xX bv the 

Pe Wie Nan in Go ae on ga gaat Ade Lanes CZ So Ree AA ak CRRA OT baa. Ohne AKA OR 
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k n 
< X—K, and since each F, is a subset of K it must be that (\ F, = (1. This 
contradicts the f.i.p. 
The proof of the converse is left as an exercise. 


4.5 Corollary. Every compact metric space is complete. 


Proof. This follows easily by a 
VM js @ AAA £2wWiiw Le) wWwELLWAL us aa 
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{@,;, @>,...} be a sequence of distinct 
Caicos aso) has no limit points. But if a set has no limit points it contains 
all its limits points and must be closed! Thus, each F,, is closed and {F,: 


foe) 
> 1} has the f.i.p. However, since the points a,, a,,... are distinct, () F. 
= [], contradicting the above proposition. oe 


4.7 Definition. A metric space (X, d) is sequentially compact if every sequence 
in X has a convergent subsequence. 


It will be shown that compact and seauentially compact metric spaces 
AL al alata een ans IY NE AACA OE RAY. we AAA ALAW UA iw vpMeeee 
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G is an open cover of X then there is ane > 0 such that if x is in X, there is a 
set G in Y with B(x; ©) © G. 


Proof. The proof is by contradiction; suppose that Y is an open cover of X 
and no such e > OQ can be found. In particular, for every integer n there 1s a 


{ 1) 
point x, in X such that Bl x,; - } is not contained in any set G in Y. Since X 
Me RE 


is sequentially compact there is a point xX» in X and a subsequence {vx,, } 
such that x9 = lim x,,. Let Go¢Q@Y such that x9¢G and choose « > 0 
such that B(x; €) © Go. Now let N be such that d(x9, x,,) < «/2 for all 
ni, = N. Let nm, bea arg 
I/n,). Then d(xo, y) S A(X, Xn) + UXn,> VY) < €/2+1/n, < ¢. That is, B(x,,; 
I/n,) © B(xXo; €) | Go, contradicting the choice of x,,. I 

There are two common misinterpretations of Lebesgue’s Covering 
Lemma; one implies that it says nothing and the other that it says too much. 


wan Anan coye eri no af x wt Fallawe that aarh v V ta nranta aine ad in 
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some G in &. Thus there is an e > O such that B(x; «) © G since G is open. 
The lemma, however, gives one « > O such that for any x, B(x; «) is con- 
tained in some member of Y. The other misinterpretation is to believe that 
for the « > O obtained in the lemma, B(x; ©) is contained in each G in G 


nal = re Se ae are reg SN ee re. nae NS Pe rae Ce igre 
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4.9. Theorem. Let (X, d) be a metric space; then the following are equivalent 
statements: 
(a) X is compac 
(b) Every infinite set in X has a limit point; 
(c) X is sequentially compact; 
(d) X is complete and for every « > 0 there are a finite number of points 
X4,-..,X, in X such that 


“19 


Proof. That 


ae 


(a is the statement of Corollary 4.6. 
(b) oes (0): Let {x,} be a sequence in X and suppose, without loss of 
generality, that the points x,, x,,... are alli distinct. By (b), the set {x,, 
X2,...} has a limit point x9. Thus there is a point x,, € B(x; 1); similarly, 
there is an integer n, > n, with x,, € B(Xq; 1/2). Continuing we get integers 
Ny <n, <..., with x,, © BX; 1/k). Thus, ¥9 = lim x,, and X is sequen- 
tially compact. 

(c) implies (d): To see that X is complete let {x,} be a Cauchy 
sequence, apply the definition of sequential compactness, and appeal to 
Exercise 3.8. 
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Now let « > O and fix x, € Tf ¥Y — Rflv.: e\ then we are done: other- 
iA YW TT a [3 ~~ a ANS ALLL 1 dhe as ath ee Nh) 9 J eiswak vv w VwMwiw MEN EEw 9 AY t4SAWwSA 
Tepe ar AA Re ae -~ V Nf... -« Nv Awniten 1 V Nf... -~ \1i 1 Dz. Nice Awe AAHKS 
wise cnoose x, 6 X— B(X,; €). Again, if X = B(x,; €) U B(x; ©) we are cone; 
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if not, let x, ¢ X—[B(x,; «) U B(x,; ©)]. If this process never stops we find a 
sequence {x,} such that 


But this implies that for n # m, d(x,, X,) 2 € > 0. Thus {x,} can have no 
convergent subsequence, contradicting (c). 

(d) implies (c): This part of the proof will use a variation of the “pigeon 
hole principle.” This principle states that if you have more objects t rts you 
have receptacles then at least one receptacle must hold more than one 
object. Moreover, if you have an infinite number of points contained in a 
finite number of balls then one ball contains infinitely many points. So 
part (d) says that for every « > 0 and any infinite set in X, there is a point 
yeX such that B(y; €) contains infinitely many points of this set. Let {x,} 
be a sequence of distinct points. There is a point y, in X and a subsequence 
{x} of {x,} such that {x} <¢ B(y,; 1). Also, there is a point y, in X 
and a subsequence {x?} of {x} such that {x@} < B(y,; 4). Continuing, 
for each integer k > 2 there is a point y, in X and a subsequence {x} of 
{k- yy such that {x} < By,; 1/k). Let F, = {xO} st then diam F, < 2/k 


> 


and F, > F, >... . By Theorem 3.6, ia) F, = {xo}. We claim that x? > 


Xo (and {x} is a subsequence of {x, \). in fact, x» ¢ F, so that d(xo, x) < 
diam F, < 2/k, and x) = lim x. 

(c) implies (a): Let Y be an open cover of x. The preceding lemma gives 
an « > 0 such that for every x ¢ X there is a G in Y with B(x; «) < G. Now 


(c) also implies (d); hence there are points x,,...,x, in X such that 


X= () Pi e). Now for 1 < k < nthereisaset G, ¢ Y with B(x,; «-) © G,. 
k= 
Hence X = |} ; G,; that is, {G,,..., G,} is a finite subcover of 7. H 
k= 


4.10 Heine-Borel Theorem. A subset K of R" (n = 1) is compact iff K is closed 
and bounded. 


Proof. If K is compact then K is totally bounded by part (d) of the 
preceding theorem. It follows that K must be closed (Proposition 4.3); 
also, it is easy to show that a totally bounded set is also bounded. 

Now suppose that K is closed and bounded. Hence there are real 
numbers a,...,@, and b,,...,b, such that K <c F=[a,,b,]*... <[a,,0,]. If 
it can be shown that F is compact then, because K is closed, 1t follows that 
K is compact (Proposition 4.3(b)). Since R” is complete and F is closed it 
follows that F is complete. Hence, again using part (d) of the preceding 


theorem we need only show that F is totally bounded. This is easy 
cr 
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one of the aforementioned rectangles. The execution of the details of this 
strategy is left to the reader (Exercise 3). IJ 


Exercises 

1 Dinioch tha nenanf nf Proposition AA 
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2. Let p = (p,,.--5P,) and gq = (q;,-..,9,) be points in R" with p, < % 
for each k. Let R = [p,, q,]x...X[D,» 9,] and show that 


diam R = d(p, q) = [> (a-P?| : 


3. Let F = [a,, b,])x...x[a,, 5,] < R” and let « > 0; use Exercise 2 to 

show that there are rectangles R,,..., R,, such that F = |) R, and diam 
k=1 

R, < « for each k. If x, ¢ R, then it follows that R, < BX; €). 


A Chaw that tha uninn nf a Gunite numbkar nf rnamract cate 1c eAmMnNA ct 
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5. Let X be the set of “ bounded sequences of complex numbers. That is, 
{x,}¢X iff sup {ll > 1}< o. If x = {x,} and y = {y,}, define 
. Show that for each x in X and « > 0, Bx; €) 
h it is c 


§5. Continuity 


One of the most elementary properties of a function is continuity. The 
presence of continuity guarantees a certain degree of regularity and smooth- 
ness without which it is difficult to obtain any theory of functions on a metric 
space. Since the main subject of this book is the theory of functions of a 
complex variable which possess derivatives (and so are continuous), the study 
of continuity is basic. 
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5 > 0 such that p(f(x), w) < « whenever 0 < d(x, a) < 6. The function f 1s 
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5.2 Proposition. Let f: (X, d) > (Q, p) be a function and ae X, « = f(a). 
The following are equivalent statements: 

(a) fis continuous at a; 

(b) For every « > 0, f~'(B(a; €)) contains a ball with center at a; 

i) @ = lim fi (x,) whenever a = lim x, 
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point. From now on we will concern ourselves only with functions continuous 
on all of X. 


equivalent statements: 
(a) f is continuous; 
(b) If A is open in Q then f'A) is open in X; 
(c) If T is closed in Q t then f~ (LT) is closed in X. 


Aare Se and 


Proof. (a) implies (b): Let A be open in Q and let xe f~'(A). If w = f(x) 
then w is in A; By definition, there is an e > ° with B(w; ©) < A. pince ys 
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< f~'(B(w; ©) < f~'(A). Hence, f~*(A) is open. 

(b) implies (c): If I! < Q is closed then let A = Q—T. By (b), f~'(A) = 
X—f—'(T) is open, so that f~ '(L) is closed. 

(c) rales (a): Suppose there is a oo x » cain WS no eonbnmous: 


for every n en x = lim x,. Let T = nara e); then [I is closed and 
each x. is in f-‘(0). Since (by os is closed we have xe f~'(I). But 


The followi ing coe of result is probably well anderstesa by the reader 
anda on the Knenrnf ie laft anc an pawanrricn 
and so tne prooi is ieit aS an exercise 

5.4 Pronosition. Let f and « be continuous functions from X into C and let 

a Pers rew rae awe J “a vw o vw ej wreesesesevev wew por evwrvuveyv ws J were ae ev —— ett ee ewe 

O- Then £1 De ad £5 nro hath pantinuniue Alen fle do poartinuniue 

a, PEW. nen af+pg and fg are votn continuous. Aiso, Jj/Z is continuous 


provided g(x) # 0 for every x in X. 


5.5 Proposition. Let f: X — Y and g: Y — Z be continuous functions. Then g of 
(where gof(x) = g(f(x))) is a continuous function from X into Z. 


Proof. If U is open in Z then g~'(U) is open in Y; hence, f~'(g~'(U)) = 


(gof)7'(U) is open in X. Hi 


5.6 Definition. A function f: (X, d) > (Q, p) is uniformly continuous if for 
every « > Othere is a6 > 0 (depending only on e«) such that p( f(x), f(y) < « 
whenever d(x, y) < 5. We say that fis a Lipschitz function if there is a constant 
M > Osuch that p( f(x), f(y) < Md(x, y) for all x and y in X. 


It 1s easy to see that ey Lipschitz: function Is uniformly continuous. 
In fact, if « is given, take 6 = «/M. It is even easier to see that every uniformly 
continuous function is continuous. What are some examples of such func- 
tions? If X = Q=R then f(x) = x’ is continuous but not uniformly 
continuous. If ¥ = Q = [0, 1] then f(x) = x* is uniformly continuous but 
is not a Lipschitz function. The following provides a wealthy supply of 
Lipschitz functions. 
Let A © X andxe 


x 


"; define the distance from x to the set A, d(x, A), by 


Woo s AN 2 MAP Fhe FRE ee A 
d(x, A) = inf {d(x, a): ae A} 
5.7 } roposition T pt Cc : thon 
es PM vets ane Asli bt 44 “anh 9 ef7iure 
far If. AN _. LIfe A’. 
(ad) UA, A) — UA, A); 
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(b) dx, A)=0ifxeA'; 
(c) |d(x, A)—d(y, A)| < d(x, y) for all x, y in X. 


Proof. (a) If A © B then it is clear from the definition that d(x, B) < d(x, A). 


Hence, d(x, A~) < d(x, A). On the other hand, if « > 0 there is a point 
yin A™ such that d(x, A~) = d(x, y)—«/2. Also, there is a point a in A with 
/ In if ‘TA t 1 t me | 1° 


9t) 
d(y, a) < ¢/2. But |d(x, y)—d(x, a)| < d(y, a) < «/2 by the triangle inequality. 
In particular, d(x, y) > d(x, a)—«/2. This gives, d(x, A’) > d(x, a)-—« = 
d(x, A)—e. Since « was arbitrary d(x, A~) > d(x, A), so that (a) is proved. 
(b) If xe A™ then 0 = d(x, A~) = d(x, A). Now for any x in X there is 


at diy AVN — |i At VV & if 
a minimizing sequence {a,, } in A such that GX, AJ = uM AX, a,j. SO li 


d(x, A) = 0, lim d(x, a,) = 0; that is, x = lim a, and so x e A™ 

(c) For ain A d(x, a) < d(x, y)+d(y, a). Hence, d(x, A) = inf {d(x, a): 
ae A} < inf {d(x, y)+d(y, a): ae A} = d(x, y)+d(y, A). This gives d(x, A)— 
d(y, A) < d(x, y)- Similarly d(y, A)—d(x, A) < d(x, y) so the desired in- 


aniality fallawe 
Vyuvalill ty LVILILVU wo. +— 


Notice that part (c) of the proposition says that f: X — R defined by 
(x) = d(x, A) is a Lipschitz function. If we vary the set A we get a large 
supply of these functions. 


1 vag bt fad 1 


is Lipschitz but f:fis not even uniformly continuous. However if both fan 
g are bounded then the conclusion is valid (see Exercise 3). 

Two of the most important properties of continuous functions are 
contained in the following result. 


. 


5.8 Theorem. Let f: (X, d) > (, p) be a continuous function. 


(a) [f X is compact then f(X) is a compact subset of QQ. 
(b) If X is connected then f(X) is a connected subset of Q. 


Proof. To prove (a) and (b) it may be supposed, without loss of generality, 
that f(X) = Q. (a) Let {w,} be a sequence in Q; then there is, for each 

DOME with ay = FO). ct there is a point 
x in X and a subsequence eon } such that x = lim Xn. Dut if w = f(x), then 
the continuity of f gives that w = lim w > hence 2 is compact by Theorem 
4.9. (b) Suppose 2 ¢ Q is both open and closed in Q and that 2 # [7]. 
Then, because f(X) = Q, 1 # f7'(2); also, f~'(2) is both open and closed 
because f is continuous. By connectivity, f-'(=) = X and this gives Q = &. 


Thus, Q is connected. 


n> 1, a point x in Xw — fly) Since X is comp 


5.9 Corollary. Jf f: X > is continuous and K < X is either compact or 
connected in X then f(K) is compact or connected, respectively, in Q. 


5.10 Corollary. /f f: X — R is continuous and X is connected then f(X) is 
interval 
FECL UUs 
ONG ee TE ee a ade us ch aes ~f fm) = 
This follows from the characterization of connected subsets of R as 


intervals. 
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5.11 Intermediate Value Theorem. /f /: [a, b] — R is continuous and f(a) < 
< f(b) then there is a point x, a < x < b, with f(x) = &. 


£44 — 


5.12 Corollary. [ff: X — R is continuous and K < X is compact then there are 
points X9 and Yo in K with f(xo) = sup {f(x): x « K} and f(yo) = inf {f(x): 
xe Ky}, 

Proof. If « = sup {f(x): x « K} then « is in f(K) because f(K) is closed and 
bounded in R. Similarly 8 = inf { f(x): x ¢ K} is in f(K). 

5.13 Corollary. /f K < X is compact and f: X —>C is continuous then there 
are points X9 and yo in K with 


[f(%o)| = sup {| fd): x  K} and | f(yo)| = inf {|f(@)|: x € K}. 


Proof. This corollary follows from the preceding one because g(x) = | f(x)| 
defines a continuous function from X into R. 


fl 7 X 


5.14 Corollary. if K is a compact subset of X and x is in X then there is a 
point y in K with d(x, y) = d(x, K). 


Proof. Define f: X >R by f(y) = d(x, y). Then f is continuous and, by 

Corollary 5.12, assumes a minimum value on K. That is, there is a point 

y in K with f(y) < f(z) for every ze K. This gives d(x, y) = d(x, K). 
S 


The next two theorems are extremely important and will be used re- 
peatedly throughout this book with no specific reference to the theorem 
os 
numbers 
5.15. Theorem. Suppose f: X > © is continuous and X is compact; then f is 


uniformly continuous. 


Proof. Let €> 0; we wisn 


p(f(x), f(y)) < «. Suppose there is no such 6; in particular, each 6 = I/n 
will fail to work. Then for every m > 1 there are points x, and y, in X with 
A(x, ¥,) < 1[/n but p(f(x,), f(y,)) = «. Since X is compact there is a sub- 
sequence {x,,} and a point xe X with x = lim x,,. 


Claim. x = lim y,,. In fact, d(x, y,,) < dx, x,,)+1/n, and this tends to zero 


< p(f(%,), 2) + (fn) 


and the right hand side of this inequality goes to zero. This is a contradiction 
and completes the proof. 


5.16. Definition. If A and B are subsets of X then define the distance from 
A to B, d(A, B), by 


d(A, 8) = inf {d(a, b):a¢ A, b< Bh. 


m :.. sei : Sn 2s hte ‘¢ >» «at. W/o A Cc ‘qj’ AN re 
Bs ingie-point set {x} then d(A, {x}) = d(x, A). If 
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= {y} and B= {x} then d({x}, {y}) = d(x, y). Also, if ANB# CO 
then d(A, B) = 0, but we can have d(A, B) = 0 with A and B disjoint. The 
most popular type of example is to take A = {(x, 0): xe - < R? and 


D Cf .. XN Se TED. UNGAR. howe A owes “oe te poet 

D= {VA, € J. XS ivy. INOLICG Ldl A and B B ar re DOIN closed and disjoint and 
still d(A, B) = 0 

| ite ee A 0) ES TL A eg OTD ok. AIS eee eh ee By! 9 TY pe ee AS es fo kg 
Jt/ EMCOPCIM. Tf A GNU D are aisfoint sets in A WIN D ClOS€ad ANd A COMpUAcl 


Proof. Define f: X + R by f(x) = d(x, B). Since A M B = (and Bis closed, 
f(a) > O for each ain A. But since A is compact there is a point a in A such 
that 0 < f(a) = inf {f(x): xe A} = dA, B). 


Exercises 


1. Prove Proposition 5.2. 


2. Show that if fand g are uniformly continuous (Lipschitz) functions from 
X into C then so is ft+g. 


eeawhe Nr AU YY 


3. We say that f: X > C is bounded if there is a constant M > 0 with 
[f(x)| < M for all x in X. Show that if f and g are bounded uniformly 
continuous (Lipschitz) functions from X into C then so is fg. 

4. Is the composition of two uniformly continuous (Lipschitz) functions 


acain uniformly continuous (Li ipschitz)? 


tt om bad SDE ed Bi Ge Sieg Mase ere comes Wiens ks 

5. Suppose /: X > Qis iinifor mly continuous; show that if { Xp, } is a Cauchy 
sequence in X then {f(x,)} is a Cauchy sequence in Q. Is this still true if we 
only assume that f is continuous? (Prove or give a counterexample.) 

6. Recall the definition of a dense set (1.14). Suppose that Q is a complete 
metric space and that f: (D, d) ~ (Q; p) is uniformly continuous, where D is 
dense in (X, d). Use Exercise 5 to show that there is a uniformly continuous 
function g: X — Q with g(x) = f(x) for every x in D. 

7, Let G be an open subset of C and let P be a polygon in G from a to b. 
Use Theorems 5.15 and 5.17 to show that there is a polygon O < G from a 
to b which is composed of line segments which are parallel to either the real 


f 


int Ee $1 PA AN BG 


Ul dlasiidl y AALS. 

8. Use Lebesgue’s Covering Lemma (4.8) to give another proof of Theorem 
Sid: 

9. Prove the following converse to Exercise 2.5. Suppose CX, d) is a compact 
metric space having the property that for every « > 0 and for any points a, 
b in X, there are points Zo, Z;,...,2Z, in X with zg = a, z, = b, and d(z,_4, 
z,) < efor 1 < k <n. Then (X, d) is connected. (Hint: Use Theorem 5.17.) 
10. Let f and g be continuous functions from CX, @) to (Q, p) and let D be 
a dense subset of X. Prove that if f(x) = g(x) for x in D then f = g. Use 
this to show that the function g obtained in Exercise 6 is unique. 


§6. Uniform convergence 


Let X be a set and (2, p) a metric space and suppose f; f;, f5,... are 
functions from X into Q. The sequence {f,} converges uniformly to f—written 
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f=u-—lim f—if for every « > 0 there is an integer N (depending on « 
alone) such that p(/(x), f,(x)) < ¢ for all x in X, whenever n > N. Hence, 


sup {p( f(x), filx)): xe X} < € 


whenever n > N. 
The first nroblem is this: Tf Yis not inst a set hut a metric snace and each 
fa Ae Pee do mao it Fall Ady that Lia nARKtiMgaw AD 1 answer Si Sete 
th is continuous does it follow th {7 is continuous? ine answer is yes 
eaream ‘ MNNNA CGE i —> n 10 fONnTANVNAWUS OF ONC n AM ft 
6.1 Th v f{-f a) ( \ t fy h d that 
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J = u-im /,; (nen j is continuous. 
Proof. Fix x, in X and « > 0; we wish to find a 6 > 0 such that p(f(x9), 


f(x) < « when d(x, xX) < 8. Since p= = u—lim f,, there is a function f, with 
p(x), f,(x)) < ¢/3 for all x in X. Since f, is continuous there is a 6 > 0 
such that p(f,(Xo), f,(x)) < «/3 when d(xo, x) < 5. Therefore, if d(x9, x) <4, 


p(f(Xo), fC) < Be SilX0)) + PSn(%0)s Sn OD+ Ps (x), f(x) < « i 


Let us consider special case where 2 = C. If un? ¥ »+C€. let ffx) = 
we us ww ALU wa spec lal wii VV £iwi Ww o #4, baat awe J nvrvJ 
00 
u(x) + u,(x). We say f(x) = 2 u(x) iff f(x) = lim f(x) for each x in_X. 


+ 
oO zee | 

The series ) u, is uniformly convergent to f iff f = u—lim f.. 
| 


6.2 \ : u.: X +C be a function such that \u(x)| < 
aY¥ ne: uw SE J MERE SEE ENTE ws Vib ereute I \ | 


ice) oO 
for every x in X and suppose the constants satisfy ). M, < 0. Then >. u, is 


uniformly convergent. 
Proof. Let f(x) = u,(x)+...+u,(x). Then for n > m, 
n oO 
(x)+...+u,(x)| < ¥ M, for each x. Since ¥ M, 
1 


GO a Stats Se dt fe\’ tan : 
converges, {f,(x)} is a Cauchy sequence in C. 


S 
with € = lim f(x). Define f(x) = &; this gives a function f: ¥ > C. Now 


VO-A@) =| XY u@l< Y lu@l< YM 
k=n+1 k=nt+1 k=n+1 
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M, < « whenever n => N. This gives | f(x)—f,(x)| < « for all x in X hen 


~ 


n>N.8 


Exercise 


1. Let {f,} in a sequence of uniformly continuous functions from (CX, @) 
into (Q, p) and suppose that f = u—lim f, exists. Prove that fis uniformly 
continuous. If each f, is a Lipschitz function with constant M, and sup 


M. < oo. show that fic qa Tinechitz fiinctinn If cnn AS = @. chaw that f 
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Chapter III 


Elementary Properties and Exampies of 
Analytic Functions 


§1. Power series 


In this section the definition and basic properties of a Power series will 
be given. The power series will then be used to give examples of analytic 
functions. Before doing this it is necessary to give some elementary facts on 


infinite series in C whose statements for infinite series in R should be well 


known to the reader. If a, is in C for every n > O then the series py a, 


m 
a a sae NN a Hy IS NS oe as Da bane ee we Sate nae: AT as ak ebae INS Se sa Bs 
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1.1 Proposition. [f $\ a, converges absolutely then )° a, converges. 


Proof. Let « > 0 and put z, = agta,+...+a,. Since )' |a,| converges 
co 
there is an integer N such that }° |a,| < «. Thus, ifm > k > N, 
n=N 
m m [o.6] 
2m—el = 1 2 al Sd lal S DI lal < . 
n=kt+1 n=k+1 n=N 


That is, {z,} is a Cauchy sequence and so there is a z in C with z = lim z,. 


ence Nin — > 
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Also recall the definitions of limit inferior and superior of a sequence in 
R. If {a,} is a sequence in R then define 
lim inf a, = lim [inf {a,, a,41,..-}] 


sy 


wb” AS 


lim sup a, = lim [sup {a,, Q,41,---}] 
nm Cc 
An alternate notation for lim inf a, and lim sup a, is lim a, and lim a,. If 
b, = inf {a,, d,+1,...} then {b,} is an increasing sequence of real numbers 


or {— oo}. Hence, lim inf a, always exists although it may be + oo. Similarly 
lim sup a, always exists although it may be + oo. 

A number of properties of lim inf and lim sup are included in the exercises 
of this section. 

A power series about a is an infinite series of the form y a,(z— a)". One 


ai=-v 


of the easiest examples of a power series (and one of the most useful) is the 


fe 6] 
geometric series )\ z". For which values of z does this series converge and 
n=0 


Ww 
© 
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when does it diverge? It is easy to see that 1—z"*! = (l—z)(1+z+...+2”"), 
so that 


1.2 I+z+...+2° = ———__.. 


ss l 
1—z 
If |z| > 1 then lim |z|" = oo and the series diverges. Not only is this result 
an archetype for what happens to a general power series, but it can be used 
to explore the convergence properties of power series. 


1.3 Theorem. For a given power series > a,(z—a)" define the number R, 
O0<R< ow, by =v 


= lim sup |a,|*””, 


then 
fa) if lige vl Pil tho cCoripE NMNMwWNArAAC anhon 21tp bo) 
\e) Yy |¢ “| ~ ars €f7itte woericyv UvIive:r CY bY OIUEWMETCEL 
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series diverges; 


(c) if0 <r < R then the series converges uniformly on {z: |z| < r}. 
Moreover, the number R is the only number having properties (a) and (b). 


Proof. We may suppose that a = 0. If |z| < R there is an r with |z| <r < R. 


, ; 1 1 
Thus, there is an integer N such that |a,|!/" < — for alln > N (vecaus -> 
r r 


1° ] 
~|, But then |a,| < — - and so |a,z"| < e iy for all n => N. This says that 


ae f Xo Ff 
n Lal 


z|\ 
the tail end y a,z" is dominated by the series } (= )e and since “! < 1 


n=N 


the power series converges absolutely for each |z| < R 
Now suppose r < R and choose p such that r < p < R. As above, let 
1 {ft 
L : / 
N be such that |a,| < — for all n > N. Then if |z] < r, |a,z"| < & and 
p p 


(r\ 


ce < 1. Hence the Weierstrass M-test gives that the power series converges 
Pp 
uniformly on {z: |z| < r}. This proves parts (a) and (c). 


| 
To prove (b), let |z| > R and choose r with |z| > r > R. Hence - < 
r 


n 
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The number R is called the radius of convergence of the power series. 
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1.4 Proposition. Jf }) a,(z—a)" is a given power series with radius of con- 
vergence R, then 


if this limit exists. 


Proof. Again assume that a = 0 and let « = lim |a,/a,,,|, which we suppose 
to exist. Suppose that |z| <r <a and find an integer N such that r < 


laja...! for all n> N. Let B= laglr™: then lay..[r%t! = lay,,lrr” < 

imni“n+ijp *~4 = = ! i ItN+1) ih*N +1) 
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la x"l < Rforalln > Rut then Ia 7"| — lp pl < oralln > N 
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Since |z| < r we get that ) |a,z"| is dominated by a convergent series and 
= 


hence converges. Since r < a was arbitrary this gives that a < R. 


On the other hand if |z| > r > a, then |a,| < rja,,,| for all n larger than 
t lanl > B= lay’! for n> N. Thi 
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has radius of epnversence 
and the convergence is 


[v6] 
Zz a 
e’=expz = —, 
n! 


the exponential series or function. 
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proof will not be given). 
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1.5 Proposition. Let }\ a, and Yb, be two absolutely convergent series and put 


ar 

t, = Ho UU, —k- 

Then > c, is absolutely convergent with sum 
(d) 4x) (Xb): 


1.6 Proposition. Let )' a,(z—a)" and ¥° b,(z—a)" be power series with radius 
of convergence =r > 0. Put 


n 


Cn = » ADK; 
k=0 
then both nower series V (a. +b.) (z—a¥ and Vi clz—a@" hane radius of con- 
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> (a, +5,) (2—a)" = [Y a,(z—a)"+¥. b,(z—a)"] 
Y ¢,(z—a)" = [¥ a,(z—a)"] [¥. b,(z—a)"] 


for |z—a| <r. 
t t 


Proof. We only give an outline of the proof. If 0 < s < r then for |z| < s, 

we get y la, +5,| |z/"< XY Ja,|s"+¥  |b,|s" < 00; ¥ fe} [zl" < (Y la ls") 
nil Ly | itl Let | fi > Les FM Vl VL ICAU 7 

‘Vv lh roy — tV) Fr ram ara tha nranf ean analy ha ramniatad is] 

(Zu lYn|? } om SAYe SB EULEL BIND ULI pivus: Wali VAOII vTV VULLIPIVUU. ; | 

Exercises 


Prove Proposition 1.5. 

2. Give the details of the proof of Proposition 1.6. 

3. Prove that lim sup (a,+5,) < lim sup a,+lim sup 5b, and lim inf (a,+8,) 
> lim inf a,+lim inf 5, for {a,} and {b,} sequences of real numbers. 

4. Show that lim inf a, < lim sup a, for any sequence in R. 

5. If {a,} is a convergent sequence in R and a = lim a,, show that a = lim 
inf a, = lim sup a,. 

6. Eine the radius of PONVEL EEN for each of the following power a 


(a) ¥ az", aeU; (b) a2" aeU; © Ye" kK an integer 40; (a) ¥ 2" 


—y 
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n=0 =0 n=0 
7. Show that the radius of convergence “of | the power series 
a. f_1) 
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efficient of this series is not (—1)"/n.) 
§2. Analytic functions 
Tu thic cantinn analvtic functions are defined anda CMImaAa avamnrualaad aAaArA 
ALE CLIO OWUUIVIEL GALIALYUL LULINUIVEIIDS RBELITLINGE Gli OVILIN VAACITIIPIVS aly 
given. It is also shown that the Cauchy-Riemann equations hold for the real 


and imaginary parts of an analytic function. 
2.1 Definition. If G is an open set in C and f: GC then / is differentiable 
at a point a in G if 


met Nf@ 
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exists; the value of this limit is denoted by f’(a) and is called the derivative of 
f at a. If fis differentiable at each point of G we say that fis differentiable 


BAe NE 


on G. Notice that if f is differentiable on G then f’(a) defines a function 
f':G—C. Iff’ is continuous then we say that fis continuously differentiable. 
If f’ is differentiable then fis twice differentiable; continuing, a differentiable 
function such that each successive derivative is again differentiable is called 
infinitely differentiable. 


a 
a 
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The following was surely predicted by the reader. 


2.2 Proposition. [f f: G—C is differentiable at a point a in G then f is 
continuous at a. 


Proof. In fact, 
| f(z)—fla)| | 
lim | f(z)—f(@)| = E am AAO i [lim |z— al| = f(a): 0=0.88 
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2.3 Definition. A function f: GC 1s analytic if f is continuously differen- 
tiable on G. 


It follows readily, as in calculus, that sums and products of functions 


analytic on G are analytic. Also, if f and g are analytic on G and G, is the 


set of points in G where g doesn’ t vanish then f/g is analytic on G,. 
Since constant functions and the function z are clearly analytic it 
follows that all rational functions are analytic on the complement of the 


set of zeros of the denominator. 
Moreover, the usual laws f 
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quotients remain valid. 
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2.4 Chain Rule. Let f and g be analytic on G and Q respectively and suppose 
f(LON-O Thaw PoE Pee SR Pa ped Pee Prat.) f ee 
J (Vy J— ua. L£71CT & J és Qs iy Lil Uri U ane 


for all in G 

Jv Ob fy ETL NSF 

Proof. Fix zg in G and choose a positive number r such that B(zy;r)c G 
We must show that if 0<|A,|<r and limh, =0 then lim{h, '[g(f (zo + 4,,)) 
— g(f(Zo))]} exists and equals g’( /(z9)) (Zo). (Why will this suffice for a 
proof?) 

Case / Suppose f(Zo)#f(Zo+ A,) for all n 


cere o( f(z.+h.))—el flz.)) f(z +h \—fl7.\ 
& J \40 n} J\FOJ _  S\ AAO nJF  O.S OF I NMOT nd INO 
h,, f(Zo+h, —f (Zo) h,, 
Since lim[ (Zo + 4,,) — f(Zq)]=0 by (2.2) we have that 
lim cet eta ce -L \~ oofl> iene ee a= \\ f/f 7_\ 
~ee—e—"n LB IMO' nt SB IMO] & VMOU COU 


Case 2 f(Z.)=f(Z)+h,,) for infinitely many values of n. 
Write {h,} as the union of two sequences {k,} and {/,} where f(z )# 


S(Zo+k,) and f(z.)=f(zZo+/,) for all n. Since f is differentiable, f’(z))= 
lim/- Tf (Zo +1)—f(z,)]=0. Also lim] "Teoflz.+]\)—eoffz V=0. By 
mn LE SMO T nt & IMOT © J 


Case I, limk, '[gef (zy + ky) — 8°f (20) = 8° Zo) f'(Zo) = 0. Therefore 
limh, '( gof (Zot h,)— Bf (20) =0= 2'(S (Z0)) f'(Zo). 


The general case easily follows from the preceding two. 
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Perhaps the definition of analytic function has been anticlimatic to many 


readers. After seeing books written on analytic functions and year-long 
courses and seminars on the theory of analytic functions, one can excuse a 


certain degree of disappointment in discovering that the definition ha 
alrandAy haan annnintaran am nalanhia Ta thia thanm, tr ha an aienwnla nannealinna 
alvau VUE) ULIVRUULILULUU LLL UGIUULUD. LS LIL IIVULy ty Udall piv &Y Wwlaliaa™ 
tion of calculus? The answer is a resounding no. To show how vastly different 


the two subjects are let us mention that we will show that a differentiable 


function is analytic. This is truly a remarkable result and one for which there 
is no analy ogue in the theory of functions of a real variable (e. g., consider 
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x? sin :) . Another equally remarkable result is that every analytic function 


is infinitely differentiable and, furthermore, has a power series expansion 
about each point of its domain. How can such a humble hypothesis give 
such far-reaching results? One can get come indication of what produces 
this phenomenon if one considers the definition of derivative. 

In the complex variable case there are an infinity of directions in which a 
variable can approach a point a. In the real case, however, peek are only two 


avenues of a apprency Continuity, for example, of a function defined on R 
eS rm ee Lee ee Ate A Aes tives ee tee the pe Cee? fee og Loe 
Lali U discussed in ter ms OF AIS ANU ILL CUTIULITIUILY , LIS 1S Tar LEO Lie 


Ss is 
case for functions of a complex variable. So the statement that a function of 
a complex variable has a derivative is stronger than the same statement about 
a function of a real variable. Even more, if we consider a function f defined 


on Gc Casa function of two real variables by putting of vp) — fly+tiv) 
DY cae fin ca NO IN, aE oe Sn ee ne re re ae lee Chk. Een RR AE Ai Masa ntc a hile <efcll wat Aacnacies 
iVUl lA, y © U, ULUll requiring t Cll< lj US FDICelelt, UIMULOCMLIGAUILU WILL IIUL OULISULYL 


) 
that f has a derivative in our sense. 
In an exercise we ask the reader to show that if (z) = [z|* has a derivative 
only at z = 0; ie o(x, y) = f(xt+iy) = x?+y? is Frechet differentiable. 


That differentiability implies analyticity is proved in Chapter IV; but 
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right now we prove that power series are analytic functions. 


00 


2.5 Proposition. Let f(z) = )\ a,(z—a)" have radius of convergence R > 0. 
en: n=0 
(a) For each k = 1 the series 
2.6 ¥ n(n—1)...(n-k+1)a,(z—a)"* 
n=k 


(b) The ction f is infinitely differentiable on B(a; R) and, furthermore, 
f(2) is given by the series (2.6) for all k = 1 and |z—a| < R; 
(c) Forn = 0, 
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wish to show that R7* = lim sup |na,|'/“"~'”. Now it follows from I’H6pital’s 


lo 
nae 0, so that lim n!/“~1) = 1. The result will follow from 


| { ee n> co 


rule that lim 


fe) 
; then R’ is the radius of convergence of 


a,2"; ; hence if |z| < R’ 
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z #0 then > |a,z"| < o and ¥ fa,,,2"| < — LY las" + lal < e050 


] 
[2| 
that R < R’. This gives that Re R’ and completes the proof of part (a). 
(b) For |z| < R put g(z) = nage” es 62g pce and R,(z) = y 

k=n+l1 
a,z*. Fix a point w in B(O; R) aad fix r with |w] . r < R; we wish to show 
that /’(w) exists and is equal to g(w). To do this let 6 > 0 be arbitrary except 
for the restriction that B(w; 8) < BO; r). (We will further restrict 8 later in 
the proof.) Let ze B(w; 4); then 
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,o 6 60Sf@-fw) of s.@-s) | Jo 
2.5 ————— = (vw) = | — SK) | + LSC) — 80) 
a2 W L a” WwW 
[R, z)—R,(w) | 
+ | | 
EE. ow. 2] 
Now 
RRO) te 
zZ—W Z—-W k=nt+1 
oO 
/ ek LN 
z—-W 
= 2 eae 
K=a+1 N z—W 4 
WM..4 
Dut 
k 
Iz —w"| fehl a pk 2. boyk—-2 4 y kot 2c Lyk-1 
= |< Te vv Tt oTsew T WwW jas ° 
| z—w | 
Hence, 
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z—wWw k=n+1 


fo @] 
Since r < R, >) |a,|kr*~' converges and so for any « > 0 there is an integer 


AT. 
47] twad aa aw at pa AY 
w | € 
nf ) an (z <¢ Blw: 8)) 
™~ a Goad meee hd b) 33° 
| z-w | 3 
AY 14 fs X ‘4 ‘ 2 | | 1 as x f | € 
ASO, 11M S,(W) = B(W) SO there is an integer N, sucn that |5,(w)—g(w)| < 3 
whenever n > Tet » = the maximum of the two integerc Nl. and N 
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Then we can choose 6 > O such that 


5A(Z)— 5,08) 


S,(w) 5 
| 2a | 
whanavar ) ~ le—wl ~ 8 Pitting thace tnannalitiac tagether wit ennatian 
WHE Ve, UN [ec WwW) SO. PUllitig, UICSe ING UaILIeS LUE Led Wildl Cuda 
fy Or Pekin. Gg 
(4.0) WE Mave tial 
~ ae a 
JZ)-JOr) 
| SAN) 
| z—w | 


get f() ae = a). Usin 


2.9 Corollary. If the series y a,(z—a)" has radius of convergence R > 0 then 


f(z) = >» a,(z—a)" is sou in Ba; a 


exponential ae nino casc7z and «cinz. the followino result must 
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9 in Deanncitinn If I 0 rataves yy) sin annunanrtod ras £2 iS tT a Aiffnuaontinhl, 
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with f’(z) = 0 for all z in G, then f is constant. 
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show that A = G ay showing that A is both open and closed in G. Let zeG 
and let {z,} ¢ A be such that z = lim z,. Since f(z,) = w, for each n > 1 
and f is continuous we get f(z) = wo, or zé A. Thus, A is closed in G. Now 
fix a in A, and let « > 0 be such that B(a; «) < G. If z € B(a; ¢), set g(f)= 


fltz-+(1—Na), 0<t< 1. Then 


o(t)—o(s) e(t)—e(s) (t—s)z+(s—ha 
2.11 ON ae ONS ows \ J, wo } 
t—s (t—s)z+(s—da t—s 
TL... Boece Wk ¢ tee went SA ASN Bess a Ni AN 
1nus, if we let /—s we get (A.4(0), Appendix A) 
. &(t)—a(s) 
lim ————— = f"(sz+(1 —S)a):-(z—a) = 
tos ti—~)s) 


That is, g’(s) = 0 for 0 < s < 1, implying that g is a constant. Hence, 
f(z) = g(1)=2(0) = f(a) = wo. That is, B(a; ©) < A and A is also open. 
Now differentiate f(z) = e: we do this by Proposition 2.5. This gives 


that 


ioe) 


jee Eee ae ->3 z" = f(2) 


n=1 'F° = (n=I)! 
Thus the complex exponential function has the same property as its real 
counterpart. That is 


2.12 —e? =e 
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Put g(z) = e’e” 7 for some fixed a in C; then g’(z) = e’e*-*+e7(—e*" ”) = 0. 
soe g(z) = w for all z in C and some constant w. In particular, using 


= 1 we get w = g(0) = e*. Then e*e*~? = e? for all z. Thus e**" = e%e” 
or all a and b in C. This also gives 1 = e’e”” which implies that e? 4 0 


asawae 


ew any we anA »7~Z — 1/57 RD atirenin +~ +¢ Pat 647-3 arene 
r any z ana e = L/é. Ree to tne power Series 
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particular, for 9 a real number we an je'?|? = ee '® = e® = 1. More 


We see, therefore, that e? has the same properties that the real function e* 
has. Again by analogy with the real power series we define the functions 
cos z and sin z by the power series 


ae. 2n 
cosz=1—~—+—+4+...+(-—1)" +.. 
2! 4! (2n)! 
. z° Z i . f a\n anke e 
e . \ear J Aje 
Each of the series has infinite radius of convergence and so cos z and sin z 
are analytic 1 n C. By using Proposition 2.5 we find that (cos z)’ = —sin z 
and (sin z)’ = cos z. By manipulating power series (which ts justified since 


these series converge absolutely) 
Te xen. sae 
2.14 cosz=H(e"+e ") sinz= 5, ee 2) 


This gives for z in C, cos? z+sin* z = 1 and 


2.15 e = cos z+isin z. 

In particular if we let z = a real number @ in (2.15) we get e’® = cis @ 
Hence, for z in C 

~_ aw ! 1 ia 

2.16 z = |zle 


x+y x iy 1 2 


where 6=argz. Since e**” =e*e” we have |e*|=exp(Rez) and arge’ = 
Imz. 

A function f is periodic with period c if f(z +c)=f(z) for all z in C. If c 
is a period of e” then e? =e7t*=e7e° implies that e°=1. Since 1=|e‘|= 
exp Re(c), Re(c)=0. Thus c=i8 for some @ in R. But 1 = e°=e” =cos8+ 
isin6 gives that the periods of e’ are the multiples of 27i. Thus, if we 
divide the plane into infinitely many horizontal strips by the lines Imz= 
a(2k—1), k any integer, the exponential function behaves: the same in 
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aL 
tions we have demonstrated a relationship (2:15) betw 
function and the trigonometric functions which was n 
knowledge of the real case. 


ot expected from our 
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Now let us define log z. We could adopt the same procedure as before 
and let log z be the power series expansion of the real logarithm about some 
point. But this only gives log z in some disk. The method of er: the 


logarithm as the intesral of t~! from 1 to & x > 0. isa possibilit , but 
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a one-one map as in the real case, log z cannot be defined 

We can, however, do something similar. 

We want to define log w so that it satisfies w = e* when z = log w. 
h - 


Naw cince o* + Afar anv 7 wecannot define Ilona Therefore cinnonce v* w 
AVUWVF WALiww ww ya WwW SWE Wes ey bat ¥¥ Ww WEEIIAAWUL UWWiALsw iv VW A £iwek whey, yvepprvow . Ty 
pela N suk: Up Py, Ree ie. hp ae eee hee ee. OR eS fo deh et _RV_I Cn onemn L 
and w 4 0; if z = x+iy then jw; = e” and y = arg w+2zk, for some k 
Hence 

2.17 {log |w|+i(arg w+ 27k): k is any integer} 


is the solution set for e? = w. (Note that log |w]| is the usual real logarithm.) 


2.18 Definition. If G is an open connected set in C and f: G — C is a con- 

tinuous function such that z = exp f(z) for ali z in G then fis a branch of 

the logarithm. 

Notice that 0 ¢ G. 
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= z, so g is also a branch of the logarithm. Conversely, if f and g are both 
branches of log z then for each z in G, f(z) = g(z)+27ki for some integer k, 
where k depends on z. Does the same k work for each z in G? The answer is 


1 
yes. In fact, if A(z) = ae [ f(z)—g(z)] then A is continuous on G and h(G) 
vis 


< Z, the integers. Since G is connected, A(G) must also be connected 
(Theorem II. 5.8). Hence there is a k in Z with f(z)+27ki = g(z) for all z in 
G. This gives 


910 Droanncitinn %JTfG ctl je 


2.19 Proposition. Jf G < C is open and connecte 
on G then the totality of branches of log z are the fmcion S(z) + 2xki, ie € 7. 
Now let us manufacture at least one branch of log z on some open 
connected set. Let 
ane < lea rly G is connected 
and each z in Gcan be uniquely represented by z = |z|e’® where —7 < @ < 7. 
For @ in this range, define f(re’®) = log r+i#. We leave the proof of con- 
tinuity to the reader (Exercise 9). It follows that fis a branch of the logarithm 
onG 


Is f analytic? To answer this we first prove a general fact. 


oO 
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tion. Let G and Q be open subsets of C. Suppose that f: G—>C 
and g: Q—> Ca are continuous functions such that f(G) © Q and g(f(z)) = 
for all z in G. If g is differentiable and g'(z) # 0, f is differentiable and 

1 
IG) = 
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g'(f(2)) 
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SR ae: 


If g is analytic, f is analytic 


Proof. Fix a in G and let he C such that h 4 0 and atheG. Hence a = 
e(f(a)) and a+h = g(f(a+h)) implies f(a) # f(a+h). Also 


, _ &(flat+h))-8s%@) 
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_ 8Y(a+h))—-8(f@) flat i fla) 


f(ath)—f(a) 
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Now the limit of the left hand side as h — 0 is, of course, 1; so the limit 


of the right hand side exists. Since lim [f(a+h)—/f(a)] = 0, 
h>0 


s(f(a+h))—s(f(@) 


we fath—sa 9 


‘Hence we get that 
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exists since g’(f(a)) # 0, and 1 = g’(f(a))f'(a). 
Thus, f(z) = [g’ (f(2))- ’ If g is analytic then g’ is continuous and this 
gives that fis analytic. 


2.21 Corollary. A branch of the logarithm function is analytic and its derivative 
isz~', as 

We weuae the particular branch of the logarithm defined above 
on C—{z: z < 0} to be the principal branch of the logarithm. If we write 
log z asa function we will always take it to be the principal branch of the 
logarithm unless otherwise stated. 

If f is a branch of the logarithm on an open connected set G and if b in C 
is fixed then d define g: G—C by g(z) = exp (Of(2)). If 5 is an integer, then 
g(z) = z°. In this manner we define a branch of z?, b in C, for an open con- 
nected set on which there is a branch of log z. If we write g(z) = z? as a 
function we will always understand that z? = exp (b log z) where log z is 
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2.10 is false unless G is connected. This is analoweus to the ole played by 
intervals in calculus. Because of this it is convenient to introduce the term 
“TegiOn: ” A region is an Open connected subset of the plane. 

This section concludes with a discussion of the Cauchy-Riemann equ 
tions. Let f: G > C be analytic and let u(x, y) = Re f(x+iy), v(x, y) = 
S(x+iy) for x+iy in G. Let us evaluate the limit 


h 


3.5 


in two different ways. First let h > 0 through real values of A. For h 4 0 
and h real we get 
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f(eth)-f@ _ f(xthtiy)—f(xtiy) 


h 7 h 
ux+h, y)—u(x, y)  ,v(x+h, y)—v(x, y) 
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Now let # — 0 through purely imaginary values; that is, for k # 0 and 
h real, 


f(z+ih)—f() u(x, yth)—u(x, y) v(x, y+h)—v(x, y) 
ee ae + 
th h h 
Thus, 
2.23 ; = ve ae ) 
: f@ = By x,y ay x,y 


Equating the real and imaginary parts of (2.22) and (2.23) we get the 
Cauchy- Riemann equations 


9A a a 
PTY a | = 


Suppose that u and v have continuous second partial derivatives (we will 
eventually show that they are infinitely differentiable). Differentiating the 
Cauchy-Riemann equations again we get 
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Any function with continuous eg derivatives satisfying (2.25) is said to 
be A m on, v is also ane ic. We will study 


Let G be a region in the plane and let uv and v be functions defined on 
G with continuous partial derivatives. Furthermore, suppose that u and v 
satisfy the Cauchy-Riemann equations. If f(z)=u(z)+ iv(z) then f can be 
shown to be analytic in G. To see this, let z=x+iy e G and let B(z;r)c 
G. If h=s+it ¢ B(0;r) then 


u(x+s, y+t)—ulx, y) = [u(x+s, y+ 1) —u(x, yt D] + lux, y+) —u%, y)] 


Applying the mean value theorem for the derivative of a function of one 
variable to each of these bracketed expressions, yields for each s+it in 


Rin. 1 cnt! Ea Ny oe ee aa eee Ps ak ellos tfsat! oo. tal ’ 
BO; r) numbers s, and ¢, such that |s,| < |s| and jr,| < [¢} and 
“dees ytd —ulx, ytd = u,(x+5,, y+ds 
2.26 , 
(U(x, y t)— u(x, y = u,(x, yt, )t 


42 Elementary Properties and Examples of Analytic Functions 
Letting 

G(s, 1) = [ulxt+s, y+ )—Uulx, y)]—[u(x, y)st+u,(x, ye] 
(2.26) gives that 


But |s| < |s+it|, |t] < |st+itl, |s,| < |s|, |t,| < |¢], and the fact that uv, and u, 
are continuous gives that 


2.27 ie ee 
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Hence 
u(x+s, yt t) —Uu(x, y) = u(x, y)s+ u(x, y)t+ o(s, t) 
where 9 satisfies (2.27). Similarly 


v(x+s, y+t)—v(x, y) = v,(x, y)stv,(x, y)tt+ Ys, 0D 


where ¢ satisfies 
_ WS, £) 
2.28 lim =O 
st+it-~Qa Ss + it 


Using the fact that u and v satisfy the Cauchy-Riemann equations it 1s easy to 
see that 
S(zt+stithn-—fZ) _ 
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S+it ~ 
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In light of (2.27) and (2.28), f is differentiable and f’(z) = u,(z)+iv,(z). 
Since u, and v, are continuous, f’ is continuous and f is analytic. These 
results are summarized as follows. 


2.29. Theorem. Let u and v be real-valued functions defined on a region G 


and suppose that u and v have continuous partial derivatives. Then f: G > C 
defined by f(z) = u(z)+iv(z) is analytic iff u and v satisfy the Cauchy-Riemann 
equations. 


Example. Is u(x, y) = log (x?+y*)? harmonic on G = C— {0}? The answer 
is yes! This could be shown by differentiating u to see that it satisfies (2.25). 
However, it can also be shown by observing that in a neighborhood of each 
point of G, u is the real part of an analytic function defined in that neighbor- 
hood. (Which function?) 

Another problem concerning harmonic functions which will be taken 
up in more detail in Section VIII. 3, is the following. Suppose G is a region 
in the plane and uw: G — R is harmonic. Does there exist a harmonic function 


v: G > R such that f = u+iv is analytic in G? If such a function v exists it is 


called a harmonic conjugate of u. If v, and v, are two harmonic conjugates 
nt as ) ae Shas ae \ reste | la : Pr \ f. Sux \ an omatlhiur ft maw = an muen ius Aran 
of uw then i(v,; —v,) = (utiv,)—(u+iv,) is analytic on G and only takcs on 
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purely imaginary values. It follows that two harmonic conjugates of a 
harmonic function differ by a constant (see Exercise 14). 
Returning to the question of the existence of a harmonic conjugate, the 
bove example u(z) = log |z| of a harmonic function on the region G = C— 
it 


LY 


ee 21) However, ae are some regions for which every harmonic 
function has a conjugate. In particular, it will now be shown that this is the 
case when G is any disk or the whole plane. 


2.30 Theorem. Let G be either the whole plane € or some open disk. If 
u: G—>R is a harmonic function then u has a harmonic conjugate. 


Proof. To carry out the proof of this theorem, Leibniz’s rule for differentiating 
under the integral sign is needed (this 1s stated and proved in Proposition IV. 
2.1). Let G = B(O; R),0 < R < ©, and let vu: G ~ R bea harmonic function. 
The proof will be accomplished by finding a harmonic function v such that 
u and v satisfy the Cauchy-Riemann equations. So define 


(x,y) = f u(x, Natt ox) 
0 
and determine ¢ so that v, = —u,. Differentiating both sides of this equation 
with racnart ta xv oiveac 
W¥ALil seopeert WAN SivVvyo 
6%, ¥) = | teal, 0) d+ p'(x) 
0 
y 
= -| Uy (x, t) dt+'(x) 
0 
= —U,(x, y)+u,(x, 0)+ (x) 
So it must be that »’(x) = —u,(x, 0). It is easily checked that u and 
y x 
u(x, y) = { u,(x, thdt— { u,(s, O)ds 


do satisfy the Cauchy-Riemann equations. I 
Where was the fact that G is a disk or C used? Why can’t this method of 


proof be doctored sufficiently that it holds for eee ae regions G? Where 
does the proof break down when G = C— {0} and u(z) = log |z|? 


Exercises 


1. Show that f(z) = |z|? = x?+y? has a derivative only at the origin. 
2. Prove that if b,, a, are real and positive and 0 < b = lim b,, a = lim 
sup a, then ab = lim sup (a,5,). Does this remain true if the requirement of 
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4. Show that (cos z)’ = —sin z and (sin z)’ = cos z. 
5. Derive formulas (2.14). 
6. Describe the following sets: {z: e? =i}, {z: e? = —I1}, {z: e? = —i}, 


{z: cos z = 0}, {z: sin z = O}. 
7. Prove formulas for cos (z+ w) and sin (z+ w). 


cin 7 
WALL he 


; where is this function defined and analytic? 


8. Define tan z = 
COS Z 


9. Suppose that z,, z¢G = C—{z: z < 0} and z, 
—n < 0,6, < 7. Prove that if z, > z then 
10. Prove the following ge eneralization o ; 
open in C and suppose f and A are functions defined on G, g:Q—>C and 
suppose that f(G) <Q. Suppose that g and # are analytic, g’(w) <0 for any 
w, that fis continuous, h is one-one, and that they satisfy h(z)=g2(f(z)) for 
z in G. Show that f is analytic. Give a formula for f’(z). 

Gunnace that Ff: G-—-»>C is a branch of the logarithm 


11. Suppose that f: G—C is a branch of the logarithm and tha 
integer. Prove that z” = exp (nf(z)) for all z in G. 

12. Show that the real Le of the function z? is always positive. 
13. Let G = C— {z: z < 0} and let » be a positive integer. Find all analytic 
functions f: G>C such that z = (f(z))" for all zeG. 

14. Suppose /: G—C is analytic and that G is connected. Show that if 
F(z) is real for all z in G then fis constant. 


l ~ 
15. Forr > Olet A = Joo: w= exp (- } where 0 < |z| < r\ ; determine the 
u ACs J 


cat A 

OU 71. 

16. Find an open connected set G < C on two continuous functions f and 
g defined on G such that f(z)? = g(z)? = 1—2z? for all z in G. Can you make 


G maximal? Are a ee g analytic? 


12 Tat #7 C and a > (Cb 
10. Let f: uw. and g: “rw VU 


4 w 
that fg is a branch of z**? and f/g is a branch of z*~°. Suppose that fl G) G 
and g(G) < G and prove that both fo g and go fare branches of z*”. 
19. Let G be a region and define G* = {z: Ze G}. If f: GC is analytic 
prove that f*: G* — C, defined by f i) = f(2), is also an ec: 


N 
mt 
a 
an 
3 
a 
@) 
"ooh 
bs 
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GA 
me 
foeas 
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= 
NIO3 Og 


YN Ta AMA Wess law mats uch tha = ale 
av. Let Z19 225 oe eg Zn oe CULLIPICA numbers sucn tn at Re Zk > 0 and Re (<4 
z,) > 0 for 1 < k <n. Show that log (z,...z,) = logz,+...+ igue: 


where log z is the principal branch of the logarithm. If the restrictions on the 
z, are removed, does the formula remain valid? 

21. Prove that there is no branch of the logarithm defined on G = C— {0}. 
(Hint: Suppose such a branch exists and compare this with the principal 
branch.) 


§3. Analytic functions as mappings. Mobius transformations 


Consider the function defined by f(z) = z*. If z = x+iy and p+iv=f(z) 
then vu = xv-—y? v = Irv Hence the thynerholac v2 — v2 — pand Irv —d 
esswiak vv 9 r feito e A awiliwwy, tas aay prs wwattv SJ Vv ioe oe aw ey uw 
Wage sw een a Olan £ gent me ¢h wn aden AES Mist as * WV f\.~ = BOP ere aL Ep nanny CARR Cannas 
alvU dappea Dy J TItO Ue SU dIBIIL LLCs Be = ¢C vox a4 Vie il LCLOStlig Lal Is 
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that for c and d not zero, these hyperbolas intersect at right angles, just as 
their images do. This is not an isolated phenomenon and this property will 
be explored in general later in this section. 


Now examine what happens to the lines x = candy = d. First consider 
v 2 i 


the parabola v* = 4d*(u+d*). These parabolas 
intersect at (c?—d?, +2|cd|). It is relevant to point out that as c>0O the 
parabola v* = ~4(y— c*) gets closer and closer to the negative real axis. 
This sue asses to the fact that the function z* maps G = C-— iS z= ys 
onto {z: Rez > 0}. Notice also that x = cand x = —c(andy = d, y = —d) 
are mapped onto the same parabolas. 

What happens to a circle centered at the origin? If z = re‘® then f(z) = 
r?e7'®- thus, the circle of radius r about the origin is mapped onto the circle 
of radius r? in a two to one fashion. 


Binally what hannana tn tha cartnar Clan RN — S~- me a arc A a RX 
rinauy, wnat nappens to tne sector Bie, py = 2. a S AFB 2 < ps, 


a < 8? It is easily seen that the image of S(a, §) is the sector S(2a, 28). 
restriction of f to S(«, 8) will be one-one exactly when B—« < =. 
The above discussion sheds some light on the nature of f(z : 


wy ot 
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position: given two open connected sets G and Q, is there an analytic function 
f defined on G such that f(G) = 2? Besides being intrinsically interesting, 
the solution (or rather, the information about the existence of a solution) 
of this problem is very useful 


wees PS Awan a wee a 


3.1 Definition - path in a region G CC is a continuous function y:[a,b]> 
G for some interval [a.hl in R. If y(t) exists for each ¢ in 


ze awa ww eee Val L*o"“) aes mee wissen awa waa s a 


y’:[a,b]—C 1s eonunous then y is a ee path. Also y 1s piecewise 
smooth if there is a partition of [a,b], a=tg<t; <<... <<t,= 0, such that y is 
smooth on each subinterval [t;_,,¢,], 1S j Sn. 

To say that a function y :[a,b]—C has a derivative y’(t) for each point ¢ 


in [a,b] means that 


la 
L*> a 


y(t+h)— y(t) 


1 = (0) 

h-0 h 
exists for a<t< band that the right and left sided limits exist for t=a and 
t= b, respectively. This is, of course, equivalent to saying that Rey and 
Imy have a derivative (see Appendix A). 


Suppose y:[a,b]—G is a smooth path and that for some f, in (a,b), 
Y'(to) #0. Then y has a tangent line at the point z7=y(¢p). This line goes 


through the point z, in the direction of (the vector) y’(f,); or, the slope of 
the line is tan(argy’ “(tp)). If y, and y, are two smooth paths with y,(¢,)= 
¥2(t,) = Zp and y;(¢,)#0, y3(7,)#0, then define the angle between the paths 
y, and y, at Z, to be 


mwas 
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Suppose y is a smooth path in G and f: G>C is analytic. Then o= fey 
is also a smooth path and o(t)=f'(y(2))y'(0). Let z9= y(t), and suppose 
that y'(%)#O and f'(zo)#0; then o’(f))#0 and argo’(t,.)=argf’(z.)+ 
argy'(f)). That 1s, 


3.2 argo'(to)~ arg y'(to)=argf'(Zo). 


s with y,(74,)=v 
AS Wseee PINE LT i 
— ov Alen amnanca tha 
7 ae eae, PEERS SS lia 


i 
> 
a: 
_ 2 

a 


0+) y>(t5); let Oo, >= 
are not tangent t 
tion (3.2) gives 


3.3 arg y(t2)—arg y(t) = arg o2(t2)—arg o;(t,). 


This says that given any two paths through z,, f maps these paths onto two 
paths through w) = f(z.) and, when f’(z,.) 4 0, the angles between the curves 


AA STI zal ae rat raft SIUM F trv Thia 1A eA OME AN AO £, Vl Aves 
0 in? iGzi itud and dit ection. This summarizes aS 1OlnOWS. 


3.4 Theorem. /f f: G—C is analytic then f preserves angles at each point 


Zo Of G where f'(Zo) # 0. 
A function f/: G + C which has the angle preserving property and also has 


 |f(2)-f(a)| 
im iar ares a 


za |Z a 


existing 1s called a conformal map. If f is analytic and f’(z) # 0 for any z 
then fis conformal. The converse of this statement is also true. 
If f(z) = e’ then fis conformal throughout C; let us look at the expo- 


; ; a ; ; f(7\ — rel 
ential function more closely. If z = c+iy where c is fixed then f(z) = re 


for r = e°. That is, f maps the line x = c onto the circle with center at the 
origin and of radius e*. Also, f maps the line y = d onto the infinite ray 
fre4:0 < r < oo}. 


\ | 
Tt 
a a er, 
lai | { \ | \ 
c e° 
en ay eee ee: oleae ee 
aH 
We have already seen that e” is one-one on any horizontal strip of width 
<2zn. Let G = {z: —a < Imz < 7}. Then f(G) = Q = C— {z:z < 0}; also 
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f maps the vertical segments {z = c+iy, —a < y < 7} onto the part of the 
circle {ece'®: —m < 0 < x}, and the horizontal line y = d, —a7 < d < 7, 
goes onto the ray making an angle d with the positive real axis. 


Notice that log z, the principal branch of the logarithm, yi the opposite. 


3 


It maps 2 onto the strip G, circles onto vertical segments 
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1 ines in 
The exploration of the mapping properties of cos z, sin z, and other 
analytic functions will be done in the exercises. We now proceed to an 


amazing class of mappings, the Mobius transformations. 


tional transformation. If a, b, c, and d also satisfy ad—bc # 0 then S(z) is 


called a Mobius transformation. 


dz—b ; 
If S is a Mobius transformation then S~‘4(z) = ae satisfies 
—cz+a 


S(S7*(z)) = S~"(S@) = z; that is, ae is the inverse mapping of S. If 


_ papas 2 ~eere 


is tr hen it follows that Ss ° T 


S and T are both linear fractional t trans format 
is also. Hence, the set of MObius are a group under composition. 
Unless otherwise stated, the only linear ae transformations we will 


consider are MObius transformations. 


zt h 
Let S(z) = ; if A is any non-zero complex number, then 
Cc 
(Aa)z + (Ab) 
S(z) = Op\e LOD’ 
(ie je T Ue? 


That is, the coefficients a, b, c, d are not un ique (see Exercise 20). 
We may also consider S as defined on C,, with S(oo) = a/c and S(—d/c) 


0=c or d=0~=ce since either 


= 00. (Notice that we cannot have a = 
.) Since S has an inverse it maps C,, 


situation would contradict ad—bc # 


then S is ie translation; if S(z) = az with a # 0 
if S(z) = e'’z then it is a rotation; finally, if S(z) = I/z 


- Fe EES eg SSS y, \~7 oat cual 


ositior s a Mobius transformation then S is the composition of 
translations, dilations, and the inversion. (Of course, some of these may be 
missing.) 

Proof. First, suppose c = 0. Hence S(z) = (a/d)z+(6/d) so if S\(z) = (a/d)z, 
S,(z) = z+(b/d), then S,° S,; = S and we are done. 


(bc—ad) 
Now let c 4 0 and put S,(z) = z+d/c, S,(z) = 1/z, S3(z) = ~ as 


S,(z) = zt+a/c. Then S = SygoS3°¢S,°S,. Bf 


What are the fixed points of S? That is, what are the points z satisfying 
S(z) = z. If z satisfies this condition then 


~2:/,) Ne LOA 
CZ T\4—-Q)ze—-D0 = UV. 
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Hence, a MObius transformation can have at most two fixed points unless 
S(z) = z for all z. 
ae - S be a Mobius transformation and let a, 


b, c be distinct points 
= S(a), 8B = S(b), y = S(c). Suppose tha 


another map 


is a 
oints and, there- 


teswiwy 


c 


5 
ee 
Bact 


1€ 1 identity. 
cimigiely) determined by its action on any three given points in C,. 
Let z,, Z3, Z4 be points in C,,. Define S: C,, ~ C,, by 


t Lego. : 
(22 | if Zoe, 24eCi 
\ ~/ 


Z—-Za4 Z25—Za 
4/j z 
eer =’ ; 
S(z) = if Zz, = ©; 
Z—Z4 
24-24 . 
S(z) = if 23 = ook 
Z—Z4 
Z2—-Z 
S(z) = a a eae 
NS. 4 
Z2— 23 


In any case S(z,) = 1, S(z3,) = 0, S(z4) = 00 and Sis the only transforma- 
tion having this property. 


3.7 Definition. If z, ¢ C,, then (z,, Z2, Z3, Z4). (The cross ratio of 2,, 2, Z3, 
and z,) is the image of z, under the unique Mobius transformation which 
takes z, to 1, z; to 0, and z, to o. 

For example: (2,, 22, 273, 24) = 1 and (z, 1, 0, 00) = z. Also, if M is any 
MObius map and w,, w3, w, are the points such that Mw, = 1, Mw; = 0, 


Mw, = o then Mz = (z, wo, wW3, W4). 


3.8 Proposition. /f z,, z3, Z4 are distinct points and T is any Mobius trans- 
formation then 

(Zieh, 2a 2g (15 Pos bey ow) 
for any point z,. 


Proof. Let Sz = (Zz, 22, Z3, Z4); then S is a MGbius map. M=ST" 


then peas M(Tz3) = 9, M(Tz ee 00; hence, ST 
Tz..7z,)forallzinC_.In = 


4 
n lar if7 — the desired reci 
=~-— 49 z<“ay aW co? aa YY atta Ah fw wetWwIIAS WES 2 wD 


T. Z the 


3.9 Proposition. [f z,, z3, 2, are distinct points in “i and w, w3, w,4 are also 
distinct points of C.,, then there is one and only one Mobius transformation S 
such that Sz. = w,, Sz3 = w3, S74 = wy 


Proof. Let Tz = (z, 22, 23, 24), Mz = (Z, w2, w3, w4) and put S = M'T, 
Clearly S has the desired property. If R is another Mobius map with Rz; = 
w,forj = 2, 3,4 then R * o S has three fixed points (z2, 73, and z4). Hence 
R'oS=LorS=2.9 


It is well known from high onus geometr hat three points 1 


“< 
Qn 


2 ae oe eek 


Analytic functions as mappings. Mobius transformations 49 


ment the word “‘non-colinear.) A straight line in the plane will be called a 
circle.) The next result explains when four points lie on a circle. 


3.10 Proposition. Let z,, 2, 23, 24 be four distinct points in C,,. Then (Z,, Z2, 
Z3, 24) is a real number iff all four points lie on a circle. 


Proof. Let S: C,, > C,, be defined by Sz = (z, z2, 23, 24); then S~'(IR) = the 
set of z such ae (Zz, 22, 23, Z4) is real. Hence, we will be finished if we can 


show that the image of R,, under a MObius transformation is a circle. 
mt 
GULZTY . 1 ° . 
Let. $2-= ae -ifz = xeRandw = S$” ‘(x) then x = Sw implies that 


S(w) = S(w). That iS, 
awtb _ Ga+5 
cotd ca+d 
Cross multiplying this gives 
3.11 (aé— dc) |w|? + (ad—bc)w+ (bé—da)a + (bd—bd) = 0. 
If aé is real then a€—dc = 0; putting « = 2(ad—bc), B = i(bd—bd) and 
multiplying (3.11) by 7 gives 


1 

| 
B. If ac is not real then 1B. 1) ee 
|w|/7+Pwotya—5 = 0 


for some constants y in C, 6 in R. Hence, 


3.13 lw+y4 =A 
where 
. ; lad—be| 
= AYO) Sao 0 
dc—aé 
WILIVY Vv QGAllu “Mm Qiu AMUEPUELIVULIL VILA ALU O111LVU (Yel) 40 ULI wYyYalivil Vl a wiiviv, 
the proof is finished. ij 


3.14 Theorem. A Mobius transformation takes circles onto circles. 

Proof. Let T be any circle in C,, and iet S be any MObius transformation. 
Let z,, 23, 2, be three distinct Boi on I‘ and put w, = Sz, forj = 2, 3, 4. 
Then w,, w3, w, determine a circle I’. We claim that S(T) = [’. In fact, 
for any z in C, 


3.15 (z, 22,23; Z4) = (Sz, Wr, W3, w 4) 


by Proposition 3.8. By the preceding proposition, if z is on [ then both 
sides of (3.15) are real. But this says that Sze T’. 


Now let I and Yl’ be two circles in C... and let z.. 7..7z, € UT: ws. we. wn € 
etla reles in lL, and peas 2a 5 Wz, W353, Wy 

DY Dice Piss fo Fie a Sk. ee NO Re ee ee ts os \ Then T— O71. DPD mance 

2. PUL AZ = (UZ, Za, 23, Z4J, OF = (2, W2, We, Wy). ANN 2 = oun maps 
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P onto I’. In fact, Tz; = w; for j = 2, 3, 4 and, as in the above proof, it 
follows that F7(T) = 


3.16 Proposition. For any given circles T and Y’ in C,, there is a Mobius 
transformation T such that T(U) = T’. Furthermore we can specify that T 
take any three points on T onto any three points of 1’. If we do specify Tz; 


for J — 2, 3. A (distin % in Pr) then T is wnlaue 
e \QIStlnc tz; 1 bt Died (lath cae 
Prennt The nranf evceant far the nninnenesce ctatamant ic aiven in the nrevinie 
APUUs. RAINS PLUUI, CALLE LULL ULLIS ULUIYUUELIUODS OLALUIIe Lil, 10 ea Ab LIN Prt viuUus 
1 wri 4 cmp 


paragrapn. Lhe uniqueness part iS a trivial exercise for the reader. Be 

Now that we know that a M6bius map takes circles to circles, the next 
question is: What happens to the inside and the outside of these circles? 
To answer this we introduce some new concepts. 


3.17 Definition. Let I’ be a circle through points z,, z3, z,. The points z, 
z* in C,, are said to be symmetric with respect to T° if 


3.18 (z*, Z2, 23, Z4) = (Z, Z2, Z3, 24). 

An 84 Btn ee Da (2s: ARB ntti Gana “ASSES. Asnee dese Ack Che. ASAT hast wlarw Asw thea 
FAS Il StaliUs, UIs OGCMINUIOM WOU OLY UCpenads OF LUC CIPO OUL alsU UT UNL 
points Z,, 23, Z4.,[t is left as an exercise for the reader to show that symmetry 


is independent of the points chosen (Exercise 11). 
Also, by Proposition 3.10 z is symmetric to itself with respect to I if 


72 
7 
7 

7 

x 
F2 a 

f % 
aN 
SS 


Let us investigate what it means for z and z* to be symmetric. If Tis a 
straight line then our linguistic prejudices lead us to believe that z and z* 
are symmetric with respect to T' if the line through z and z* is perpendicular 
to I’ and z and z* are the same distance from I but on opposite sides of I. 
This is indeed the case. 

If I is a straight line then, choosing z, = oo, equation (3.18) becomes 


Anaiytic functions as mappings. MObius transformations Si 
and z* are equidistant from each point on [. Also 


fferent half planes deter- 


Hence, we have (unless z e€ I’) that z and di 
pee rer a to T. 


Zz 
mined by T. It now follows that [z, z*] is 
R 


< ro.’ Tat 


Nlaw that | hoe Sx. l>__ayl = (Ne R ha 
al i le I~ | AN Lv oo AN Sys pr) we 29, 235 Z4 oe 
points in I’; using (3.18) and Proposition 3.8 for a number of MGbius trans- 


formations gives 
2", 22,23; Z4) = (Z, 225 235 Z4) 
= (Z—4a, Z2—a, Z73—a, Z,—a) 
_(,., BR ® 


Hence, z* = a+ R?(Z—4a)~! or (z* —a) (Z—4) = R’. From this it follows that 


so that z* lies on the ray {a+ ¢(z—a): 0 < t < of} from a through z. Using 
the fact ok sn a| |z*—a| = R* we can obtain z* from z (if z lies inside T) 
as in the figure below. That is: Let L be the ray from a through z. Construct 


a line P perpendicular to L at z and at the point where P intersects I con- 
struct the tangent to [. The point of intersection of this tangent with L is 
the point z*. Thus, the points a and oo are symmetric with respect to I. 


3.19 Symmetry Principle. /f a Mébius transformation T takes a circle T, 


onto the circle 1, then any pair of points symmetric with respect to 1, are 
mapped by T onto a pair of points symmetric with respect to 1. 
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Proof. Let z,, 73, z,¢€1,; it follows that if z and z* are symmetric with 
respect to I’, then 


(Tz*, 72., Tz3, 7Z4) = (2*, Z2, 23, Za) 


Naw we will drecnee anrientatinn far circlec in ff thie ww anna Aa lie 

ANU W We Wald ULL USS VIICTILAUIUEE LUE CEES LE Wg bl Wi VHaUILY uD 

1 between at ‘in 99 2. F 66g 8 89d REN WT 
distinguish between tne Ill nag OUtSIC’ OL a CITC? 1 | Notice 


no obvious choice for the inside and outside 


on 


that on C,, (the sphere) ther 
of a circle. 


3.20 Definition. If I is a circle then an orientation for I is an ordered triple 
of points (z;, Z2, 23) such that each z, is in P. 


eaubee these three points give a direction to T. That is we “go” 
Sd Tf anlkhy turn nninte ware agivan thic wanld nf ranrea ha 
ia rom 24 to 22 to “3° Al Wail tvyv pVisilos WVLv Gl Yuli, aldo vwwuVvUlu, Vi VwVUloYV, uw 
ambiguous. 
Trnéeéagm TW need Past _ ee — ™ mle, aacee TO ne rs a az+b 
Let l = WW afid i€t Z1, Z2, Z3 © IN; alSO, PUL 4Z = (Z, Z;, Zo, 73) = ree 
cZ+a 
Cinnsn TM \ — M at fallaAuzre that wn Hh vn Aran ha erhneosn ta ha voal numbkara 
WLIW £ LYN oo —— yee) 4tU LULIU WD LLICGL U, Uy tl, ULALI UY ULUMVOLLL LU UL ILM LULU D 
(see Exercise 8). Hence, 
az+h 
iz= — 
cz+d 
az+D (cZ+d) 
= -(cZ+ 
|cz+d|? 
l 2 
= —, [ac|z|* + bd+ bez + adz] 
|cz+d| 
Hence, 
(ad—bc) 
Im (2, 2,, 22, 23) = ~——_,3 Imz. 
jz “FP 
Thine Se: Im (v7 27 oA y7\ eo 1 ic either the nner or lower half nlane 
RAL, lf . BAL ms “1.0 “23 <3) ~~ My AW witliilwai etlswy 4UPpPYMs Wa AW YY WE Bbeaeis peeeess 
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the “determinant” of 7.) 
Now let [’ be arbitrary, and suppose that z,, z,, z; are on I’; for any 
Mobius transformation S we have (by Proposition 3.8) 


{z: Im (Zz, Z;, Z2, 23) > 0} = {z: Im (Sz, Sz,, $z,, Sz) > 0} 
aS (22 Wim(Z.S 259255. 82a) OF 


ww. Wartionilar fF GO mhncan that OU mane TM onto ™ tha 
I pe uvUidl, Wo is enosen So tnat VW Ilidpos Ll Ul iLO US oo 5 tnen {z: 


Z>, Z3) > 0} is equal to S~' of either the upper or lower half plane. 
If (z,, Z2, Z3) is an orientation of 1 then we define the right side of T 
(with respect to (z,, 22, Z3)) to be 


Tew la - 
1M (2, Z, 


{z: Im (z, 215 225 Z3) > 0}. 
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Similarly, we define the left side of T to be 


{z: Im (z, 2,, Z2, 23) < 0}. 
The proof of the following theorem is left as an exercise. 


3.21 Orientation Principle. Let [', and T, be two circles in C,, and let T be 


a Mobius transformation such doe TU) Poe ber(25-2 55 23) nbe an orienta- 
tion for Py: Then T takes the right side and the left side o of DP; onto the right 


twureun 


nta 4A CT = 
Tl 


Pa) TT. 
t ation \ LZ, TZ>, Tz 3). 


ne orier 


» 
ae Aa espect t 


ide and left side of r 2 with respect 

Consider the orientation (1, 0, oc) of R. By the definition of the cross 
ratio, (z, 1, 0, 00) = z. Hence, the right side of R with respect to (1, 0, 0) 
is the upper half plane. This fits our intuition that the right side lies on our 
right as we walk along R from 1 to 0 to «. 

As an example consider the following problem: Find an analytic function 
f: GC, where G = {z: Re z > 0}, such that f(G) = D = {z: |z| < 1}. We 
solve this problem by finding a Md6bius transformation which takes the 
imaginary axis onto the unit circle and, by the Orientation Principle, takes 
G onto D that is, we must choose this map carefully in order that it does not 
send G onto ae Z| > 1 }). 

If we give the imaginary axis the orientation (—i, 0, 7) then {z: Re z > 0} 
is on the right of this axis. In fact, 


Hence, {z: Im (z, —i, 0, i) > 0} = {z: Im (iz) > 0} = {z: Re z > O}. 
Giving I’ the orientation (—i, —1, i) we have that D lies on the right of I’. 
Also, 


2i z+ 
(z, —i, —1,i) = - o 
— Z—I 
If 
2 {21 \ fz+1\ 


then T = R~'!S maps G onto D (and the imaginary axis onto I’). By algebraic 
manipulations we have 
z—l1 


Tz = —— 
a z+1 


ot 1 
wo 


Combining this with previous results we have that g(z) = oa 


the infinite strip {z: |Im z| < 7/2} onto the open unit disk D. (It is worth 


maps 


rr | 
i 


= tanh (z/2).) 
z4 4 


mentioning that © 
e 
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Let G,, G, be open connected sets; to try to find an analytic function f 
such that f(G,) = G, we try to map both G, and G, onto the open unit disk. 
If this can be done, f can be obtained by taking the composition of one 
function with the inverse of the other. 


As an example, let G be the open set inside two circles [', and I’, inter- 
secting at points a and b (a # b). Let L be the line passing through 7 sip b 
—a\ 

:=6) 
maps L onto the real axis (To = 1, Ta = 0, Tb = oo). Since T ae map 
circles onto circles, T maps [', and I, onto circles through 0 and oo. That is, 
T(C,) and 7(I,) are straight lines. By the use of orientation we have that 
T(G) = {w—« < arg w < «} for some a > 0, or the complement of some 
such closed sector. By the use of an appropriate power of z and possibly a 
rotation we can map this wedge onto the right half plane. Now, composing 


with the map (z—1) (z+ 1)~' gives a map of G onto D = {z: |z| < 1}. 


and give L the orientation (00, a, 5). Then Tz = (z, 


Exercises 


1. Find the image of {z: Re z < 0, | 
function. 

2. Do exercise | for the set 12 [Im z| < a/2}. 

3. Discuss the mapping properties of cos z and sin z. 

4. Discuss the mapping properties of z” and z'/" for n > 2. (Hint: use polar 
coordinates.) 

5. Find the fixed points of a dilation, a translation and the inversion on C,,. 


x mliinta the FallAuHe RD pence eatina: a\ (7 1 1 a) ray fhYN 19D 1 ——, 1 1 
uu. Evaluate Luv rOHOWINEZ Cross ratios: (a) \/ +i, 2, Vp, WIJ) Le, 1 i, ig i +i) 


(c) (0, 1, i, —1) (d) G—1, 0, 1+i, 0). 
az+b 
cz +d 


erm yo | POE. ace ote Sod On 7. d) 
Hind Z,, 73, Z4 (iN lerms O! a, D, C, a) 


Cae | Tr 
fh, Wlz = 


2 
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8. If Tz = 


b 
as 7 show that 7(R,,) = R,, iff we can choose a, b, c, d to be 


real numbers. 


naw Lh 
oe) (ay be ee 
iq? 


where I is the unit circle {z: |z| = 1 
10. Let D = {z: |z| < 1} and find a 


THN) = TD 
iw) =v. 


find necessary and sufficient conditions that 7(1T) = T 


/% 21 N 


11. Show that the definition of symmetry (3.17) does not depend on the 
enol of points 22, 23, 24: ee is, Show that if w,, w3, w, are also in I’ then 


Exercise 8. ) 
12. Prove Theorem 3.4. 
13. Give a discussion of the mapping f(z) = 3(z+ 1/2). 


14. Suppose that one circle is contained inside another and that they are 
tangent at the point a. Let G be the region between the two circles and 


aae Se wesaaw Wwasey wane Ove Vw ese eee Wwsabhwawi 6644486 


map G conformally onto the open unit disk. (Hint: first try (z—a)7'.) 

15. Can you map the open nae disk conformally onto {z:0<|z|<1}? 

16. Map G = C— {z: —1 < z < 1} onto the open unit disk oy an analytic 

function J Can f be on ap 
n 


t gion and suppose that f: G — C is analytic such that f(G) 
rr reiemeiniasa aad J rahe Ne 
wa a avkhaat nf a nievrla Chay that fia annnetant 
189 Qa ouvovwtl Vl a ulvilv. JILYU tilal 7 19 VYVLoltalit. 
z—ia : 
12 Tat —~mMm ~- che and nit ae TNefine the linec FT. — 
au aw Pw “~~ [eA Ww eanauw pMe AVA fy BS wWilLhiw tLiW BL iws pi 


{z: Im z = 5}, L, = §z: Im z= at and L.= {z: Re z—0Q} 
“. i> Gy Ge 1.3 iS Se 


D 
which of the regions A, B, C, D, E, F in Figure 1, are mapped by M onto the 
regions U, V, W, X, Y, Z in Figure 2. 


A l | 
ib / U WwW 
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Figure 1 Figure 2 
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the logarithm. 
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(a) Show that log (Mz) is defined for all z except z = ic, a < c < b; and 
if h(z) = Im [log Mz] then 0 < A(z) < w for Rez > 0. 
(b) Show that log (z—ic) is defined for Re z > 0 and any real number c; 


7 
also prove that [Im log (z—ic)| < -= if Rez >0 
Qr | ON I 2 
(c) Let 4 be as in (a) and prove that h(z) = Im [log (z—ia)—log (z—ib)} 
LA\V Shaw that 
\M) Wihvvyv UCLIGAEt 
b 
C at e e e 
| —— = iflog (z—ib) —log (z—ia)] 
J z2—it 


(Hint: Use the Fundamental Theorem of Calculus.) 
(ec) Combine (c) and (d) to get that 


b 
h(x+iy) = | Go dt = arctan (=) — arctan (=) 


(f) Interpret part (e) geometrically and show that for Re z > 0 A(z) is the 
angle depicted in the figure. 


& 


/ 


NO / 


Pd 
/ 
/ 
i 
/ 
az+B ‘ ; 
20. Let Sz = d 7z= ; Show that S = T iff there is a non zero 
cz+ yz+6 
complex number A such that « = Aa, B = Ab, y = Ac, 6 = dd. 


21. Let T be a MObius transformation with fixed points z, and z,. If Sis a 


Obius transformation show that S~!7S has fixed points S~1z a C7le. 
AVAN WSC CE LEZAILURA WE SARL AW EL UL aur May SBS w NX wh pw sess ws cae | Wri WJ «2° 
QTY) fw Chaves hat A. NAS Hen eA ee Ae Re ton Th ASA ae ee See. RAS Roe 
ie. (a) OHUW Llldt d iviOU ius transformation aS V aha W dad Ils UILLY TAC 
points iff it is a dilation. 
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(b) Show that a Mobius transformation has oo as its only fixed point iff 
it is a translation. 

23. Show i a Mobius transformation T satisfies T(0) = co and 7(o) = 

T if S and T have the 
points. (Hint: Use Exercises 21 and 22.) 

25. Find all the abelian Acie of the group 
26. (a) Let GL,(C) = 


lat wh ha +¢ 
iet vee UY t 


[ a b\ az 
Acad)” eed’ 
Find the kernel of o. 

(b) Let SL,(C) be the subgroup of GL,(C) consisting of all matrices of 
determinant 1. Show that the image of SL,(C) under 9 is all of .&. What 
part of the kernel of y is in SL,(C)? 


27. If Y is a groupand W is a subgroup then is said to be a normal subgroup 
of G if S~!TS eM whenever Tce and Sc @. @ is a simple group if the 


loeu 
{ 


i tT nn ee gawasw wa Le bode eet or Ww 
anly narmal conkheroaine af @ are SIN LT — the jira vy alt @ anA @ itcelt 
only normal subgroups of Y are {/} (/ = the identity of Y) and ¥ itself. 


Prove that the group .@ of MObius transformations is a simple group. 
28. Discuss the mapping properties of (1 —z)’. 
29. For complex numbers a and £ with |a|?+/B/?=1 


az— 


u l= ae andlet U={u,.¢:|a/°+| B= I}. 


Za 
(a) Show that U is a group under composition. 
(b) If SU, is the set of all unitary matrices with determinant 1, show that 
SU, is a group under matrix multiplication and that for each A in SU, 
there are unique complex numbers a and B with |al?+|B|?=1 and 


\ 
(c) Show that} _ | SU, g iS an isomorphism of the group SU, 
Villu UU. 
AYN T Pefo.i] 1. FF 1 41 1 o 4 a | -~-e? 
(d) If ie LY, 5 29 1,5, sep let f7,=all the polynomials Of degree = Zt. For 


U,g=u in U define TO: HH, by (T(z) = (Az +ay"f(u(z)). Show 
that 7° is an invertible linear transformation on H, and up T is an 
injective homomorphism of U into the group of invertible linear transfor- 
matiane anf VW antn HW 
taauVLloO Vi ai} VLIIlYyU 44} 


30. For |z|< 1 define f(z) by 
xs 
Fins =exp| ~log| i) ; r 


(a) Show that f maps D={z:|z|<1} conformally onto an annulus G. 
(b) Find all Mobius transformations S(z) that map D onto D and such 


that f(S(z))=f(z) when |z|< 1. 


Chapter IV 


Complex Integration 


ta Ieee pe ae d which are fundamental in the studv o 
er results are derived which are fundamental in the study o 


alytic functions. The theorems presented here constitute one of the pillars 
of Mathematics and have far ranging applications. 


r) 


We will begin by defining the Riemann-Stieltjes integral in order to 
define the integral of a function along a path in C. The discussion of this 


integral is by no means complete, but is limited to those results essential to 
a cogent exposition of line integrals. 


Orr wa ah WwAVAW AL WE aw integr aan 


1.1 Definition. A function y: [a, b] ~ C, for [a, b] < R, is of bounded variation 
if there is a constant M > 0 such that for any partition P = {a = ty < ft, 
- - +#£ — hr Af frp Lt 
<...<l, = OF OF [a, OF 


The total variation of y, V(y), is defined by 
V(y) = sup {v(y; P): Pa partition of [a, b]}. 


Clearly V(y) < M < oo. 

It is easily shown that y is of bounded variation if and only if Re y 
and Im y are of bounded variation. If e is real valued and is non- SecrEaSInE 
then -y is of bounded variation and V(y) = y(b)—y(a). (Exercise 1) Other 
examples will be given, but first let us give some easily deduced properties of 


these functions. 


1.2 Proposition. Let y: [a, b] > C be of bounded variation. Then: 
(a) If P and Q are partitions of [a, b]| and P < Q then v(y; P) < u(y; QO); 
(b) If co: [a, b] + C is also of bounded variation and «, B ¢ C then ay+fo 
is of bounded variation and V(ay+ Be) < |«| V(y)+|8| V(o). 
The proof is left to the reader. 
The next proposition gives a wealthy collection of functions of bounded 
variation. In actuality this is the set of functions which is of principal concern 


to us. 


1.3 Proposition. Jf y:[a,b]—C is piecewise smooth then y is of bounded 
variation and 
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Proof. Assume that y is smooth (the complete proof is easily deduced from 
this). Recall that when we say that y is smooth this means y’ is continuous. 
Let P={a=%)<t,<...<4,,=5}. Then, from the definition, 


wi 


uy; P)= YY) Ir4)—-v(t-v| 


k=1 


IA 


Lf rola 


tk-1 


Hence V(y) < f° |y‘(O| dt, so that y is of bounded variation. 
Since y’ is continuous it is uniformly continuous; so if « > 0 is given we 
can choose 6, > 0 such that |s—z| < 8, implies that |y’(s)—y’(n)| < «. Also, 


a 
we may choose PS + ON ench that f P= Sa =t. ec tie zt = hr and 
2 a WF ote LEC Ok ys L Oa a6) ™ “1 ) a) tm Yj aliu 
up or , Sg. le ple ae ey 8 «ati. 
Nf || = WIAA QUepamlpiyg)e TP SKS Ms S On UICN 


where 7, is any point in [t,_,, ¢,]. Hence 


2 m 
JOla set Y Gol Gnd 
cS i ee 
eT | Y(t) a 
aaa ee | 
m {| f | m| tk | 
<et YY) | Y'@)-v'O) atl + 4 vO) a 
k=1 fd k=1 fj 


If ||P || <<6=min(6,,6,) then |y'(7,)— y’(2)| << for ¢ in [t,_,,¢,] and 
b m 
| ly] dt < e+e(b—a) + 2X, l(t.) -— v(t.) 
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Letting « > 0+, gives 


b 
| b’'@l at < VO), 


ery « > O there is a 6 > O such ae when P = {tp < t, <...< 
partition of [a, 5} oe ||P || = max {(t,-t,-,): 1 < k < m} < 4 then 


7 ¥ peo t—nt-01| <« 


for whatever choice of points t,, th-1 < Th < ty: 
This number J is called the integral of f with respect to y over [a, b] and 


b 


I= | fdy = [£0 a0. 


Proof. Since f is continuous it is uniformly continuous; thus, we can find 
(inductively) positive numbers 6, > 6, > 6, >... such that if |s—t| < 6,,, 

1 @ a1 e n oa ele ~ 
ts) —f(t)| ae —. For each m > i let FP. = the collection of all partitions f 


of [a, 5] with IPI < 6,;80 FAW, > 7, >:::. Finally define F,, to be the 
closure of the set: 


n 
15 > filya)-va-Dl: Pe FP, and 15% a 
The following are claimed to hold: 
(1 > F, —:-;: and 
1.6 2 
| diam F< = Vy) 
m 


TT =I\ 


If this is done then, by Cantor’s Theorem (II. 3.7), there is exactly one com- 
plex number / such that Je F,, for every m = 1. Let us show that this will 
complete the proof. If « > 0 let m > (2/e) V(y); then e > (2/m) V(y) = 
diam F,,. Since I< F,,, Fi, © BU; ). Thus, if 5 = 6,, the theorem is proved. 

Now to prove (1.6). The fact that F, > F, >... follows trivially from 


the fact that A, > A, >... . To show that diam F,, < = V(y) it suffices 


2 
to show that the diameter of the set in (1.5) is < = V(y). This is done in two 


stages, each of which is easy although the first 1s tedious. 
If P={tp<...<t,} is a partition we will denote by S(P) a sum of the 
f < 


$ 
“> | 


oe oe a7 oe | eee re Need: Ma ., a yc ayes 
OPM IAT IY) V(q_ pI where T, iS ar ty pee 
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Fix m= 1 and let P ¢ #; the first step will be to show that if P <Q (and 


] 
hence Q « #,) then SC) S(Q)|<— 7 V (y). W e only give the proof for 
tha naga uyhara is obta ima d by adding one avtra nartitinn noint tr P T at 
Ui Las where Q 19 VULAILIVC a oy adding VULlIly VALIA pat ution prise Ww ££. Aswt 
i<p<mand let z_, 2 t* <1; suppose that PU{’}=Q. If 4_,so st", 
t*<o' St, and 


S(Q)= > f(o,)| y(t) - V(t, | +f(0)| y(t*)— v(t,_1)| 


k+p 
+f(0')| v(4)— r(¢*)], 


then, using the fact that | f(7)—f(o)|< — o|< 6, 


|S(P)-S(Q)|= , f(r) Son] () — 4-4 Srp) (Wt,) — (tp - 


—f(c) [y(t*) —y(t _ N— flo’) [yt \— y(t* V1 
y \pw- iss SN” J LIN ps GN" FH 
1 Qe ' ren f NI trors x. on / \1 
S— 2 WW) —-WG- Dit IP) SOME) -¥G- I 
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IN kp m 


+ . l(t) —v(t*)| 
m 


IA 


1 

— V(y) 

m 

For the second and final stage let P and R be any two partitions in F,,. Then 
Q = PU Risa partition and contains both P and R. Using the first part 
we get 


|S(P)—S(R)|<|S(P)-S(Q)|+|S(Q)—S(R)S= V(x). 


1.7 Proposition. Let f and g be continuous functions on [a, b] and let y and « 
be functions of bounded variation on [a, 6]. Then for any scalars « and B: 

(a) [2 (af +B) dy = @ f2 fdy +B Jo gdy 

(b) Ja fd(ay + Bo) = aff fdy +B J fdo. 

The following is a very useful result in calculating these integrals. 
1.8 Proposition. Let y: [a, 6] > C be of bounded variation and let f: [a, bj > C 
be continuous. If a = ty < ty <°°:< t, = 5b then 
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The proof is left as an exercise. 

As was mentioned before, we will mainly be concerned with those y 
which are piecewise smooth. The following theorem says that in this case 
we can find {fdy by the methods of integration learned in calculus. 


1.9 Theorem. Jf y is piecewise smooth and f:[a,b|—>C is continuous then 


a “fay= f(t)y'() dt. 


t if 
Ja Ja 


looking at the real and imaginary parts ane yY, we reduce the Brook a the 
case where y((a,b]) CR. Let « >0 and choose 6 >0 such that if P={a=% 
<...<t,=5} has || P|| <6 then 


os lr, lt 
1.10 | Jy — ~/ (Te) [Wt — We d| < te 
a k= 
and 
) 8 n | 
1.11 | | fOr dt — VY fOr) (4 t-1) < te 


for any choice of 7, in [t,_,, t,]. If we apply the Mean Value Theorem for 
derivatives we get that there is a 7, in [t,-,, t,] with y‘(7,) = P(t) -—y(t,- 1)] 
(t, —ty-1)7 1 . (Note that the fact that y is real valued is needed to apply the 


Mean Value Theorem.) Thus, 


Y Ae) Gl = Y. fdr Co (teh. 


Combining this with inequalities (1.10) and (1.11) gives 
| hg b 
| | fay - [fOr a <e. 
ie a 
Since « > 0 was arbitrary, this com ipletes the proof of the theorem a 
We have already defined a path as a continuous function y: [a, 6] > C. 


If y: [a, b] > C is a path then the set {(t): a < t < b}is sited: the trace of y 
and is denoted it by {7}. Notice that the trace of a path is always a compact 
set. y is a rectifiable path if y is a function of bounded variation. If P is a 
partition of [a, b] then v(y; P) is exactly the sum of lengths of line segments 
connecting points on the trace of y. To say that y is rectifiable is to say that 


y has finite length and its length is V(y). In particular, if y is piecewise 
smooth then y is rectifiable and its length is {? |y’| dt. 


If y: [a, b] > C is a rectifiable path with {y} c E< C and f: E>C 
is a continuous function then fo y is a continuous function on [a, db]. With 
this in mind the following definition makes sense. 
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1.12 Definition. If y: [a, 5] ~ C is a rectifiable path and / is a function 
defined and continuous on the trace of y then the (/ine) integral of f along y is 


This line integral is also denoted by f, f = J, f(z) dz. 
Ace an avamnla lat iia taba . fay 41 ~~ M +n hea .4\ _ att 2a) Anahes 
ris alli VAAIIpIe AVL So LANL Y Lvs aT} “Fw tu UU AUS, — ¢ QAlIW UCL1LIIV 
f(z) = — for z # 0. Now y is differentiable so, by Theorem 1.9 we have 
Z 


1 Stunt 
j, : dz = (i e"“(ie") dt = 2zi. 


Using the same definition of y and letting m be any integer = 0 gives 
z™ dz = \e"e'™ (ie) dt =i fe" exp (i(mt+1)t) dt=if” cos (m+1)t dt— 
fo” sin(m + I)tdt= 


Now lat vn bh f{— and nut vir — 1h 1411 — tha far N< t< 1 Thea Jl*\—h 

TUuUw Itt «UY wy allu pe re) tu sy Ai ejpu yr VU—twsI1I. nen Y Ye t) uU 

—a, and using the Fundamental Theorem of Calculus we get that for 
n ¢ mor lay ~ f1 rys se \ am oy | sent +1 

n> 0, j, 2"dz = (6—a) Jo [th+(i—dal" dt = (6 ). 


s 
ee 
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T here are more exampies in tne exercises, but now we will prove a certain 
“invariance” result which, besides being useful in computations, forms the 
basis for our definition of a curve. 

If y: [a, b] > C is a rectifiable path a : [c, d] — [a, b] is a continuous 
non-decreasing function whose ee iS ca of [a, b] es. eee a and 
g(d) = b) then yo ¢: [c, d] > C is a path with the same trace as y. Moreover, 
y oq is rectifiable because if c = 5) < 5, <:-*< 5, = d then a = q(5)) < 
(5,) <::: < o(s,) = bis a partition of [a, b]. Hence 


so that Viyog) < V(y) < o. So if f is continuous on {y} = {yo} then 
|,.of is well defined. 


1.13 Proposition. Jf y: [a, b] > C is a rectifiable path and ¢: [c, d| > [a, bj 
| n 


is a continuous non-decr creasing with oc) = a, p(d) = b; then for any 


Proof. Let « > 0 and choose 6, > O such that for {sg < s, <---< 5,}, a 
partition of [c, d] with (s,—s,-,) < 6,, and 5, < o, < s, we have 


i 
14 | [ FY Ae oo) yo ol) 7° ole ») < fe 

lyo@ n= 
Similarly choose 8. » 0 cuch that if ff. © t. <- < frica nartition of 
MWWESASSALLL aD wihWVwvvuwy baie A ” ww wWiwis VAL a, qe O fo ] “~~ ™~ °n J avy 4 A eels PALAWasL WA 
[a, 5] with (¢, -t,-1) < 5, and ¢,-, < 7 < ¢,, then 
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1.15 4 eo 


But ¢ is uniformly continuous on [c, d]; hence there is a 6 > 0, which can be 
chosen with 6 < 5,, such that |p(s)—¢(s’)| < 5, whenever |s—s’| < 6. So if 
{Sg < 8, <+*:< s,} 18 a partition of [c, d] with (s,—S,-;) < 6 < 6, and 


t- = offs). then ft. < t. < <tttea nartition of [a bl with (f,—1,_.) 
°k Wk VA,Wib é O —_— 6b ] —_— —— 'n J avy Ut pes PALAW AL, WE L“s5 ae | VV AULEL Vek *k- LJ 

ref . oO ao re | f N abn. bnsath 1/1 1AN nee A 11 1EN LABIA 
< 09. If Sy SO, SS and r, = p(o,) then ootn (U1.14) and (i.15) noid 
Moreover, the right hand parts of these two differences are equal! It follows 


that 


Since « > 0 was arbitrary, equality is proved. I 
We wish to define an equivalence relation on the collection of rectifiable 
paths so that each member of an equivalence class has the same trace and 


so that the line integral of a function continuous on this trace is the same for 
each path in the class. It would seem that we should define o and y to be 
equivalent if o = yo for some function » as above. However, this is not 
an equivalence relation! 
1.16 Definition. Let o: [c, dj) ->C and y: [a, b] ~C be rectifiable paths. 
The path o is equivalent to y if there is a function q: [c, d] — [a, b] which is 
continuous, strictly increasing, and with g(c) = a, g(d) = 6; such that 
o = yo. We call the function g a ehange of eal 

A Curve is an eq uivalence class of paths. The trace of a Curve iS the trace 
of any one of its members. If fis continuous on the trace of the curve then the 
integral of f over the curve is the integral of f over any member of the curve. 


A curve is smooth (piecewise smooth) if and only if some one of its 


cic emnanth (piecew wicea om 
VwNo 1d o1LluVtil (piers wv LO’ oO AVY UE). 


Henceforward, we will not make this distinclion between a curve and its 
representative. In fact, expressions such as “‘let y be the unit circle tra- 
versed once in the counter-clockwise direction’”’ will be used to indicate a 


s asked to trust that a result for curves which is, in fact, 


curve. The reader is asked to tru iat a f 

a rvraailt anly about nathe will nat he ctatad 

GG AVOULE VAIlLY GAUUUL palilo Will Lut UL olaLvu. 
Toa cr | | oe | “eo 44 at ._1 L. a ee ee ! toa ft SaN LB 
Let y: [a, 6} > C be a rectifiable path and for a < ¢ < B, let |y| (¢) be 


V(y; [a, t]). That is 


lvl () = sup | : Wt) — Wt): {tos «+5 t,} is a partition of [a, 7] 
k= 


Clearly |y| (7) is increasing and so |y|: [a, b] > C is of bounded variation. If 
f is continuous on {y} define 
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y(—t) for —b < t < —a. Another notation for this is y~*. Also if ce C 
let y+c denote the curve defined by (y+c) (4) = y()+c. The following 
proposition gives many basic properties of the line integral. 


is it ae Tr 


147 D . ee ey ap ener er Oley 
Z.h/ FrUpusmuuon. Lei y ve u reciyiuu 
continuous on {y}. Then: 


Vee Syl J-ypso 

(9) Wy) S Jy lJ 1144) S PY) SUP YSZ. 2 © ws 

,x. ¥*o oN at c Ja 1 c rr x 7 

(c) If ce C then J, f(z) dz = j,,.f(z—c) dz 

The proof is left as an exercise. 

The next result is the analogue of the Fundamental Theorem of Calculus 


for line integrals. 


1.18 Theorem. Let G be open in C and let y be a rectifiable path in G with 
initial and end points « and 8 respectively. If f: G — C is a continuous function 
with a primitive F: G > C, then 


( £— F(B)— Fle) 
J J zw oa tt) 
v4 
(Reanall that Fie «a petits nf Leghan FF’ — £Y 
UNC dL tliat ribd PE LrrmlttLtue Ul J WiHIUll £’ = JS 


a: 


The following useful fact will be needed in the proof of this theorem. 


form FW wants 


€ 
fan ap+la hh} : fs. 
€ tit Ww, Y “[4,4] "VV bo Peueitu 


f:G-C is continuous then for every €>0 there is a polygonal path T in G 
such that 1(a)= y(a), 1(b)=.y(b), and |f, f—Jrfl<e. 


Proof. Case I. Suppose G is an open disk. Since {y} 1s a compact set, 
d=dist({ y},0G)>0. It follows that if G= B(c;r) then { y} < B(c; p) where 
p=r-—4d. The reason for passing to this smaller disk is that f is uniformly 
continuous in B(c;p)<G. Hence without loss of generality it can be 
assumed that f is uniformly continuous on G. Choose 6>0 such that 
| f(z) —f(w)| <e€ whenever |z—w|<6. If y:[a,5]-C then y is uniformly 
continuous so there is a partition {f9<¢,<...<4,} of [a,b] such that 


hla 
i 


1.19a ly(s)— y(O| <6 


if t,_,<s,¢<4,; and such that for 4,_, <7, <t, we have 


i} 
K 


1.20 [i rod) LnH)—-0]|<e 


k=1 
Define I’: [a,b]->C by 


(t)= a [ie -—Dy(h-)+-& DK) | 


if ¢,_, <t <4. So on [t,_,,t,], T'(2) traces out the straight line segment 

kK—I!1 K b*eK-DPKP Xs o o bs 
ram vilt Ytn vit \ that ig Tie a nnlegannal nath in @ Eram (1 104\ 
huis Pulp py) YY Pegs tat to, bh tO aA PULYEVMaL pau Lib Wr. PAULI LI.b say 
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1.21 To)-y7J|<6 fort, ,<ts. 


Since {- f= (2f(T())T'(2) dt it follows that 


SN (4) — (G1) ier en a ee 
J j= 2a oe og =i JUD) at. 


rc k=! *k *k-1 he 4 


| a” ra | 
a3 2 Fra) WG) ~ Hd] JF 


[k= 


Set y(t) -¥(—- Det) : F(T) - flv (4)) at 
k=! 


hey 


Applying (1.21) to the integrand gives 


(fe fujsete> NOh=9e Ize VO) 


le k=1 


The proof of Case I now follows. 
Case II. G is arbitrary. Since {y} is compact there is a number r with 
0<r<dist({ 7}, dG). Choose 6 >0 such that |y(s)— y(2)| <r when |s—¢|< 
6. If P={t<t,<...<4,} is a partition of [a,b] with ||P||<6 then 


ly(y—y(4,_)|<r fort,,_,<t<t,. That is if y,:[4,_),4,]~G is defined by 


Y,(D=y) then {y lY—- Rivlt 5 r) for l<k<n. By Case I there is a 
Yeu? VtAAWAL LUk J mm PMN | Cae saw — en a vseswi w 


pel gonal “path | oe (te ot} BO (he) such that (p= v(q_): 
P.(4)=yv(), and |f, f— fr. |<e/n. If TO=0,.(0) on [4,_),4,] then I has 
the required properties. 


[I 


an ho A 


Proof of Theorem 1.18. Case I. y:{a,b|—>C is piecewise smooth. Then j,f = 
ff(yO)y(at = fF (yy (Nat = sa(Feyy(dt = F(y())- 
F(y(a))= FC B)— F(a) by the Fundamental Theorem of Calculus. 


Case II The General Case. If «>0 then Lemma 1.19 implies there is a 
polygonal path I from a to B such that |f,f—/;f|<e. But I is piecewise 


VV YY 


smooth. so by Case [| Sr f= F(B)— F(a). ea f—[FC(B)- Fiavl<e: 


OsssVV eddy OY WAY away [J y 2 AMTZI[ ~ 


since €>0 1s ‘arbitrary, the dead equality follows. 

The use of Lemma 1.19 in the proof of Theorem 1.18 to pass from the 
piecewise smooth case to the rectifiable case is typical of many proofs of 
results on line integrals. We shall see applications of Lemma 1.19 in the 
future. 

A curve y: [a, 5] — C is said to be closed if y(a) = (0). 


1.22 Corollary. Let G, y, and f satisfy the same hypothesis as in Theorem 


a Pal | eae 


1190 &W. te. 
1.10. 4] y US closed Curve then 


Ld 


(f= 
/ 
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The Fundamental Theorem of Calculus says that each continuous 
function has a primitive. This is far from being true for functions of a 
complex variable. For example let f(z) = [z|? = x?+y’. If F is a primitive 
of f then F is analytic. So if F = U+iV then x*+y? = F(x+iy). Now, 
using the Cauchy-Riemann equations, 


ou ev i, , ., Ww ov, 
— = — = x*+y* and — =—=0. 
ox oy oy ax 


oU De tat 
But —— = 0 implies that U(x, y) = u(x) for some differentiable function u. 
oy 
. . 2 2 ou , crane 
But this gives x*+y* = oi (x), a clear contradiction. Another way to 
see that |z|* does not have a primitive is to apply Theorem 1.18 (see Exercise 


] > R be non decreasing. Show that y is of bounded variation 


b 
ent 

pm, 

~ tw 


. Prove Proposition 1. 8 (Use induction). 

. Let y(t) = exp ((—1+)t7') for 0 < t < 1 and ¥(0) = 0. Show that y is 
1 rectifiable path and find V(y). Give a rough sketch of the trace of y. 
6. Show that if y; [a, b] -> C is a Lipschitz function then y is of bounded 
variation. 


1. 
an 
2 
3. Prove Proposition 1. 
4 
5 
ar 


l 
7. Show that y: [0, 1] ~ C, defined by y(t) = t+it sin - for ¢t 4 O and 


VN — NM gaa nath hay nat rantifia 
J — V,hla pa atil out is not AVUULLIIA 


8. Let y and o be the two nen olygons [1, i] and [1, 1+i 
paths and calculate f, f and j, f where f(z) = |z|? 


9. Define y: [0, 27] — C by >(t) = exp (int) where n is some integer (positive, 
f 4 
: | I 
negative, or zero). Show that | - dz = 2z7in 
Jy 2 
an ™ P Pn? | eae? MANES 2 Seem en ES Pee ge ae 
10. Define y(7) = e'' for 0 < ¢ < 2m and find fy Z az ior every integer 7 


ae ai: 
11. Let y be the closed polygon [l—i, 1+i, —1+i, —1-—i, 1-1]. Find 
(1 


| — dz. 
4 


os ( e ‘ z can = ae ee Ae op eee 
12. Let /(r) = - = dz where y: [0, m] ~ C 1s defined by y(t) = re”. Show 


r—> 0 


13. Find |, z~* dz where: (a) y is the upper half of the unit circle from 
+1 to —1: (b) y is the lower haif of the unit circle from +1 to —1 
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14. Prove that if p: [a, b] >[c, d] is continuous and 9(a) = c, (db) = 

then is one-one iff ¢ is strictly increasing. 

15. Show that the relation in Definition 1.16 is an equivalence relation. 

16. Show that if y and o are equivalent rectifiable paths then V(y) = V(o). 

17. Show that if y: [a, b] + C is a path then there is an equivalent path 
: : [0, 1] > C. 

18, Prove Proposition 1.17. 

19. In the proof of Case I of Lemma 1.19, where was the assumption that y 

lies in a disk used? 

20. Let y(t) = 1+e" for 0 < ¢ < 27 and nnd J, (2 —1)7! dz. 

21. Let y(t) = 2e" for —a < t < wand find J, (z7—1)7' dz. 

22. Show that if F; and F, are primitives for f: G > C and G is connected 

then there is a constant c such that F,(z) = c+F,(z) for each z in G. 

23. Let y be a closed rectifiable curve in G and a ¢ G. Show that for n > 2, 

{, Cea a dz = 0. 

24. Prove the following integration by p: 

in G and let y be a rectifiable curve from 


Saga) —J, fs. 
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§2. Power series representation of analytic functions 


Ss 4 


9 


In this section we will see that 
has a Powe! series aon n about eac 
wees * 1.1. 


function is infinitely differentiable. 
We begin by proving Leibniz’s rule from Advanced Calculus. 


9 


a C 1 : 
oint of G. In pa ariel: an analytic 


a2) 


2.1 Proposition. Let y: [a, b] x [c, d] > C be a continuous function and define 


b 


2.2 g(t) = J (5, t) ds. 


Op 
Then g is continuous. Moreover, if py exists and is a continuous function on 


“we 


[a, b] x [c, d] then g is continuously differentiable and 


b 
op 
2.3 g(t) = [2 (s, t) ds. 
J et 
a 
Proof. The proof that g is continuous is left as an exercise. Notice that if we 
prove that g is differentiable with g’ given by formula (2.3) then it will follow 
Lee Keen ro y apy wr yi) ow 9 Pe ie Pa pa Ne i ee ada a Op ae fet Ml eng : . rY. : 
ALOME LO Hist pall lat g IS CONUNUOUS Since oP IS CONUNUOUS. Mience, we 
need only verify formula (2.3). 
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. é 
Fix a point fo in [c, d] and let « > 0. Denote ay by ¢2; it follows 


that m, must be uniformly continuous on [a, 5] x [c, d]. Thus, there is a 8 > 0 
such that |p,(s’, t’)—92(s, 2| < ¢« whenever (s—s’)?+(t—1')? < 87. In 


Aa 
GN ? aN 7 


z.4 lpa(s, 2) —2(s, fo)| < € 


whenever |t—t,| < 5 and a<s <b. This gives that for |t—f | < 6 and 
a<s<b, 


2.5 | [pa(s, 7) als, to] dr) < €|t—tol. 


N., oes ae [Pot tawed tha at 1 Thanx. wet £ a 1 * 
p(s, to). by combining the Fundamental Theorem of Calculus with in- 


equality (2.5), it follows that 


But for a fixed s in [a, b] O(t) = ¢(s, t)—tep,(s, fo) is a primitive of p(s, ))— 


lo(s, t)— eS, to) —(t— to) p25, fo)| < € |[t—Ttol 


for any s when |f—f | < 6. But from the definition of g this gives 


o> 


| 
(Ss, i) ds| < e(b—a) 


slo) _ 
a eat 


when 0 < |t—t,)| < 5. 
This result can be used to prove that 
2n : 
e's 


ihe 
| — 
ier 
0 


~ds = 2m if |2| <1. 


Actually, we will need this formula in the proof of the next proposition. 


is 


_ s 7 e ~~ rea - ~ ys s=— + ne = 7 e e a 
Let o(s, t) = = for0 < ¢ < 1,0 < s < 27; (Note that ¢ is continuously 
é€ 


differentiable because |z| < 1.) Hence g(t) = G" 9(s, 7) ds is continuously 
differentiable. Also, g(0) = 27; so if it can be shown that g is a constant, 
then 27 = g(1) and the desired result is obtained. 


Now 
22 , 
, ify ze's 
(e* — tz) 
0 
but for ¢ fixed, @O(s) = zi(e—1z)~! has O'(s) = —zi(e'’—tz)~ 2(ie')= 
iss is Kio ae ae SAE Pe ra\ pid : ene ¢ 
aw alS ah 7 = ARAA “~~ poncwen — ‘gale: ar Pd ~~ ral ry nm yo t 2 Ta nw 
et le —f J ZAVILIIVU & (2) — iC ee Oe | — Vv, oVU & nust be a consta it 
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a) 


te 
The next result, although very important, is transitory. We will see a 
much more general result than this—Cauchy’s Integral Formula; a formula 
which is one of the essential facts of the theory. 


2.6 Proposition. Let f: G—> C be analytic and suppose Bia; r) < G(r > 0). 
If y(t) = atre", 0 < t < 2m, then 


for |z—al <r. 


] 
Proof. By considering G, = ‘ (z—a): ze c} and the function g(z) = f(a+ 
r 


rz) we see that, without loss of generality, it may be assumed that a = 0 
and r = 1. That is we may assume that BQO; 1) < G. 


Fix z, |z| < 1; it must be shown that 


that is, we want to show that 


Is —2nf(z) 


e®~—z 


ya [Hee 
4 


22 

([ fleet 

= || 7e_; - fle) a 
JL 


We will apply Leibniz’s rule by letting 


eee ne) 


a he 


(Ss, t) = 


for 0 <t<1 and 0<s < 2m. Since |z+#(e*—z)| = |z(1—f+te*| < 1, 
y is well defined and is continuously differentiable. Let g(t) = {3" 9(s, 1) ds; 
so g has a continuous derivative. 

The proposition will be proved if it can be shown that g(1) = 0; this is 
done by showing that g(0) = 0 and that g is constant. To see that g(0) = 0 
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compute: 
2n 
lid 
(0) = | os, 0) ds 
0 
2n ; a 
_ {| [f@e_ | 
eget ee 
J EL e%-z 
gL J 
2n ; 
ts 
= f(z) ds —2xf(z) 
0 
= 0), 
(* eis 
since we showed that le ds = 2m prior to the statement of this pro- 
e“—z 
(0) 
position. 
To show that g is constant compute g’. By Leibniz’s rule, ¢’(t) = [2" 
ee * & r & J 9 Oo Vs JG 
he #¢\ de xaharsa 
Pr 5 t) (ef LIVES 
fle #\ — pISLMs 1 4f,i8 — o\\ 
P2lo, J = € l< rlhye —~<)). 
However, for 0 <t< 1 we have that Os) = —it”'f(z+t(e*—z)) is a 


primitive of ~,(s, t). So g(t) = ®(27)—9(0) = 0 for 0 < t < 1. Since g’ is 
continuous we have g’ = 0 and g must be a constant. Jj 


‘xr 10 tn rat nA 


How is this result used to ger the power series r 
that we use a geometric series. Let |z—a| < r and suppose that w is on the 
circle |jw—al| = r. Then 


aw wrangnn) Th 
i 


VCApPalboivil. ai 


oO 
rab] 
“f 
wa 
< 
oO 


ee ae ee een : ~~ (z—a\" 
W-Z w-a _ zZ—-a| (w-a) Zio} 
| w—a| n=0 \ J 


since |z—a| < r = |w—a|. Now, multiplying both sides by [f(w)/27i] and 
integrating around the circle y: |w—a| = r, the left hand side yields f(z) by the 
preceding proposition. The right hand side becomes—what? To find the 


answer we must know that we can distribute the integral throu 


sum. 


Aan YT oz |) ae 4th, ble oe Wik ARN eee ey ee rams ss os PP nwa 
4 / Lemma. Lei y 0e a reci (Yt aoie Curve in \& and suppose inal £, and £ are 
continuous functions on {y}. If F = u—lim F, on {y} then 
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Proof. Let « > 0; then there is an integer N such that |F,(w)— F(w)| < &/V(y) 
for all won {y} and n = N. But this gives, by Proposition 1.17(b), 


Ir Ir | 
fr [l= |{@-- 
| » | i | 
I 
< [ |For) —F,(w)| [aw 
y 
<€ 
whenever n > N. 
AO TL... --.... Tue FiO*2&z&, ra ° Mme. MmP\. Gl \ a (z a)" fe 
2.8 Theorem. Let J ve analytic in D(a; KW); tnen f f(z) aaa A * Jor 


n 


l 
|z—al < R where a, = aed ™(q) and this series has radius of convergence > R. 
n! 


Proof. LetO0 <r < Rso that Bia; r) < B(a; R). If p(t) = a+re", 0 < t < 2z, 
then by Proposition 2.6, 


4 a J aa 
I w 
f{7)\ eee | J4 ) Yw) or l>_ vy] a KF 
JS\So) a | wry avi |* a | o OOF 
2ri J W-Z 
7 
Rit anra f[e-—pvl — anv sa nen thea wierlae f£,,2 
ul, OLIN [2 ujs anu Wiis ULL UNIO CITUIC {VY 9, 
[f(wy |z-al" | M f|z—al\" 
| 
lw—a r\ r / 
|z—a| 
where M = max {|f(w)|; |w—a] =r}. Since < 1, the Weierstrass 
r 
M-test gives that Poe f(w) (z—a)"/(w—a)y"*! converges uniformly for w on 
{y}. By Lemma 2.7 and the aiscuceion preceding it 


Ee 6) rT 1] js w 
n=oL*"" J Vi 
If we set 
1 ( fw), 


then a, is independent of z, and so (2.9) is a power series which converges 
for |z—al <r. 


l 
It follows (Proposition III. 2.5) that a, = — f (qa), so that the value of a, 
n! 


is independent of y; that is, it is independent of r. So 


2.10 f 
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giving that the radius of convergence of (2.10) must 
e |f@)| < M 


? 


r) < G then 


. 
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~_s 


2.14 Cauchy’s Estimate. Let f be analytic in B(a; R) and suppos 


for all z in Bia 


2.13 Corollary. [f f: G — C is analytic and B(a 
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R). Then 


esult now follows from the theorem. ij 
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atre’,0<t<2z. 


_— 
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will conclude this section by proving a proposition which is a special 
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holds for |[z—a] < R 


be at least R. 
Since r < R is arbitrary, the result follows by letting r > R—. If 


where y(t) 
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Proof. This is proved by showing that f has a primitive (Corollary 1.22). 


R). Moreover, 


. 
>) 


\ 
— ) (z—a)". 


n+1 


{a 


. <a 
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)@-a" = @-a) >( 


1, it follows that this power series has the same radius 


a, \ 
n+1 


my 


{ 


0.6) 
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of convergence as ) a,(z—a)". Hence, F is defined on B(a 
F(z) = f(z) for |z—al < R. 
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Since lim (n 
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frequently used in the later sections.) Let G be an open set and let y be a 
rectifiable curve in G. Suppose that »: {y}x G — C is a continuous function 
and define g: G—>C by 


op ; 
then g is continuous. If . exists for each (w, z) in {y} x G and is continuous 
Zz 
then g is analytic and 
; [dep 
g(z) = | — (w, z) dw. 
OZ 
Y 


3. Suppose that y is a rectifiable curve in C and ¢ is defined and continuous 
on {y}. Use Exercise 2 to show that 


4. (a) Prove Abel’s Theorem: Let )a, (z—a)" have radius of convergence 1 
and suppose that )’ a, converges to A. Prove that 
lim }'a,r" = A 


(Hint: Find a summation formula which is the analogue of integration by 

parts.) 

(b) Use Abel’s Theorem to prove that log 2 = 1-4+4-... 
n b ia 


5. Give the power series expan: 


gence. 
6. Give the power series expansion of ,/z about z = 1 and find its radius of 
convergence. 

7. Use the results of this section to evaluate the following integrals: 


“e! 
(a) os) dz, y(t) = e", 0 <?t <2z; 
Y 
Z : 
(b) | : y(t) = at+re", O<t<2z7; 
zZ—a 
y 
[sin z ‘s 
©) | 5 a2 y(t) = e", O<t<2a 
Zz 
Y 
(log z ; 
(d) | = dz, yth=1+he*, O<t<2n7 andn>0O. 
? 
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8. Use a Mobuis transformation to show that Proposition 2.15 holds if the 
disk B(a; R) is replaced by a half plane. 

9. Use Corollary 2.13 to evaluate the following integrals: 


Z ’4 
fa\ [ e —e | nae Neer See Meg ee eS Be ne GN 8 SEE SN ae a a 
(a) | —7,— 42 where x 1s a positive integer and y(/) = e", 0 Sf < 2; 
J “2 
y 
, dz 
ras ea whara mic a nnoitive intadqar and .f/fy — ait O- + = io ae 
(YU WILY fi LO A PUOILIVYE LLLE EYL AH YYliy — © ,Y =i mm Si, 


az : ‘ 
(c) | oy where >(t) = 2e'', 0 < t < 22. (Hint: expand (z7+1)7! by 
Z 


(owl /m 
(e) | ~ dz where y(f) = 1+ 4e",0 < t < 27 

J @-1) 

Y 
[oe] 

10. Evaluate | ———— dz where y(t) = re’, 0 < t < 2m, for all possible 

J 2(2° +4) - 
Y 


values of f,O <r<2and2<r< o. 
ji. Find the domain of analyticity of 


for some constants F,, E,,-::. These numbers are called Euler’s constants. 
What is the radius of convergence of this series? Use the fact that 1 = cos z 
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—] fe : 
about zero and determine its radius 


13. Find the series expansion of 


of convergence. Consider f(z) = — and let 
ae | 


be its power series expansion about zero. What is the radius of convergence? 
Show that 


0 
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Using the fact that f(z)+4z is an even function show that a, = 0 for k odd 
and k > 1. The numbers B,,, = (—1)"~ ‘a, are called the Bernoulli numbers 
for n > 1. Calculate B,, B,,-°- Bio. 

14. Find the power series expansion of tan z about z = 0, expressing the 
coefficients in terms of Bernoulli numbers. (Hint: use Exercise 13 and the 


§3. Zeros of an analytic function 


If p(z) and q(z) are two polynomials then it is well known that 
nfo\ — efr\n( z) -}- rlo\ where of7\ and prl7\ are alen nolyunonamiale and the dearee 
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the degree of q(z). In particular, if @ is such that p(a) = 0 
then choose (z—a) for q(z). Hence, P(z) = (z- penne and r(z) must 
be a constant polynomial. But letting z = a gives 0 = p(a) = r(a). Thus, 
pP(z) = (z—a)s(z). If we also have that s(a) = 0 we can factor (z—a) from 


(2). Continuing we get p(z) = (z—a)” (2) eas . <m < degree of p(z), 
and é(z) is a polynomial such that f(a) # 0. Also, degree f(z) = degree 
P(z)—m. 

3.1 Definition. If f/: G— C is analytic and a in G satisfies f(a) = 0 then 


a 
is a zero of f of multiplicity m = 1 if ae re is an analytic function g: G—>C 
such that f(z) = (z—a)"g(z) where g(a) ¥ 0. 

Returning to the discussion of polynomials, we have that the multiplicity 
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of a zero of a polynomial must be less than the degree of the polynomial. 
If n = the degree of the polynomial p(z) and a,,..., a, are all the distinct 
zeros of p(z) then p(z) = (z—a,)™'+ + -(z—a,)*s(z) where s(z) is a polynomial 
with no zeros. Now the Fundamental Theorem of Algebra says that a 
polynomial with no zeros is constant. Hence, if we can prove this result we 
will have succeeded in completely factoring p(z) into the product of first 
degree polynomials. The reader might be pleasantly surprised to know that 
after many years of studying Mathematics he is right now on the threshold 
of proving the Fundamental Theorem of Algebra. But first it is necessary to 


prove a famous result about analytic functions. It is also convenient to 
eer ae enme new terminology 
ALALAYVUUUEY OW LIED LIN TV Owes LLIN IV ES 
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3.2 Definition. An entire function is a function which is defined and analytic 
in the whole complex plane C. (The term “integral function”’ is also used.) 

The following result follows from Theorem 2.8 and the fact that C 
contains B(O; R) for arbitrarily large R. 


3.3 Proposition. [f f is an entire function then f has a power series expansion 


with infinite radius of convergence. 

In light of the preceding proposition, entire functions can be considered 
as polynomials of “infinite degree’’. So the question arises: can the theory of 
polynomials be generalized to entire functions? For example, can an entire 
function be factored? The answer to this is difficult and is postponed to 
Section VII. 5. Another property of polynomials is that no non constant 
polynomial is bounded. Indeed, if p(z) = z"+a,_,2" 1+:::+a> then 
lim p(z) = lim 2” [l+a,_,z7~1+-+++agz~"] = o. The fact that this also 


zZ—>@ z—> 0 


holds for entire functions is an extremely useful result. 


3.4 Liouville’s Theorem. /f f is a bounded entire function then f is constant. 
Proof. Suppose | f(z)| < M for all z in C. We will show that f(z) = 0 for 


all z in C. To do this use Cauchy’s oe (Corollary 2.14). Since f is 
in any di Biz: R) we have that If’) < M/R. Since R was arbi- 


1aly isk Biz; ENO ees < M/R. Since R was arbi 
trary, it follows that f’(z) = 0 for each z in C. 

The reader should not be deceived into thinking that this theorem is 
insignificant because it has such a short proof. We have expended a great 


deal of effort building up machinery and increasing our knowledge of analytic 


fiuinctinne We have nlowed nlanted and fertilized: we chonldn’t he curnriced 
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if, occasionally, something is available for easy picking. 
Liouville’s Theorem will be better appreciated in the porowine applica- 
tion. 


3.5 Fundamental Theorem of Algebra. Jf p(z) is a non constant polynomial 
then there is a complex number a with p(a) = 0. 

Proof. Suppose p(z) # 0 for all z and let f(z) = [p(z)]~*; then fis an entire 
function. If p is not constant then, as was shown above, lim p(z) = ©; 


zZ—7>@® 
so lim f(z) = 0. In particular, there is a number R > 0 such that | f(z)| < 1 
zZ—>@ 
if |z| > R. But fis continuous on B(O; R) so there is a constant M such that 
[f(z)| < M for |z| < R. Hence fis bounded and, therefore, must be constant 
by Liouville’s theorem. It follows that p must be constant, contradicting our 
assumption. Hl 


3.6 Corollary. Jf p(z) is a polynomial and a,,...,Q, are its zeros with a, 
having multiplicity k ; then p(z) = c(z—a,)"'- + -(z— _ aay for some constant c 
and k. + +k jc the decree of n 
te vv i '~m ey tft wes! Ve vw Fe 
TD nteseeeiee Be a a a a I ge ee a!) th 
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reader should be warned that this cannot be taken too far. For example, if p 
is a polynomial and ae C then there is a number z with p(z) = a. In fact, 
this follows from the Fundamental Theorem of Algebra by considering the 
polynomial p(z)—a. However the exponential function fails to have this 


i SN é a 
property since it does not assume the value zero. (Nevertheless, we are able 
~™ chad tha | o Lo ks eee Le en ee Ae AAs Bs gy 
to snow that this is the worst that can happen. That is, a function analytic 


U U 
in C omits at most one value. This is known as Picard’s Little Theorem and 
will be proved later.) Moreover, no one should begin to make an analogy 
between analytic functions in an open set G and a polynomial p defined on 
C; rather, avon should only think of the polynomials as defined on G. 


f(2) = cos (7). Iz| < 1. 


1+2z 
Notice that Ta; maps D = {z: |z| < 1} onto G = {z: Rez > 0}. The zeros 


of f are the points fan— 


ae : oo s 
However, as n — oo the zeros approach | which is not in the domain of 
analyticity D. This is the story for the most general case 


ae eG ae = ; ms seid Yo A 
TL th L: I} a Pe) a 7 # t{rta wat 
function. Then the following are equivalent statements 
ff ™ 0: 
(a) f= 


(b) ie is a point a in G such that f(a) = 0 for eachn > 0; 
(c) {zeG: f(z) = 0} has a limit point in G. 


Proof. Clearly (a) implies both (b) and (c). (c) implies (b): Let ae G and a 
limit point a Z = {zeG: a 0}, and let R > 0 be such that B(a; R) < 


G. Since a is a limit point of Z and fis continuous it follows that f(a) = 0. 
Suppose fee is an pee n> 1 such that f(a) = f(a) =---= a pln D¢q) 
= 0 and f(a) # 0. Expanding f in power series about a gives that 


f(z) = y a,(z—a)* 


k=n 


ge) = Y, a(e-a 


gis analytic ae ‘therefore SoRURBI: in Bia; a we can ‘finda an r, 0: <r< 
R, such that g(z) 4 0 for |z—al| < r. But since a is a limit point of Z there 
is a point 5b with f(b) = 0 and O < |b—al| < r. This gives 0 = (b—a)"g(b) 
and so g(b) = 0, a contradiction. Hence no such integer n can be found; 


this proves part (b). 
(b) implies (a): Let A = {ze G: f(z) = 0 for all n > 0}. From the 
4 2 - 4. 
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and closed in G; by the connectedness of G it will follow that A must be G 
and so f = 0. To see that A is closed let ze A” and let z, be a sequence in 
A such that z = lim a,. Since each f™ is continuous it follows that 


f™() = lim f™(z,) = 0. So ze A and A is closed 
Tr can that Ata nanan lat ac A and lat D ~ Nha ansh that Dln- D\ — 
LuV owe Clidt #1 Ilo VUpell, UYU © 71 ALIV INE UN YU UY OULII LILIA DU, aN) “ Ue 
i 
Then f(7\) = Viale—nyY for le—al <= R where a — — fM(n) = O for eac 
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n! 
n> QO. Hence f(z) = O for all z in Bla: R) and. conseauentlyv. Bla: R\) c 
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3.8 Corollary. /f f and g are analytic on a region G then f = g iff {zeG: 
I) = g(z)} has a limit point in G. 

This follows by applying the preceding theorem to the analytic function 
f-8. 
3.9 Corollary. If f is analytic on an open connected set G and f is not identi- 
cally zero then for each ain G with f(a) = 0 there is an integer n = 1 and an 


analytic function g: G—>C such that g(a) # 0 and f(z) = (z—a)"9(z) for all 


zin G. That is. each zero of f has finite multiplicity. 
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Proof. Let n be the largest integer (>1) such that f“~ (a) = 0 and define 
1. 
g(z) = (z—a) "f(z) for z 4 aand g(a) = a f™(@. Then g is clearly analytic 


in G— {a}; to see that g is analytic in G it need only be shown to be analytic 
in a neighborhood of a. This is accomplished by using the method of the 
proof that (c) implies (b) in the theorem. IJ 


3.10 Corollary. /f f: G + C is analytic and not constant, aé G, and f(a) = 
then there isan R > O such that B(a; R) © Gand f(z) # OforO < |z—al < R. 


Proof. By the above theorem the zeros of f are isolated. J 


There is one instance where the analogy between polynomials and analytic 
functions works in reverse. That is, spel is a property of analytic functions 


which is not so transparent for polynomials. 
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3.11 Maximum Mo dulus Theorem. If G is a region and f: G — C is an analytic 
c wit! | f(a)| > | F(z)! for all z in G, then 


an A ed A Sere Erelre 


Proof Let Bla: ri) C G. Wt) = atre' for 0 < t < 2: according to Pro- 
a Ff laa” wt aA er 9 e J “9 INVI “ i w mem — 3 fo) » 
position 2.6 
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Hence 


2n 


fal < + | ifatrey| at < [fa 


as 


since | f(a+re')| < |f(a)| for all t. This gives that 


2n 
n— fr Li AN | Fak tN Hes 
U= |} Ua — at re ji] ae; 
0 
but since the integrand is non-negative it follows that | f(a)| = | f(a+re')| 
for all ¢. Moreover, since r was arbitrary, we have that f maps any disk 


B(a; R) < G into the circle |z| = |x| where a = f(a). But this implies that f 
is constant on B(a; R) (Exercise III. 3.17). In particular f(z) = « for |z—a| 
< R. According to Corollary 3.8, f= «. 

According to the Maximum Modulus Theorem, a non-constant analytic 


. . * ° . . 
fiinction On 4 reaoinn cannot aceanme ite mayvimim modnuilre: thie fact 1c far 
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from obvious even in the case of polynomials. The consequences of this 
theorem are far reaching; some of these, along with a closer examination of 
the Maximum Modulus Theorem, are presented in Chapter VI. (Actually, 
the reader at this point can proceed to Sections VI. 1 and VI. 2.) 


Exercises 


1. Let f be an entire function ¢ se st 
and an integer n > 1 such that | f(z)| < M{z|" for |z| > R. 
polynomial of degree < n. 


2. Give an ee to show that G must be assumed to be connected in 
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3. Find all enti functions f such that f(x) = e* for x in R. 
4. Prove that e7** = e’e* by applying Corollary 3.8. 
5. Prove that cos (a+b) = cos acos b—sin a sin b by applying Corollary 3.8. 


6. Let G be a region and suppose that f: G > C is analytic and ae G such 
that lf(AN << | ffON far all eg in G Shaw that either flr) = Nor fic canctant 
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polynomials 


8. Let 
F(z)g(z) = 0 for all a in G. Show that either f = 0 or g = 0. 


9. Let U: C > R be a harmonic function such that U(z) > 0 for all zin C; 
prove that U is constant. 


10. Show that if f and g are analytic functions on a region G such that fg is 
analytic then either f is constant or g=0. 


Mrs 2aint 


We have aiready shown that Jy(Z-a)” 'dz=2qin if y(t)=at+e?’ 
The following result shows that this is not peculiar to the path y. 
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4.1 Proposition. /f y :[0, 1]C is a closed rectifiable curve and a ¢ {y} then 


1 f( ad 
Ini J z—a 
Y 


is an integer. 


Proof. This is only proved under the hypothesis that y is smooth. In this 
case define g:[(0, I] -C by 


set ppd 
y (5) 
a ane q. 
a (POY se 
Jo PY) bag 
Hence, g(0)=0 and g(1)=/,(z— a)” 'dz. We also have that 
y(t) 
(t)=——— for O<t<l 
YU) 
But this gives 
Se (1 a)me¥y'~g'e#(y—a) 


=e 8 y'—y'(y—-a) ‘(y-a)| 
=0 
So e 8(y—a) is the constant function e 8 (y(0)—a)=y(0)-a= 
e~ &y(1)— a). Since y(0)= y(1) we have that e~8 = 1 or that g(1)=2aik 


for some inte ger k. a 


vVuvasaa 


4.2 Definition. If y is a closed rectifiable curve in C then for a ¢ {y} 


is called the index of y with respect to the point a. It is also sometimes 

called the winding number of y around a. 

Recall that if y:[0, 1]—C is a curve, — y or y~! is the curve defined by 
ion of t 


(-—y(O=yU—2) (this is actually a reparam n of the original 
definition): ‘Also if y and o are curves defined on [0, 1] with y(1)=0(0) 
] 
then y+o is the curve (y+ o)()=y(20) if OStS5 and (y+o)()=o0(1 — 
<f 


<1. The proof of the following proposition is left to the reader. 


a 


4.3 Proposition. Jf y and o are closed rectifiable curves having the same 
initial points then 

(a) n(y;a)=—n(—y;3a) for every a ¢ {y}; 

(b) n(y+o;a)=n(y;a)+n(a; a) for every a ¢ {y}U{o}. 

Why is n(y;a) called the winding number of y about a? As was said 
before if y(t)=a +e?" for OS <1 then n(y:a)=n. In fact if (b—a)<1 
then n(y;b)=n and if |b—al>1 then n(y;b)=0. This can be shown 
directly or one can invoke Theorem 4.4 below. So at least in this case 
n(y;6) measures the number of times y wraps around b— with the minus 
sign indicating that the curve goes in the clockwise direction. 
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The following discussion is intuitive and mathematically imprecise. 
Actually, with a little more sophistication this discussion can be corrected 
and gives insight into the Argument Principle (V.3). 

If y is smooth then 


fC, es ee rl y'(2) F 
] (Z—a) daz= | aa 
“y Yo y(t)—a 


Taking inspiration from calculus one is tempted to write {,(z—a)~'dx= 
log[ y(t) — a]|/=}. Since y(1)= y(0), this would always give zero. The diffi- 


culty lies in the fact that y()- ais complex valued and unless y(t)- a lies 
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in a region on which a branch of the foward can be defined, the above 
inspiration turns out to be only so much hot air. In fact if y wraps around 
the point a then we cannot define log(y(¢)— a) since there is no analytic 
branch of the logarithm defined on C— {a}. 

Nevertheless there is a correct interpretation of the preceding discus- 
sion. If we think of logz=log|z|+iargz as defined then 


f(—a)"'de=log[ (1) a] —log[ y(0)-a]= 
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a|—arg[y(0)— a] must equal an integral multiple of 27, and 
nea this integer counts the number of times y wraps around a. 

Let y be a closed rectifiable curve and consider the open set G=C — 
{y}. Since {y} is compact {z:|z|>R}cG for some sufficiently large R. 
This says that G has one, and only one, unbounded component. 


4.4 Theorem. Let y be a closed rectifiable curve in C. Then Oe ay is 


tn nn component at (l— CT — fal cn 
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unbounded component of G 


> 
ia) 
1 bs 


a 
a belonging to t 


Proof. Define f: GC by f(a)=n(y;a). It will be shown that f 1s continu- 


ous. If this is done then it follows that f(D) is connected for each 
component D of G. But since f(G) is contained in the set of integers it 
follows that f(D) reduces ta 9a anole noint That ie of tec canctant an ND 
BVEAW VV SD ChE J Ley) WUD bY a vill sin prvilit. BLIGN Ly J 9 WVUYLLOIaALIL Vil £7. 
To show that f is continuous recall that the components of : are open 
(Theorem II. 2.9). Fix a in G and let r=d(a, {y}). If |a—b|<6< ir then 


f(a) ~f(O)= 3 [[(e—a)" 28)" Je 
Y 
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But for |a—b|<4r and z on {y} we have that |z—al=r>4$r and 


1z—b|>4r. It follows that | f(a)— SOS V(y). So if €>0 is given 


then, by choosing 6 to be smaller than 5 sr sid (ar’e) /26V (y), we see that f 
must be continuous. (Also, see Exercise 2.3.) 


Now let U be the unbounded component of G. As was mentioned 
Pet ae eh a oe thera ican N euch that T7/ > lo-IS Ri’ Th es 
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choose a with |a|>R and |z—a| ) 
then |n(y;a)|<e. That is, Gs s a—oo. Since n(y;a@) is constant on 
U, it must be zero. 


Exercises 


1. Prove Proposition 4.3. 

2. Give an example of a closed rectifiable curve y in C such that for any 

integer k there is a point a ¢ {y} with n(y;a)=k. 

3. Let p(z) be a polynomial of degree n and let R >0 be sufficiently large 

SO He never vanishes in {z:|z|> R}. If y(t)= Re", 0 <t<2z7, show that 
rP\éZ 


Jy p(z) 
4. Fix w=re” 40 and let y be a rectifiable path in C— {0} from | to w. 
Show that there is an integer k such that {,z~'dz=logr + i0 + 2mik. 


dz=2min. 


85. Cauchy’s Theorem and Integral Formula 


We have already proved Cauchy’s Theorem for functions analytic in a 
disk: if G is an open disk then {,f=0 for any analytic function f on G and 
any closed rectifiable curve y in G (Proposition 2.15). For which regions G 


does this result remain valid? There are regions for which the result is 
false. For example. if G= C- {0} and f(z)= Zz —l then y(th=e" for Q<1t< 
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27 gives that f,f=27i. The difficulty with C- {0} is the presence of a hole 
(namely {0}). In the next section it will be shown that {,f=0 for every 
analytic function f and every closed rectifiable curve y in regions G that 
have no “holes.” 

In the present section we adopt a different appr sete Fix a region G 


aan vane wie ak fe we a ad ot n Qtwst 


and an drialytic function f on G. Is there a condition on a closed rectifiable 
curve y such that /,f=0? The answer is furnished “ the index of y with 
respect to points outside G. Before presenting this result we need the 


following lemma. (This has already been seen in Exercise 2.3.) 


5.1 Lemma. Let y be a rectifiable curve and suppose is a function defined 


and continuous on {y}. For each m2 | let F,.(z)={ yp (w)(w — z)~ ™ dw for 
z ¢ {y}. Then each F,, is analytic on C— {y} and F/(z)= mF. (2). 

Proof. We first claim that each F,, is continuous. In fact, this follows in the 
same way that we showed that the ree was continuous (see the proof of 
Thanram A A\ arn ra naan ankle nhearivia that enna (er 1 10 PaAmaart nw 1c 
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bounded there; and use the factorization. 
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(w-z)> (wrayU LMS WE Tay (wo-z)" * (w-ay 
if 
5.2 =(z—a)| : + : + 
| (w= z)"(w a) (w—z)""'(w-a)y’ 
| 
¥ \4 vm | 
(\W— Zw a) | 


The details are left to the reader. 
Now fix a in G=C— {y} and let z e G, za. It follows from (5.2) that 
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cea Ee Y}, 
part of this Spier (the part left to the ee each inte 
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hand side of (5. 3) defines a continuous function of z,z 1 . Hence letting 
z—a, (5.3) gives that the limit exists and 
f* Prox fe ‘oN 
CLC’ f~\ | PY) aA. i i | Pw) Af, 
Ly a) = aw + +r aw 
a Poo m+ Joy ym+41 
fy eae ie | 
= mF, , (a). ie 


5.4 Cauchy’s Integral Formula (First Version). Let G be an open subset of 
the plane and f:G—C an analytic function. If y is a closed rectifiable curve 
in G such that n(y;w)=0 for all w in C—G, then for a in G—{y} 


n(yia)f(ay= st [ 22 a 


- 
Proof. Define Pp: GX G>C by p(Z,W)= (f(z) -—f()|/(z — w) if z#Aw and 


y(z,z)=f(z). It follows that gm is continuous; and for each w in G, 
Z—>(Zz,w) is analytic (Exercise 1). Let H={weC:n(y; w)=0}. Since 
n(y;w) 1s a continuous integer-valued function of w, H is open. Moreover 
HUG=C by the hypothesis. 


Dae co. ee i g(2)= fez, oo if zeG and g(z)=/,(w- 


[o(z.w)dw= fOOSE 


ee —z 
= po aw f(z)n(y3z)27 
Jw 
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J,w-z 


dw. 


uw 


Hence g is a well-defined function. 
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By Lemma 5.1 g is analytic on C; that is, g is an entire function. But 


Theorem 4.4 implies that H contains a neighborhood of oo in C,,. Since f 
is bounded on {y} and lim (w— z)~'=0 uniformly for w in {y}, 


f(w) 
5.5 iim g(z)= Jim | dw =0. 
ate le 
In particular (5.5) implies there is an R >O such that | g(z)| <1 for 


|z| 2 R. Since g 1s bounded on B (0; R) it follows that g is a bounded entire 
function. Hence g is constant by Liouville’s Theorem. But then (5.5) says 
that g=0. That is, if ae G—{y} then 


je [LO-L@ , 
z—a 
, 
= (#2) dz — f(a) ( a 
z—a Z—@a 
Y Y 
This proves the theorem. Hf 
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1 


ore than one curve. For example in dealing with 
an annulus one needs a formula involving two curves. 

5.6 Cauchy’s Integrai Formula (Second Version). Let G be an open subset of 
the plane and f: GC an analytic function. If y,,...;Ym_ are Closed rectifiable 
curves in G such that n(y,;;w)+--+ +n(y,,;w)=0 for all w in C—G, then 
forainG—{y} 


m m 
Pits yh ive Sy cl 
JA) had PEN Tk») kad 2ai J Bim 
a k=l Yk 


Proof. The proof follows the lines of Theorem 5.4. Define e g(z, w) as it was 


Uy. 24a 


done there: and let t H=(w: n(y)3w)+ Nm W)= 0}. Now g(z) 1s 


defined as in the proof of (5.4) except that the sum of the integrals over 
Y1>+++>Ym IS used. The remaining details of the proof are left to the reader. 


g theorem, th 


et 
vey important in ae ae seen of the theory of analytic fu nctions. 


5.7 Cauchy’s Theorem (First Version). Let G be an open subset of the plane 
and f: GC an analytic function. If y,,...,Y,, are closed rectifiable curves in 
G such that n(y,;;w)+--: +n(y,,3~)=9 for all w in C—G then 


S [ f=0 
k=! er 
Proof. Substitute f(z)(z — a) for f in Theorem 5.6. i 
Let G={z:R,<|z|<R,} and define curves y, and y, in G by y,(t)= 
re", v()=r,e7* for 0< voor where Ry <r, <7r,<R,. If [wi sR, 
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n(y13~)= 1= — n(y2;w); if |w] = Ry then n(y,; w)=n(y2; w)=0. So n(y,; ¥) 
+ n(y>;w)=0 for all w in C—G. 


5.8 Theorem. Let G be an open subset of the plane and f:G—>C an analytic 
function. If ¥1,-+-,Ym are closed rectifiable curves in G such that n(y,;w) 
+--+ +7(7,,3w)=0 for all w in C-G then for a in G—{y} andk=1 


Proof. This follows immediately by differentiating both sides of the for- 
mula in Theorem 5.6 and applying Lemma 5.1. 


5.9 Corollary. Let G be an open set and f:G—>C an analytic function. If y is 
a closed rectifiable curve in G such that n(y;w)=0 for all w in C—G then 
for ain G—{y} 


f(ayn(yay= # f A 


Cauchy’s Theorem and Integral Formula is the basic resuit of 
complex analysis. With a result that is so fundamental to an entire theory 
it is usual in mathematics to seek the outer limits of the theorem’s validity. 
Are there other functions that satisf Lf= 0 for all closed curves y? The 


Ww waa a 24m 
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fA 
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A closed path T 
sides. 
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be sriangular if it is polygonal and has three 


5.10 Morera’s Theorem. Let G be a region and let f:G—>C be a continuous 
function such that {,f=9 for every triangular path T in G; then f is analytic 
in G. 


Proof. First observe that f will be shown to be analytic if it can be proved 
that fi is analytic on each open disk contained 1 in G. Hence, without loss of 


S rf 
F(Z)= JSia.zJ- Fix Zo in G; then for any point z in G the hypothesis gives 
that F(Z)= fra zy f + Sc,2)F- Hence 


F(z)— F(Zp) ] 
Z—Lg Z— 29 i 
This gives 
F@)-F) _g,,- 1 [paz 
Z—Zg SS (Z—Zo) J = 
[2,2] 
=! [| [Am-peal aw 
(Z—-Zo) J. 
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But by taking absolute values 


aes F (Zo) _ P 


which shows that 
F (2) ~F (20) 
lim =f(z)). 
Z—Zo Zz — Za 


Exercises 


1. Suppose f: GC is analytic and define p:G X GC by ¢(z,w)=[,'(z) 
— f(w)\(z —w)7! if z#w and g(z,z)=f'(z). Prove that g is continuous and 
for each fixed w, z>q(z,w) 1s analytic. 

2. Give the details of the proof of Theorem 5.6. 


Vahey Sew eeeeay Ws wesw paws Beak wes wee 


3. Let B, = B(+1; 5), G= B(0: 3)—(B, UB_). Let y,,y.,y3 be curves 
whose traces are |z— I|=1, |z+ 1)/=1, and |z|/=2, respectively. Give y,, y2, 
and y; orientations such that n(y,;w)+”(y2;w)+n(y73;w)=0 for all w in 


4. Show that the Integral Formula follows from Cauchy’s Theorem 

&q T ato. ha an vAlaAngadl eantifiahla vnwria in CO anA Act sa, Qhauw that far un > 
7. LAL Y Ul a LIUSOCU FOULULLIGUILU LULVE Illi alu dd & i Ys WEIVUVW UNAL LVI fi ae 
Fa f x —n — mo 

f,(z- a)" dz =0. 


6. Let f be analytic on D= B(0; 1) and suppose | f(z)| <1 for |z| <1. Show 
| f(0)| <1. 
7. Let y(t)=1+e" for 0<t< 2m. Find L(+ Z 


J’ dz for all positive in- 


—1 
tegers nN, 
8. Let G be a region and suppose f,:G-—>C is analytic for each n> I. 
Gunnnace that f fl eanvearagee unifarmly traa functian f> G_~.{ Shaw that f 
Ju pY»yY LE1ae LIn J VV liVVl Bevo UbLLLLWE Abia wa SULISLIVEL 7 Se oe | 


is analytic. 
9. Show that if f:C—>C is a continuous function such that f is analytic off 
n 
| 


{—1, 1] then fis an entire function. 

10. Use Cauchy’s Integral Formula to prove the Cayley—Hamilton Theo- 
rem: If A isan Xn matrix over C and f(z)=det(z — A) is the characteris- 
tic polynomial of A then f(A)=0. (This exercise was taken from a paper 
byC’. A. McCarthy, Amer. Math. Monthly, 82 (1975), 390-391). 

86 The homotopic version of Cauchy’s Theorem and simple connectivity 


This section presents a condition on a closed curve y such that /,f=0 
for an analytic function. This condition is less general but more geometric 
than the winding number condition of Theorem 5.7. This condition is also 


used to introduce the concept of a simply connected region; in a simply 
RAnwAAtANn rAaainn fCrawnheria Thianeask a walhA fae Catrcawrtsr analiutin fran ntian 
LULILIVULUU eEivuul Nauuny So jPBLIVVUAICLLI IS re Gay Vi evely QAMaALyYlUY LUELIVUIVIL 


: b es : 1 


i I 
and every closed rectifiable curve. Let us illustrate this condition by 


> 
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considering a closed rectifiable curve in a disk, a region where Cauchy’s 
Theorem is always valid (Proposition 2.15). 
Let G=B(a; R) and let y:[0, 1]—G be a closed rectifiable curve. If 


asa and 0<s < 1, and we put z=/fa+(1—dy(s); then z lies on the 

straight line segment from a to y(s). Hence, z must lie in G. Let y,(s)= ta 

ae for O<s<1 and OS1t<1. So, yo=y and y, is the curve 

constantly equal to re in between. We were 
O 


base inside y), “then as y shrinks it would get cau 
not go to the constant curve. 


6.1 Definition. Let y,y,:[0, |G be two closed rectifiable curves in a 
region G; then y, is homotopic to y, in G if there is a continuous function 
I’: [0, 1] x [0, sag such that 


6.2 


ne y.:[ 11.3G hve v (eV =HTle 4) then each v is a closed 

Al ft e L“> 4] *- ww Ld Tt YD A Avs dae A [> oS we  wiwadb Ut au es wiv w es 

rathty +74 ne | thev y pea n Peete Caen emt [re nf petite ran vera nls ant¢nwt nt 2; Ade Aon 

CULlVe allU Lil vy LUI] @ CULIUTLUOUS Talllil UI CUILVEeS {UCil Stdilt at Yo allu BY 
4a 4 


to y,. Notice however that there is no requirement that each y, be 
rectifiable. In practice when jy, and y, are rectifiable (or smooth) each of 
the y, will also be rectifiable (or smooth). 
If Yo! is homotopic to y, in G write yy~y,. Actually a notation such as 
ehantla he eel hearance af tha ewnla nf O TF tha ewanagn rf Tie nnt 
Yo ee ¥,(G) SnNoOUIG oe uUsvTtUu oecause OI tne roie OF VU. if tne 1all ee Or 1 iS now 
required to be in G then, as we shall see shortly, all curves would be 
homotopic. However, unless there is the possibility of confusion, we will 


only write ypo~y;. 


It is easy to show that “~” is an equivalence relation. Clearly any 
curve is homotopic tn etoalf Tf. and T: ‘Mn t1wvin 11 ~ f natsafian (LYN 
ivv lo fil VIMNULUpI WwW 1ILoUli. Al nae 6 allu 1 - LV, LALLY, 1y7 VU SALISLIUS \U. “) 


then define A(s,/)=I(s, in 0 see that y,~yYp. Finally, if yp~y, and 


Yi~Y> with I satisfying (6.2) and A:[0, 1]X<[0, 1]—>G satisfying A(s,0)= 


co 
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y,(s), A(s, l)= y2(s), and A(0,t)=AC1,¢) for all s and ¢t; define ®[0, 1] x 
(0, |]>G by 


[ T(s,22) ifO<?S} 
Os +\— : c 
a ae 2 | 1 
A(s.2¢-—-1) if 2<1t<]1 
Then ® is continuous and shows that yp~ yp. 


6.3 Definition. A set G is convex if given any two points a and 6 in G the 
line segment joining a and 8, [a,b], lies entirely in G. The set G 1s star 
shaped if there is a point a in G such that for each z in G, the line segment 
[a,z] lies entirely in G. Clearly each convex set is star shaped but the 
converse 1s just as clearly false. 

We will say that G is a— star shaped if [a,z]< G whenever z € G. If Gis 
a— star shaped and z and w are points in G then [z,a,w] is a polygon in G 
connecting z and w. Hence, each star shaped set is connected. 


6.4 Proposition. Let G be an open set which is a— star shaped. If yo is the 
curve which is constantly equal to a then every closed rectifiable curve in G is 
homotopic to Yo. 


Proof. Let y, be a closed rectifiable curve in G and put I(s,t)=¢ty,(s)+ 
(1—1f)a. Because G is a- star shaped, I'(s,t) ¢ G for O<s,t< 1. It is easy to 
see that I satisfies (6.2). |} 

The situation in which a curve is homotopic to a constant curve is one 


that we will often encounter. Hence it is convenient to introduce some new 
terminology. 


6.5 Definition. If y 1s a closed rectifiable curve in G then y 1s homotopic to 
zero (y~Q) if y is homotopic to a constant curve. 

6.6 Cauchy’s Theorem (Second Version). Jf f: G—C is an analytic function 
and y is a closed rectifiable curve in G such that y~0O, then 


i 
| f=0 
“Y 
This version of Cauchy’s Theorem would follow immediately from the 
first version if it could be shown that n(y;w)=0 for all w in C—G 
whenever y~O. This can be done. A plausible argument proceeds as 
follows. 


Let y, =y and let y, be a constant curve such that y,~y,. Let I’ satisfy 
(6.2) and define h(t)=n(y,;w), where y,(s)=T(s,1) for OS s, ¢ <1 and w 1s 
fixed in C— G. Now show that / is continuous on [0, 1]. Since A is integer 
valued and h(0)=0 it must be that h(t)=0. In particular, n(y; w) =0 for all 
w in C—G. 

The only point of difficulty with this argument is that for 0<¢< 1 it 
may be that y, is not rectifiable. 


t 


90 Complex Integration 


this assumption and providing the details to transform the preceding 
paragraph into a legitimate proof (Exercise 9). Indeed, in a course de- 
signed for physicists and engineers this is probably preferable. But this is 


not desirable for the trainine of mathematicians. 


1e BWR CRA CA UALAAALAL fo) BAA VAEWEdE 


”“ 


i 


wawant at. a t+hanee Nt 


nent of a theorem is not as importa t 

important in mathematics for several reasons, not the least of which 1s that 
a proof deepens our insight into the meaning of the theorems and gives a 
natural delineation of the extent of the theorem’s validity. Most important 


for the education of a mathematician. it is essential to examine other 
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proofs because they reveal methods. 

A good method is worth a thousand theorems. Not only is this 
statement valid as a value judgement, but also in a literal sense. An 
important method can be reused in other situations to obtain further 
results. 

With this in mind a complete proof of Theorem 6.6 will be presented. 
In fact, we will prove a somewhat more general fact since the proof of this 
new result necessitates only a little more effort than the proof that 
n(y;w)=0 for w in C—G whenever y~0. In fact, the proof of the next 
e method. 


curves in G and yy~y, then 
f=[f 
Jy Jy, 
y Neier ae eee ne ee ECS LEME Leen emmy i 
SUF CUCHY JUuUnCltiOnN J aANHadlylic On U. 


Before proceeding let us consider a specu case. ee 2 satisfies (6.2) 


and a LAR Serko eared. Th KAR RAR SA Rea Re Aneta me ence poe es ence 
and aiSO SUPpOSE 1 has continuous second pat tial deriv: es. Hence 
421M q2m 
o 1 ~ 1 
vw 
Gs ot Ctos 


throughout the square J? = (0, 1] x0, 1]. Define 


raw 
g(t) = | f(s, 2) — (s, OD ds; 
oS 


then g(0) = f,, f and g(1) = J,, f. By Leibniz’s rule g has a continuous 
derivative, 
1 


(t) = sc e er 
eo= [ree ni) +1069 03 |e 


oD 
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hence 


g(t) = f(CU, ) - (1, )—f(PO, 0) - (0, 1). 


Since (1, 4) = TO, £) for all t we get g’(t) = 0 for all t. So g is a constant; 
in particular f,, f = f,, 


fiver 


f TL Pe 2 if Sadi etes (LY es 
I ntuinuous 


Proof of Theorem 6.7. L :I°G satisfy (6.2). Since P is con 
and I? is compact, T is uniformly continuous and I(/?) is a compact 
subset of G. Thus 


r= dT), C—G) > 0 
and there is an integer n such that if (s—s’)*+(t—t’)? < 4/n? then 
T(s, Q-T(s’, t)| <r. 


Let 
a 
7 Ae O<j,k <n 
\n a] 
and put 
Cj j+i] [ke k41] 
J, =| 7 > [x ]-, 
: [2 nj [Ln n | 
b 
forO0 < j,k < n—1. Since the diameter of the square Jj, is “— , it follows 
n 
that I'(VJ,,) < B(Z,,, r). So if we let P,, be the closed polygon [Z,,, Z 
jks Nk Os jk rvs u—~jko jri,k? 
Ziti, k+1 Zj,k+13 ZjJ; then, because disks are convex, P;, © B(Z;,; r). But 
from Proposition 2.15 it is known that 
68 [ f=0 


Pik 
for any function f analytic in G. 
It can now be shown that J, f= Sy f by going up the ladder we have 
constructed, one rung at a time. That is, let Q, be the closed polygon [Zo ,, 


y re 7 1 Weal chowthact f_f_ f{— ff. f- ean r_f f 
“i,k © ¢ 59 £“nk je rv ww Vass wy v + we JyYo/ J od JQi/ JQn/ Jyid 
(Ae ean timely DA ceee thar Ct. + cf cere, PE eet ahina [L _ 4\ "tN LR 
(Oe ru IZ dt da Ull C.). LO see Ulat Jrot a JQoJ UDSCI VE Lildl Il Ot) => Yo) IOr 


then o,+[Zj+1,0, Zjol] (the + indicating that o, is to be followed by the 
polygon) is a closed rectifiable curve in the disk B(Z jo; r) © G. Hence 


ee ‘i F ‘ F 
|f=- f= f 
oj [Z;+1,0, Zjo] [Zjo,Zj+1, 0] 


Adding both sides of this equation for 0 < j < nyields J,, f = fo,f. Similarly 
( f=fof 


JViv Jie * 
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To see t = tion (6.8); this gives 
e that Sof fo, , ,F use equation (6.8); this giv 


6.9 o=>y [fs 
J=0 pi, 
Zi41,k41 
FS ie ee 
fo | i ee 
S/o | igre 
> | | 


Zo k+1 


Lik 


al L ianlis 


riowever, notice tnat tne integrai Sein f includes the in 
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Zj+1,~+1] Which is the negative of the integral over 
which is part of the integral |p,,, , f- Also, 


r(o,*\=r(i,*\ =z 


Zon. = I 1,—- |] = 41,k 
hn n 


so that [Zo 441, Zon) = —[Z1n, Z1,x41]. Hence, taking these cancellations 
into consideration, equation (6.9) becomes 


o=f[f— [fF 
J J 
Qk Qx+1 


This completes the proof of the theorem. Ij 


The second version of Cauchy’s Theorem immediately follows by 
letting y, be a constant path in (6.7). 


. If y is a closed rectifiable curve in G such that y~O then 
n ¥ Wy =0f0 all w in C—G. 

The converse of the above corollary is not valid. That is, there is a 
closed rectifiable curve y in a region G such that n(y;w)=0 for all w in 
C-—G but y is not homotopit to a constant curve (Exercise 8). 

If G is an open set and y, and y, are closed rectifiable curves in G then 
n(¥o,4)=n(y,;a) for each a in C— G provided y»~y,(G). Let yo(t) =e?" 
and y,()=e ° for OSr< 1. Then n(y9;0)=1 and n(y,;0)=—1 so that 
Yo and y, are not homotopic in C — {0}. 


6.11 Definition. If yo, y, :[0, 1]—G are two rectifiable curves in G such that 
Y(0)= y,(0)=a and y,(l)=y,(1)=5 then yy and y, are fixed-end-point 


His éuyr a oa 
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homotopic (FEP homotopic) if there is a continuous map [':J*->G such 
that 


6.12 Ds, 0) = vols) PG, 1) = vs) 


ro, .) = a rd,j=6 
Again the relation of FEP homotopic is an equivalence relationship on 
curves from one given point to another (Exercise 3). 
Notice that if yg and y, are rectifiable curves from a to b then yo—y, 


is a closed rectifiable curve. Suppose I satisfies (6.12) and define y: [0, 1] >G 

by (5) = yo(3s) for O< 5 < 4; ys) = b for 4 < s < 4; and y(s) = y, 

(3—3s) for } < s < 1. We will show that y ~ 0. In fact, define A: J]? > G by 
P3sl—t)t) if O< s <4 


A(s, t) = re 1+2t—3st) if 4<s < % 


Although this formula may appear mysterious it can easily be understood 
L.; * 4liondé Pew = Re esate n AD uw A 32 4h a bes Ra Se fW2n shen Ln. eH. 
U Lidl LUL @ ELV Value VI LIS UUlL CLILLLO Pi Wile YUUTIUALy 


Hence, for f analytic on G the second version of Cauchy’s Theorem gives 


e hig rig 
=(f=[r-[F 
Y Yo v1 


e 


This is summarized in the following. 
a OW SS _# We_.b. Oa... rr 7 tT shy tg eR 1s <i ee. ok Ee es i Aopen he 

3 Independence of Path Theorem. /f yg and y, are two rectifiabie curves 
in G from a to b and yy. and y, are FEP homotopic then 


ion ae 
ie J 
for any function f analytic in G. 
Those regions s G for which the integral of an analytic function around a 
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6.15 Cauchy’s Theorem (Fourth Version). Jf G is simply connected then 
{,f=0 for every closed rectifiable curve and every analytic function f. 

Let us now take a few moments to digest the concept of simple connected- 
ness. Clearly every star shaped region is simply connected. Also, examine the 
complement of the spiral r = 6. That is, let G = C— {6e®: 0 < 0 < oo}; 


then G is simply connected. In fact, it is easily seen that G is open and 
connected. If one argues in an intuitive way it is not difficult to become 
convinced that every curve in G is homotopic to zero. A rigorous proof will 


be postponed until we have proved the following: A region G is simply 
connected iff C,, —G, its complement in the extended plane, is connected in C,. 
This will not be proved until Chapter VIII. If this criterion is applied to the 
region G above then G is simply connected since C,,—G consists of the 
spiral r = @ and the point at infinity. 

Notice that for G = C— {0}, C—G = {0} is connected but C, —G = 
{0, co} is not. Also, the domain of the principal branch of the logarithm is 
simply connected. 

It was shown earlier in this chapter (Corollary 1.22) that if an analytic 
function f has a primitive in a region G then the integral of f around every 
closed rectifiable curve in G is zero. The next result should not be too sur- 
prising in light of this. 


6.16 Corollary. Jf G is simply connected and f:G-—>C is analytic in G then f 
has a primitive in G. 


Proof. Fix a point a in G and let y,, y, be any two rectifiable curves in G 
from a to a point z in G. (Since G is open and connected there is always a 
path from a to any other point of G.) Then, by Theorem 6.15, 0 = f,,_,, 
| Sn f- Sif FS (where y; —y2 is the curve which goes from a to z along y, 
and then back to a along —y,). Hence we can get a well defined function 
F: G—C by setting F(z) = f, f where y is any rectifiable curve from a to z. 
We claim that F is a primitive of f. 


If z)¢Gandr > Ois such that B(z9; r) < G, then let y be a path from 
oA For 7in Rilo r\ lot ay tf all> that iS t pa h 


ato “go. rzmM BZQq;3 Py Wwe YY, = ¥+iZ0> “I> that 1 7 Vz 18 tne th y followed 
by the straight line segment from Zz, to z. Hence 
F(2)-F)__ 1 f 
Z—Zg (Z—Zo) “[4o2] 


Now proceed as in the proof of Morera’s Theorem to show that 


F'(29) =f (Zo)- ee 


Perhaps a somewhat less expected consequence of simple connectedness 
is the fact that a branch of log f(z) where f is analytic and never vanishes, 
can be defined on a simply connected region. Nevertheless this is a direct 
consequence of the preceding corollary. 


6.17 Corollary. Let G be simply connected and let f:G—>C be an analytic 
function such that f(z)40 for any z in G. Then there is an analytic function 
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g:G—>C such that f(z)=expg(z). If 2) « G and e”°=f(Z_), we may choose g 
such that 2(2Z9) = Wo. 


Dunant Ginna: L navaw -<panis hac J ea analetin ma. fw” an Lax the wearedenian 
ATUU). OILY JY Weve vanishes, f IS AllalyllwY VUlIl UW, SV, VY UI PLlOVreounie 
as 
corollary, it must have a primitive g,. If A(z) = exp g,(z) then A is analytic 
L 


A(z) f(z) hf) 
h(z)* 


But h’ = gif so that hf’—fh' = 0. Hence f/h is a constant c for all z in G. 
That is f(z) = ¢ exp g,(z) = exp [g,(z)+c’] for some c’. By letting g(z) = 
g,(z)+c'+2aik for an appropriate k, g(z)9) = Wo and the theorem is 
proved. i 

Let us emphasize that the hypothesis of simple connectedness is a topo- 
logical one and this was used to obtain some basic results of analysis. Not 
enya are these last three theorems (6.15. 6.16. and 6. 17) consequences of 
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chapter Viii that if a region G has the conclusion of each of these 
theorems satisfied for every function analytic on G, then G must be simply 
connected. 


We close this section with a definition. 


>" 


6.18 Definition. If G is an open set then y is homologous to zero, in symbols 
v0, if aye for all w in C—G. 

Using this notation, Corollary 6.10 says that y~O implies y~0. This 
result appears in Algebraic Topology when it is shown that the first 
homology group of a space is isomorphic to the abelianization of the 


fundamental group. In fact, those familiar with homology theory will 


recognize in the proof of Theorem 6.7 the elements of simplicial approxi- 
aaa pee ire ace 
MatlOlw 
e 
Exercises 


at 


i. Let G be a region and let o,, o,: [0, 1] > G be the constant curves 
a,(t) = a, o,(t) = b. Show that if y is closed rectifiable curve in G and y ~ o, 
then y ~ o,. (Hint: connect a and 6 by a curve.) 

2. Show that if we remove the requirement “IO, ¢#) = FC, f) for all r”’ 
from Definition 6.1 then the curve y,(#) = e?*"', 0 < ¢ < 1, is homotopic to 
the constant curve y,(¢) = I in the region G = C— {0}. 

3. Let @ = all rectifiable curves in G joining a to 6 and show that Definition 
6.11 gives an equivalence relation on @. 


4. Let G = C— {0} and show that every closed curve in G is homotopic 
to a closed curve whose trace is contained in {z: |z| = 1} 
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d. ; 
5. Evaluate the integral | a 1 where y(@) = 2\cos 26] e’® for 0 < 0 < 2z. 
z 
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example shows that it is possible to have a closed curve y in a region such 
that n(y; z) = 0 for all z not in G without y being homotopic to zero. That 


is, the converse to Corollary 6.10 is false. 
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Suppose yy~y, and I satisfies (6.2). Also suppose that y,( 
smooth for each ¢. If we C—G define A(t)=n(y,;w) and s 


[0, 1]—>Z is continuous. 


how that h: 
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§7. Counting zeros; the Open Mapping Theorem 


In this section some applications of Cauchy’s Integral Theorem are 
given. It is shown how to count the number of zeros inside a curve; also, 
using some information on the existence of roots of an analytic equation, 
it will be proved that a non-constant analytic function on a region maps 


EEOC CEIEIL sa ake =f 4 ab ayil ast a Shae 


> 
} 


In section 3 it was shown that if an analytic function fhad a zero at z = a 
we could write f(z) = (z—a)"g(z) where g is analytic and g(a) # 0. Suppose 
G is a region and let f be analytic in G with zeros at a,,..., @,. (Where some 
of the a, may be repeated according to the multiplicity y of the zero.) So we 
can write f(z) = (z—a,) (z—a,)... (z—a,,)e(z) where : is analytic on G and 
g(z) # 0 for any z in G. Applying the formula for differentiating a product 
gives 


( , 
f(z) l 1 g’(z) 
71 = + feet + 
f{7\ 7 Wn 7. 7 Hn alo 
JI\e) cas | eh? < “nm &\S) 
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theorem is straightforward. 


7.2 Theorem. Let G be a region and let f be an analytic function on G with 


ZerOS A;,... Ay (repeated according to multiplicity). If y is a closed rectifiable 
curve in G which does not pass through any point a, and if y =~ 0 then 


, m 
1 Z 
prisied (£2 >= V wly:a.) 
Es ee Ly ONS KS 
2ni | (z) k=1 
? 
, 

Proof. lf g(z) # 0 for any z in G then g’(z)/2(z) is analytic in G; since y = 0 
yy AT BZ) y (2)/8Z) y : VEN, 


the index, the proof of the theorem is finished. qj 


7.3 Corollary. Let f, G, and y be as in the preceding theorem except that 
Q,,...,a,, are the points in G that satisfy the equation f(z)=a; then 


(2z+1) 
z*+z+1 
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As another illustration, let y:[0, 1] >G be a closed rectifiable curve in 
C, y~0. Suppose that fis analytic in G. Then fey =o is a closed rectifiable 
curve in C (Exercise 1). Suppose that a is some complex number with 
a ¢ {o}=f({y}), and let us calculate n(a;a). We get 


YX 


where a, are the points in G with f(a,)=a. (To show the second equality 


above takes a little effort, although for y smooth it is easy. The details are 
left to the reader ) 
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Note. It may be that there are infinitely many points in G that satisfy the 
equation f(z)=a. However, from what we have proved, this sequence 
must converge to the boundary of G. It follows that n(y;z)#0 for at most 


a finite number of calutinne af ff7\—a (Gae Fvearrica 7 \ 
BRALUW LAILUMLALUOL WE owiutLIlvildsd Vi J \o) A (yew AAWYIVLOU =) 


Now if 6 in C— {o} belongs to the same component of C— {o} as does 
a, then n(o;a)=n(o; £8); or, 


where z, (a) and z.( 8) are the points in G that satisfy f(z)=a and f(z)=8 
KONE? JX m/s rr J SINUS J NTS i 
racnantivaly T wr had vnhncan w~ an that nla > la\v— 1 far each L we 
PeopPeclivery. il We Lia VLLIVOUILL Y oYyYv wuidat rey Yok \a)) 2 '8Vl Vat NW, WN 
would have that f(G) contains the component of C—/({y}) that contai 


ns 
a. We would also have some information about the number of solutions of 
f(z)= 8. This procedure is used to prove the following result which, in 
addition to being of interest in itself, will yield the Open Mapping 
Theorem as a consequence. 


7.4 Theorem. Suppose f is analytic in Bla; R) and let « = f(a). If f(z)—« has 


et Pat Kad Aw waa CAS es ek A tho at thoavo - “Ss ral nana N > tV eurh thrt fnr 
a zero of Order HW at 2 = a iren iiere is ai é > vu and o Vo OULTE Eiitel YUT 


|C—a! < 8, the equation f(z) = ¢ has exactly m simple roots in Bia; «). 
A simple root of f(z) = ¢ is a zero of f(z)—¢ of multiplicity 1. Notice that 
this theorem says that f(B(a; «)) > B(«; 8). Also, the condition that f(z)—« 


have a zero of finite multiplicity guarantees that fis not constant. 
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Proof of Theorem. Since the zeros of an analytic function are isolated we 
can choose « > 0 such that « < 4R, f(z) = « has no solutions with 0 < 


iz—al < 2e, and f(z) £0 if 0 < |z—a| < 2c. (If m > 2 then f'(@) = 0.) 
TA nee a cre Aw POSEY OO ee oe ee | put o= NLA vey 
LUL Ved —- “are CAp (f7TLE ), V>tDS I, allu put ao = fo oy. INOW a € {o}; SO 


there is a 5 > O such that B(«; 6) {co} = (J. Thus, Bie; 5) is contained in 
the same component of C— {oc}; that is, je—{| < 6 implies n(o; «) = n(o; 


p 
= )' n(y; z,(Q). But since n(y; z) must be either zero or one, we have that 
k=1 


there are exactly m solutions to the equation f(z) = ¢ inside B(a; «). Since 
}'(2) # 0 for 0 < |[z—al] < «, each of these roots (for ¢ # «) must be simple 
(Exercise 3). 


7.5 Open Mapping Theorem. Let G be a region and suppose that f is a non 
constant analytic function on G. Then for any open set U in G, f(U) is open. 


pen, then we will have shown that /(U) is open if we 
l 


can show that fo 1 ain U there is a 5 > O such that Ble; 6) < f(U), 
where « = f(a). But only part of the strength of the preceding theorem is 
needed to find ane > 0 andaé > O such that Bia; «) © U and f/(B(a; «)) > 
B(x; 5). 

If X and Q are metric spaces and f: X — Q has the property that f(U) 
is open in 2. whenever U is open in X, then fis called an a ap. lf fis a 


open m 
one-one and onto map then we can define the inverse map f 
by f~1(w) = x where f(x) = w. It follows that f~! is continuous exactly 
when f is open; in fact, for U < X, (f~*)7'(U) = f(U). 


7.6 Corollary. Suppose f: G—C is one-one, analytic and f(G) = Q. Then 
fot: QC is analytic and (f~')'(w) = [f'(2)]"* where w = f(z). 


Proof Rv the Onen anninge Theorem f7! is continuous and O is one 
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1. Show that if f: GC is analytic and y is a rectifiable curve in G then foy 
is also a rectifiable curve. (First assume G is a disk.) 

2. Let G be open and suppose that y is a closed rectifiable curve in G such 
that y=0. Set r=d({y}, 0G) and H={z « C:n(y;z)=0}. (a) Show that 
{2:d(z,dG)<5 sr} < H. (b) Use part (a) to show that if f: GC is analytic 
then f(z)=a has at most a finite number of solutions z such that 
n(y:z)#0. 


3. Let f be analvtic in Bla: R) and supvnose that f(a) = 0. Show that ais a 
“J vse anaiy veiw Aisa ary 9 aN 4 eas edict ll winced LAA J \“) VW RFRA VV CARA CE AY 4 

Sap AE eee alas ae See elim Dey Lf‘ NaeA rimMrn 2 Nn 

zero of multiplicity m iff / (a) =... = f(a) = O and f*""(a) # 0 
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4. Suppose that f: G > C is analytic and one-one; show that f’(z) # 0 for 
any z in G. 


5. Let X and Q be metric spaces and suppose that f: X — Q is one-one and 

onto. Show that fis an open map iff fis a closed map. (A function fis a 
J r rv J re Nn J 

rlinesnA man if it talaae rlnand aeata nAntn alread cate \ 

VIVOUU Allap 1 it LAALS L1LUDLU DLLS VLILTY LTUSDCU ols.) 

6. Let P: C >R be defined by P(z) = Re z; show that P is an open map 

but is not a closed map. (Hint: Consider the set F = {z: Im z = (Re z)™* 

and Re z # 0}.) 

7. Use Theorem 7.2 to give another proof of the Fundamental Theorem of 

Algebra. 


§8. Goursat’s Theorem 


Most modern books define an analytic function as one which is differen- 
tiable on an open set (not assuming the continuity of the derivative). In this 
section it is shown that this definition is the same as ours. 


Goursat’s Theorem. Let G be an open set and let f: G > C be a differentiable 
function; then fis analytic on G. 


Proof. We need only show that f’ is continuous on each open disk contained 
in G; so, we may assume that G is itself an open disk. It will be shown that 
fis analytic by an application of Morera’s Theorem (5.7). That is, we must 


show that f f — TV far each triangular nath Tin G 

Jha 4a JTJ Ww awa WOAWIL LLIGLBUIGaL perl wy & aah Wie 
Let T = fa. b. c. gland let A be the closed set formed by 7 and its inside 
Let i = [G, O, C, Qj ANG let O OC tHe Closed set fOrMIea OY £ alld its isiae, 


a 


I 
Notice that T = @ ow using the midpoints of the sides of A form four 
triangles A,, A,, A;, A, inside A and, by giving the boundaries appropriate 


ie a 
a — YN 
~ XX tN 
i aN ML) \ 
He "ee gee AN 


directions, we have that each 7; = 0A, is a triangle path and 


sis a 
8.1 JJ = 2 ieee 

T aa 
Among these four paths there is one, call it 7, such that |fra)f| > [[r,f| 
for j = 1, 2, 3, 4, Note that the nee of each T, Pen mctes of A denoted 
by “(7 ,)—is 4¢(T). Also diam 7, = $ diam 7; finally, using (8.1) 
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Now perform the same process on 7’), getting a triangle 7°” with the 
analogous properties. By induction we get a sequence {7} of closed tri- 
angular paths such that if A™ is the inside of T along with 7™ then; 


8.2 AOS ASS sas 

8.3 lf deal f ¢l- 
ge aa 
T(®) T(n+1) 

8.4 AT *Y) = 44 T); 

8.5 diam A®*}) = 4 diam A, 


These equations imply: 


ae rer eee 
ieee Wega 
T T®) 
8.7 “(T™™) = (4)'¢ where ¢ = (T); 
8.8 diam A™ = (4)"d where d= diam A 


Since each A is closed, (8.2) and (8.8) allow us to apply Cantor’s 
Theorem (II. 3.6), and get that () A™ consists of a single point zp. 
n=] 
Let « > 0; since f has a derivative at z) we can find a 6 > O such that 
B(29; 5) © Gand 
| f(2)-SZo) ~ f(z 
| z2—-Z 
whenever 0 < |z—z,| < 46. Alternately, 


R.9 | f(z) —f(z.)—f'(z 
a | J J \ 


whenever |z—Zo| < 8. Choose n such that diam A” = (4)"d < 6. Since 
z>¢ A™ this gives A® < B(z9; 8). Now Cauchy’s Theorem implies that 


0 = Jrom dz = Sron Zz dz. Hence 


| { #]=| [ £@-Fe0)-F Go) (@-z0)1 | 
T®) TO) 
<e f lz—zo| |dz| 
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But using (8.6) this gives 
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and useful results will be derived. In particular, we will use these resuits to 
evaluate certain definite integrals over the real line which cannot be evaluated 
by the methods of calculus. 


pa) 
< 
is 
7) 
> = 
“ 


§1. Classification of singularities 


This section begins by studying the best behaved singularity—the 
removable kind. 


1.1 Definition. A function f has an isolated singularity at z= a if there is an 
R>O such that f is defined and analytic in B(a;R)—{a} but not in 


B(a;R). The point a is called a removable singularity if there is an analytic 
fran ntinn = Dia D\ © arch that ala\— Flr\ far Ne-le—_avAle- Dp 
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in Zz 
However, only —— has a removable singularity (see Exercise 1). It is left to 
z 


the reader to see that the other two functions do not have removable 


singularities 
How can we determine when a singularity 1S Temovable? Since the function 
has an analytic extension to B(a; R), f, f = 0 for any closed curve in the 


punctured disk; but this may be difficult to apply. Also it must happen that 
lim f(z) exists. This is easier to verify, but a much weaker criterion is 


z—a 


available. 
1.2 Theorem. Jf f has an isolated singularity at a then the point z = is a 
removable singularity iff 

lim (z—a)f(z) = 

za 
Proof. Suppose f is analytic in {z: 0 < |z—a| < R}, and define g(z) = 
(z—a)f(z) for z # a and g(a) = 0. Suppose lim (z—a)/(z) = 0; then g is 

zZ—a 

clearly a continuous function. If we can show that g is analytic then it follows 
that a is a removable singularity. In fact, if g is analytic we have g(z) = 
(z—a)h(z) for some analytic function defined on B(a; R) because g(a) = 0 
(IV. 3. a a then A(z) and f(z) must agree for 0 < |z—a| < R, so that a is, 


by definition, a removable singularity. 


BASEN TS ate AA er nek ae ye 


103 


104 Singularities 


To show that g is analytic we apply Morera’s Theorem. Let T be a 
triangle in B(a; R) and let A be the inside of T together with 7. If a ¢ A then 
T~0O in {z: 0 < |z—a| < R} and so, [7g = 0 by Cauchy’s Theoret If a 


is a vertex of 7 then we have T = [a. A. c. al. Let x ela. Al and } elec. al and 
Vwi tws Or aiwas vt w £44046 1 Ww «A L“9 9 a) “yj hitiwt wv Ls “di ee earns “- L“9s “Jj VMALwe 
c 
/ oN. 
J 
a b 


x 


form the triangle 7, = [a, x, y, a]. If P is the polygon [x, b, c, y, x] then 


{reg = fr, g+ > g= fr ,g since P ~O in the punctured disk. Since g is 
continuous and g(a) = 0, for any « > 0 x and y can be chosen such that 
|g(z)| < «/? for any z on 7,, where 7? is the length of 7. Hence |f; g| = 
| j r, &| < €3 Since « was arbitrary we have J; g = 0. 


If ae A and T = [x, y, z, x] then consider the triangles T, = [x, y, a, x], 
T, = [y, z, a, yl, T; = [z, x, a, z]. From the preceding paragraph J;, g = 0 


ae ww 


JI 
weg 


/ \ 


xX y 


for j = 1, 2,3 and so, Jrg = Jr, g+Jr,g+Jr,g = 0. Since this exhausts all 
possibilities, g must be analytic by Morera’s Theorem. Since the converse is 
obvious, the proof of the theorem is complete. i 
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functions of a real variable and functions of a complex variable. The function 
F(x) = |x|, x eR, is not differentiable because it has a “‘corner’” at x = 0. 
Such a situation does not occur in the complex case. For a function to have 
an honest singularity (i.e., a non-removable one) the function must behave 
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1.3 Definition. If z = a is an isolated singularity of f then a is a pole of f 
if lim | f(z)| = oo. That is, for any M > O there is a number e > 0 such that 


z—a 
1! ¢/.N1 ~ 


|{(z)| = M whenever 0 < |jz—aj < «. If an isolated singularity is neither a 
pole nor a removable singularity it is called an essential canes 
It is easy to see that (z—a)~™ has a pole at z = a for m > 1. Also, it is 


not difficult to see that although z = 0 is an isolated singularity of exp (z~‘), 
it ic neither a dole Nora removahle cinantlarity: ancra it ic an aaccantial cing 
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larity. 


Suppose that fhas a pole at z = a; it follows that [ f(z)]~‘ has a removable 
singularity at z =a. Hence, A(z) =[f(z)]~' for z# a and h(a) = 0 is 
analytic in B(a; R) for some R > 0. However, since h(a) = 0 it follows by 
Corollary IV. 3.9 that A(z) = (z—a)"h,(z) for some analytic function h, with 
h,(a) # Oand some integer m > 1. But this gives that (z—a)"f(z) = [h,(z)]7' 
has a removable singularity at z = a. This is summarized as follows. 


1.4 Proposition. Jf G is a region with a in G and if f is analytic on G— {a} 
with a pole at z = a then there is a positive integer m and an analytic function 
g: G =) such that 


o* VF OE 


g(z) 
1.5 f(z) = ' 
(z- a)” 


1.6 Definition. If f has a pole at z = a and m is the smallest positive integer 
such that f(z) (z—a)” has a removable singularity at z = a then f has a pole 
of order m at z = a. 

Notice that if m is the order of the pole at z = a and g is chosen to 
satisfy (1.5) then g(a) # 0. (Why?) 

Let f have a pole of order m at z = a and put f(z) = g(z) (z—a) ™. Since 
g is analytic in a disk B(a; R) it has a power series expansion about a. Let 


oO 


g(z) = A, +An—{(Z-a)+°** +A,(z—a)""'+(z—-a)” Ds a,(z—a)*. 


Is n 
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where g, iS analytic in B(a; R) and A,, # 0. 


1.8 Definition. If f has a pole of 0 rder m at z = a and f satisfies (1.7) then 
A, (z—a) ™4-° eee) 1 is called the ieales part of fat z =a. 

As an example consider a ton function r(z) = p(z)/q(z), where 

p(z) and q(z) are polynomials without common factors. That is, they have 


no common zeros; and consequently the poles of r(z) are exactly the zeros of 


q(z). The order of each pole of r(z) is the order of the zero of g(z). Suppose 
alr\ — Nand let Clo\ he the cinanlar nart af wlo\ at a Than vrfo\_ Clr) = 
Y\ J —~— Vv AllU IVE Wile) we cli. olliguiai peal twvl Pls) at & LiAIvil Ye) Wie) 

r,(z) and r,(z) is a rational function whose poles are also poles of r(z). More- 
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over, it is not difficult to see that the singular part of r,(z) at any of its poles 
is also the suenen part of r(z) at that pole. Using induction we arrive at the 


following: if a,,***, a, are the poles of r(z) and S,(z) is the singular part of 
r(7\ at > = 7. the 

‘\<] at & baa | thiw n 

1.9 r(z) = Py S;(z) + P(z) 


where P(z) is a rational function without poles. But, by the Fundamental 
Theorem of Algebra, a rational function without poles is a polynomial! So 
P(z) is a polynomial and (1.9) is nothing else but the expansion of a rational 
function by partial fractions. 

Is this expansion by partial fractions (1.9) peculiar only to rational 
functions? Certainly it is if we require P(z) in (1.9) to be a polynomial. But 
if we allow P(z) to be any analytic function in a region G, then (1.9) is valid 
for any function r(z) analytic in G except for a finite number of poles. 


Suppose we have a ppenon f analytic in G eae for oe many poles 
(e.g., f(z) = (cos z)~ ‘); can we get an analogue of (1.9) where we replace the 
finite sum by an infinite sum? The answer to this is yes and is contained in 
Mittag-Leffler’s Theorem which will be proved in Chapter VII.. 


There is an analogue of the singular part which iS valid for essential 


1.10 Definition. If {2n* n=0, +1, +2,...}1s a doubly ee sequence of 


complex numbers, y z, is absolutely convergent if both y z, and y Zz 


=~ © a= r= 


=0 
are absolutely convergent. In this case y" c= y z_,+ > Zz, If u, is a 
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converge. In fact, the series }° - satisfies this criterion but it is clearly not a 
n<0 11 


series we wish to have convergent. On the other hand, if s z, 1s absolutely 
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1.11 Laurent Series Development. Let f be analytic in the annulus ann (a; R,, 
R,). Then 


where the convergence is absolute and uniform over ann (a; r,, r,)” if R, < 
ry < ry < R,. Also the coefficients a, are given by the formula 


ve P 1 ( f(z) 1 
: Zz 
0 Oni (z—a)"*! 


Y 


where y is the circle |z—a| = r for any r, Ry < r < R,. Moreover, this series 
is unique. 


Proof. \f Ry <r, < rz, < R, and y,, y, are the circles |z—a| = r,, |z—a| = 
rz respectively, then y, ~ yz in ann (a; R,, R,). By Cauchy’s Theorem we 
have that for any function g analytic in ann (a; R,, R), J,,g =J,,g. In 
particular the integral appearing in (1.12) is independent of r so that for each 
integer n, a, is a constant. Moreover, f,: B(a; R,) > C given by the formula 
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| df fry 
1.13 fizy=— | dw, 
271 J W—Z 
[w- aj =rz 
where |z— al <r, R,) <r,< Ry, is a well defined function. Also, by Lemma 


IV.5.1 f£ 1s analvtic in Bla: R.) Similarly, if G={z: lz7—al>R.1 then 
~~ JZ aw wee aee sy, eae SBA sav AMES. cn JP iad BSALAAAWUA |~ bod a 4°15 VASBWAL 
f,:G-C defined by 


1 -  f(w) 
1.14 fi(@@=-— dw, 
27 w—Z 
jw-aj=ri 
where |z— a > 1 and fi <r, < R,, is analytic in G. 
Tr D -” RES Al wom anf that D a we - _ | “a 
Li AN} < |z —al nn R, let "1 and ro oe Cnosen pe Ullal 4X4 nN "4 nq je 4 nn 


r, < Ry. Let y,(t) = atr,e" and y,(t) = at+r,e", 0 < t < 2m. Also choose 
a straight line segment A going from a point on y, radially to y, which 
misses z. Since y; ~ y, in ann (a; R,, R,) we have that the closed curve 
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y = ¥2—A—y,+A is homotopic to zero. Also n(y2, z) = 1 and n(y,, z) = 0 
gives, by Cauchy’s Integral Formula, that 


i C fC 7 
f(z) =— | dw 
2ni | w— 
y 
1 (fw), 1 (fw) , 
ae Wiel aw 
ont w—-Z £71 J w-—Z 
= f,(z)+fi(Z). 


The plan now is to expand f, and /, in power series (/; having negative 
powers of (z—a)); then adding them together will give the Laurent series 
development of f(z). Since f, is analytic in the disk B(a; R,) it has a power 
series expansion about a. Using Lemma IV. 5.1 to calculate f$"(a), 


where the coefficients a, are given by (1.12). 
Now define g(z) for 


1 { 1\ 
0 < |z| < — byg(z) =fifat -]; 
Ky \ Z/] 


so z = 0 is an isolated singularity. We claim that z = 0 is a removable 
singularity. In fact, if r > R, then let p(z) = d(z, C) where C is the circle 


{w: |w—al = r}; also put M = max ff): w eC}. Then for |z—al > r 


lim g(z) = lim rf a+ “)=0 


Hence, if we define (0) = 0 then g is analytic in B(O; 1/R,). Let 
@ 
1.16 g(z) = > B,2" 


be its power series expansion about 0. It is easy to show that this gives 
tw f= $ afe-a 

where a_, is defined by (1.12) (fie details are to be furnished by the reader 
in Exercise 3). Also, by the convergence properties of (1.15) and (1.17), 3 


maAnwarcac healiuéteale, and ; Aeneas Ram menmeele, ecmallae annnlh 
a, (Z c= a)” Sa See absolutely alld vere li ee ly S1aller AINUII. 


oy aa a ee, ee NX) See oe BR veoh il oa AG: SOR PPE, (ORARON mR ret, EULER Same Sam eR tReet 
Wi J\cjy= ai ALE —~ Gy CONVOCTECS AVUSOLULCLY ang UIMIOPMMYy Ol propel 
i= — 
annul the e coefficients qa muct he oiven hv the formula (1.19) a 
BAALVUAL CAAWAA VAY WY LAWAWAALL “n 2,060 WW o&irwtt Vy PAWS ANZA AAAULALL \t sm} i 


Classification of singularities 109 


We now use the Laurent Expansion to classify isolated singularities. 


mw 
1.18 Corollary. Let z = a be an isolated singularity of f and let f(z) = ¥, 
2) le __A\n ho 3 Tamwaont ECvnanannu tnann lar P\N Than - 0 
Une uy) uve iis SMUT OCILE SHNPUIWlurt tri GliE \H > V5 An) ff icsre 
(a) z =a is a removable singularity iffa,=0 forn < —1; 
oJ n J ? 
(hyY 7 — Aten nnaloa nt nvdorvr mi vn ~ ON anndtdan —O fence —_ fm t1\- 
\Y) r~] to “& pute AA vEUci re ty} U—m J V Uli Un Vju ae = Vere T Aj}> 
(c) z = ais an essential singularity iff a, # 0 for infinitely many negative 
integers n. 
fen. ¥L ra 4 1 1 fen 1 1 a | nf mr 1 
Proof. (a) lf a, = 0 for n < —1 then let g(z) be defined in B(a; R) by 
co 
alo, = v alaeinAN: thida @ mict ha analytic and agraac with fin tha nine 
5\"/) La Unl~ uu) 9 tian, & al~tucot UW GlMGaLIyuY ailu apivvryo witli 7 All ULI psi 
n=0 


tured disk. The converse is equally as easy. 

(b) Suppose a, = 0 for n < —(m+1); then (z—a)"f(z) has a Laurent 
Expansion which has no negative powers of (z—a). By part (a), (z—a)"/(z) 
has a removable singularity at z—a. Thus f has a pole of order m at z = a. 
The converse follows by retracing the steps in the preceding argument. 

(c) Since f has an essential singularity at z = a when it has neither a 


Ned. OST ope re yo nn as ppt wy aaa ape = 
ramnavnahle ananlarityu nara nnla nart (r\ Fallawe fram narte fa\ and (h\ HM 
AUILIVVAUIL OLLI UIAL au 1vi a pYviv, pes Ll \w) 1VillVU wo 1i1Vill por to Me ai (Uy. ae 

One can also classify isolated singularities by examining the equations 
1.19 lim |z—al* | f(z)| = 0 

~@ 
19” lie, Ie mlS | Lfe\t an 
bea eats \J\Z)j) = © 


where s is some real number. This is outlined in Exercises 7, 8, and 9; the 
reader is strongly encouraged to work through these exercises. 

The following gives the best information which can be proved at this time 
concerning essential singularities. We know that f has an essential singularity 
at z = a when lim | f(z)| fails to exist (“‘existing” includes the possibility that 


zZ—a 
the limit is infinity). This means that as z approaches a the values of f(z) 
must wander through C. The next theorem be that not only do they wander, 
but, as z approaches a iS (z ) comes arbitrar ily close to every Coir mplex number. 
Actually, there is a result due to Picard that says that f(z) assumes each 
complex value with at most one exception. However, this is not proved until 


Chapter XII. 


1.21 Casorati-Weierstrass Theorem. Jf f has an essential singularity at z = a 
then for every § > 0, {f [ann (a; 0, 8)]}~ = 


Proof. Suppose that f is analytic in arin (a; 0, R); it must be shown that if 
c and e« > 0 are given then for each 5 > 0 we can find a z with |z—a| < 6 
and | f(z)—c| < «. Assume this to be false; that is, assume there is a c in C 


re | ee eavak: 4624 66a ios Los: Gh). 6 se f= nem (4 n ON. FIMa.cs Wiewe 
anlgd € > VU suCrl tildl lJ (<J—C| az € JO! all 2c ill U > aii (a, Vv, QO). ATLUS Lill 
2a 

leas Alm fis\V2e: 7| =A wrhinr imnliac that figs pV l¢ flr7\—r\ hac a nale 
|< G| JJ \4) c| OO, Wilitil GTpies Uldt Le uy LJ So) cy twas a puie 
ig! = Ye ° a1. 1 rat? 1 a1 we Im+lti ree, ion 
al z=da. il MI Me oraer OF this pole then im |2—Q| [J (2) — Cl =v. 
Hence lo — pAlM@tl] frail < le — alIMtll f7-) — rl + le — altel o1vac that 
ee TE ND ee Pe ee a CE BIves: tal 
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lim |z—a|"*'| f(z)|=0 since m 21. But, according to Theorem 1.2, this 
ia 


gives that f(z)(z—a)” has a removable singularity at z=a. This con- 
tradicts the hypothesis and completes the proof of the theorem. 


Exercises 

1. Each of the following functions f has an isolated singularity at z = 0. 
» wee : 4 4 .*f i | 1 py eae LION om that Lie 
Determine its nature; if it is a removable singularity define AM) SO tnal 7 1S 


analytic at z = 0; if it is a pole find the singular part; if it 1s an essential 
singularity determine f({z: 0 < |z| < 5}) for arbitrarily small values of 6. 


sin Z es 
(a) f@) = —; (b) f(z) = : 
cos z—1 z 
(c) MOS (d) f(z) = exp (z~"); 
-1 
(e) fo) = BED. (Ff) fo) = SOS). 
NWF INO? z2 5] VF INT zat 5 
z*+1 ie 
@) fe) = 5: (h) f(@) = Aes 
(i) fle) = zsin- (j) f(z) = 2" sin = 
z 
2 1 1 


 T!L 
2. Give the partial fraction expansion of r(z —__—_—__—_—.. 
: @) = (z?+2z+1)(z—1)’ 
3. Give the details of the derivation of (1.17) from (1.16). 


1 
4. Let f(z) = ———~————— ; give the Laurent Expansion of f(z) in each of 


eal oe (z—2)- 
1, 2); (c) ann (0; 2, 00). 


except for simple poles at 


ann 
ee. in ae 


= en + nm, for each integer n. Determine the singular part of f at each of 
these poles. 

6. If f: G—>C is analytic except for poles show that the poles of f cannot 
have a limit point in G. 

7. Let f have an isolated singularity at z = a and suppose f# 0. Show that 
if either (1.19) or (1.20) holds for some s in R then there is an integer m such 
that (1.19) holds ifs > m and (1.20) holds ifs < m. 


8. Let f, a, and m be as in Exercise 7. Show: (a) m = Oiff z = ais a remov- 
able singularity and f(a) 4 0; (b) m < 0 iff z = ais a removable ea ularity 
and f has a zero at z = a of order —m; (c) m > Oiff z = ais a pole of f of 
order m. 

9. A function f has an essential singularity at z = a iff neither (1.19) nor 
(1.20) holds for any real number s. 
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10. Suppose that f has an essential singularity at z = a. Prove the following 
strengthened version of the Casorati-Weierstrass Theorem. If ce C and 
e > 0 are given then for each 8 > 0 there is a number «, |c—a| < e, such 
that f(z) = « has infinitely many sojutions in B(a; 5). 


, an) 


11. Give the Laurent series development of f(z) = exp {-]- Can you 


=} 
aqanoaraliagan thia eaqn 49 : 
SVUerauzeZe clilo LOoull. 
{2. (a) Let Ae C and show that 
fi / 1° N o / : l \ 
exp (4A( z+ -]) =agt ei per 
X \ Z/) n=1 \ . / 
for 0 < |z| < oo, where for n > 0 
v4 
I A cos t 
a,=-|e cos nt dt 
TT 
v 
0 
le ie ee ee en On oe, Para 
(OJ) SUNMAanly, SNOW 
f / aN co / f aunt 
i 1)" 
exp 44A( z es om bo + So, (2 + oe) 
vz) a "\ z” 
~ ‘ ard n=l X f 
for 0 < |z| < 00, where 
v4 
I 
b, = — | cos (nt—A sin ft) dt 
mJ 
0 
13. Let R > O and G = {z: |z| > R}; a function f: G ~ C has a removable 


singularity, a pole, or an essential singularity at infinity if f(z~*') has, respec- 
tively, a removable singularity, a pole, or an essential singularity at z = 0. 
If f has a pole at oo then the order of the pole is the order of the pole of 
fe" "ya atz=0Q. 
(a) Prove that an entire function has a removable singularity at infinity 
iff it is a constant. 

(b) Prove that an entire function has a pole at infinity of order m iff it is a 
polynomial of degree em. 

(c) Characterize those rati 


(c) Characterize th 

at infinity. 

(d) Characterize those rational functions which have a pole of order m at 

infinity. 

14. Let G = {2:0 < |z| < 
; if 


gaWh Qik aan 


} and let f: G—>C be analytic. Suppose that 


= 0 for all ain C—G. 


What is J, f? Why? 
15. Let f be analytic in G = {z: 0 < |z—aj < r} except that there is a 
sequence of poles {a,} in G with a, — a. Show that for any w in C there is 
a sequence {z,} in G with a = lim z, and w = lim f(z,). 


mes 
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16. Determine the regions in which the functions f(z)=(int)"! and 


1 e 

g(z)= f (t—z)~'dt are analytic. Do they have any isolated singularities? 
0 

Do they have any singularities that are not isolated? 


17. Let f be analytic in the region G=ann(a;0, R). Show that if J f [f(xt+ 


iy)? dx dy <o then f has a removabie singularity at z=<a. Suppose that 
p>0O and J i) | f(x + iy)|? dx dv < 00; what can be said about the nature of 


the singul arity at z=a? 
§2. Residues 


The inspiration behind this section is the desire for an answer to the 
following question: If f has an isolated singularity at z=a what are the 
possible values for {,f when y is a closed curve homologous to zero and 
not passing through a? If the singularity 1s removable then clearly the 


ll 
) 
rev) 
= 
Cc. 
oO 
- 


. a nn © Wey 6 eee” of d Liana Se aceeent ny | “ 
ae UVCINITION. Let f have an isolated Singularity at 2 


fe)= ¥ afz-ay 


coefficienta_,. Denote this b y Res Gk ae a_,. The fallowinw3 is a generaliza- 
tion of formula (1.12) form = —1. 


2.2 Residue Theorem. Let f be analytic in the region G except for the isolated 
singularities a,,a,,..., a, If y is a closed rectifiable curve in G which does not 
pass through any of the points a, and if y ~ 0 in G then 


Proof. Let m,=n(y;a,) for 1SkZm, and choose positive numbers 
rj,+++5l, such that no two disks B(a,;r,) intersect, none of them intersects 
{y}, and each disk is contained in G. (This can be done by induction and 


by using the fact that Y does not pass through any of the singularities.) Let 


vy (t\h\=en. tr aynl—Ioe ty) for O<1t< 1. Then for 1 Sj (<i m 
YRVED au, + rp PAPy 27im,t) t B110T1 — 1 


m 


n(yia)+ > n(y%34,) =0. 
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for all a not in G—{a,,...,a,,}. Since f is analytic in G—{a),...,a,,} 
Theorem IV.5.7 gives 


m 
2.3 o= f f+ \ f f. 
Y k=] 7% 
ie @] 
Te SPs NY oho 6 Ne he, Se ee: ede oe about z=a,. then this 
Ll J eI 7 ya Onle Uy) IS ULI Laurent expansion auvul 27 k LIC) ULIS 


series converges uniformly on B(a,;r,). Hence [ f= s b, Lf (z—a,)". 
eT — 0 Ya 


But [ G-ay'= =0 if nx —1 since (z—a,)”" has a primitive. Also i (z- 
a,)~ iD aaa nel f;a,). Hence (2.3) implies the desired result. Pe 


Remark. The condition in the Residue Theorem that f have only a finite 
number of isolated singularities was made to simplify the statement of the 
theorem and not because the theorem is invalid when f has infinitely many 
isolated singularities. In fact, if f has ate many singularities they can 


n AD (Whw9\ If — Af. AT\ than the fa ct tha t wnat 


only accumul € on cu. Lvvinhysy 2 eg Oe y}, ped men tne tract Mat yeu 


ony accumula 
f X\ Ary V 7 aN 


gives that n(y;a)=0 whenever d(a; dG) < 5 Lr. (See Exercise IV.7.2.) 

The Residue Theorem is a two edged cre if you can calculate the 
residues of a function you can calculate certain line integrals and vice versa. 
Most often, however, it is used as a means to calculate line integ 


will n 
Ail 


Suppose f has a pole of order m > 1 at z = a. Then g(z) = (z—a)"f(z) 
has a removable singularity at z = aand g(a) # 0. Let g(z) = 6) + 5,(z—a)+ 
; PS ae ie ScrIES expansion of g about z = a. It follows that for z near 


-+ 
Ms 
i= 
a 


This equation gives the Laurent Ropers of fin a punctured disk about 


z = a. But then Res (/; a) = b,,-,; in particular, if z = a is a simple pole 
Res (f: a) = ofa) = lim (7—al\f ~ This j ic CliIMmmarized ac follows 
atwvu VJ “y} o\Y) ZRkAAS \eo= “J Yo} AALIV AW WVJUALAAAAUL AL WW AWLAY VT 


2.4 Proposition. Suppose f has a pole of order m at z = a and put g(z) = 
(z—a)"f(z); then 


l 
Res (f; a) = (m—1)! gi" Ya). 


The remainder of this section will be devoted to calculating certain integrals 
by means of the Residue Theorem 


2.5 Example. Show 
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If f(z) = ——~ then f has as its poles the fourth roots of —1. These are 
exactly the Le e’’ where 
ps2 ct an and ug 
4° 4° 4° 4 
Let 
1 
a, = exp| il — +(n—1)-~ | | 
2}/ 
for n = 1, 2, 3, 4; then it is easily seen that each a, is a simple pole of f. 
Consequently, 
Res (f; a,) = lim (z—a,)f(z) = aj(a, —a)™ "(a,—@3) “(a,—a4)™* 
l-i ti 
= i= te0(-), 
4/2 \  4/ 
Similarly 
—l-i { —3zi \ 
Res (f; a7) = —7= = texp[—— ]}. 
4/2 4) 


Now let R > 1 and let y be the closed path which is the boundary of 
the upper half of the disk of radius R with center zero, traversed in the 
counter-clockwise direction. The Residue Theorem gives 


-R—-!| 0 I R 
es ae ee ee Dee lf: ~ \ 

pd ENe > A4,J THES /, a2) 
2ri } 

Y 


R n 
1 i 1 it x? 4 1 i Rie3tt 1 
= xe - at. 
ai |F 27i | [ext a 1+ Rtet# 
y ~R 0 
This gives 
RK 4 
p42 55 r eit 
2.6 i ae RS | ane 
J 14+x* 2 J 14+ R*e*" 
= 0 
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For 0 <1 <7, 1+ R%e*” lies on the circle centered at 1 of radius R*; hence 
|1+ R%e*"|> R*—1. Therefore 


| [fr 53tt 
iR?> | ——— 
| J, 1+ Rieti 


Vv 


ve 
vv 


and since ae > 0 for all x in R, it follows from (2.6) that 
x 


4) R 
fe at F ; x? ‘i 
ns — Sa X 
| I+x4 ay | l+x* 
- rs 
J2 
2.7 Example. Show 
r sin x 7 
| dx = —< 
Jj x Z 


iz 


te ae Ce Re ae ED. id . eee me —— 
The function f(z) = —— has a simple pole atz = 0.110 <r < RK let y be the 
a 


closed curve that is depicted in the adjoining figure. It follows from Cauchy’s 


Pe ee ok 
—R —r 0 r R 
Theorem that 0 = J, f. Breaking y into its pieces, 
C oix C eiz ro Pi euie 
2.8 Sa ae ee 
x z x 
r YR —-R Yr 


where yp and y, are the semicircles from R to —R and —r to r respectively. 
Rist 


Asuer 


R R 
snx 1 {[e*-e ™ 
Pa ay dx 
J XA “lJ x 
r r 
roi a 

1 tx 1 1x 

i € i € 

2i| x 2i | x 
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Also 


4 


i | exp (iRe’’) a 


~ 
oe —, 


exp (i Re’’)| dé 


lA 


Il 
o—. a ot, 


exp (—R sin 0) dd 


By the methods of calculus we see that, for 5 > 0 sufficiently small, the 
largest possible value of exp (—R sin 6), with 5 < 0 < 7—6, is exp (—R 
sin 5). (Note that 5 does not depend on Rif R is larger than 1.) This gives that 


x-6 
(* iz | i) 


— dz exp (— R sin 0) dé 


< 26 + 


uch that exn (—R 
rN 


WT 
el 
lim [ — dz = 
Ro-a0 J * 
YR 
e=—] 
Since has a removable singularity at z = 0, there is a constant 
Zz 
[iz _ 1| 
M > Osuch that | | < M for |z| < 1. Hence, 
4 
| folz#_ 1 | 
| | dz| < mrM: 
|J 2 | 
< | Ve | 
that is, 
ez] 
0 = lim | dz. 
r70 
Yr 
] . 
But | - dz = —wi for eachr so that 
Zz 
Yr el? 
—ni = lim | — dz 
r->0 Zz 
Yr 


So, if we let r +0 and R — o0 in (2.8) 


co 


(sin x 
|—— dx = 
J 


Xx 


N13 
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Notice that this example did not use the Residue Theorem. In fact, it could 
have been presented after Cauchy’s Theorem. It was saved until now because 


the methods used to evaluate this integral are the same as the methods used 
the Residue Theorem. 


aw au wwvaewsaa 


If z = e® then Z = - and so 
z 


_ 1 z*4+2az+1 
a+cos 8 = a+}(z+Z) = a+i(z + ") Se 
Zz 2z 
Hence 
™ 22 
ae 
jJa+tcos@ ~J a+cosé@ 
0 0 
ale dz 
= —] 
] z*+2az+l1 
where y is the circle |z| = 1. But z27+2az+1 = (z—«) (z—§) where a = 
—a+(a’—1)*, B = —a—(a?—1)*. Since a > 1 it follows that [«| < 1 and 
[B| > 1. By the Residue Theorem 
( dz qi 


| 7420741 7 Ja?—1 


7 


by combining this with the above equation we arrive at 


| ag T 
Jatcos6 fg?" 
6 


2.10 Example. Show that 


o 
II 
—) 


(182 
oe 


To solve this problem we do not use the principal branch of the logarithm. 
Instead define log z for z belonging to the region 


cen ar ae ee 3m 
G= 7ZEU.2 F Vand —5 < argz < 


Nore poomnee! 
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if z = |z| e £ 0 with = <0< let H(z) = log |z|/+i0. LetO<r<R 


and let y be the same curve as in Example 2.7. Notice that ¢(x) = log x for 
x > 0, and &{x) = log |x|+7i for x < 0. Hence, 


y r 
— n 
( log |xl-+7 1 ( [log r+ i6] 046 
+ X+ir — e' 
1+x? 1+r7e7? 
-R n 


Now the only pole of ¢(z) (1+27)~! inside y is at z = i; furthermore, this 


] 
is a simple pole. By Proposition 2.4 the residue of “(z) (1+z7)7! is — 


2i 
7 
vive [*] Ly LES | 4 a) 
( ¢z) ni 
| 4 ry —2 dz a pg 
J 142 2 
DP 
Also, 
R -F R R 
( log x ( log |x| +i ( log x (dx 
| dx + | 5 dx =2|  dx+mi | 5 
j1+x J) +x J i+x J l+x 
r -R r r 
Letting ry s ML and —~ & and nena the fact that 
Lito —) g rw i GAAAUS ALY F ete | e415 Uulsifp PAW ALEWE TAAUL 
e 6) 
( dx T 
jit+x? 2 
0 
(Exercise 2(f)), it follows from (2.11) that 
@ r. 4 
(logx §.  —_, fflogr+id] ,., 
ls ax = 3 ‘lim ir| |, 22 & 
J irx r-o+ J avrre 
0 0 
V4 
( [log R+ i] i9 
— + lim iR 2.210 © do 
0 


ri4 v4 ri 4 
[log p+i6] , log p p 
Pl Sa e'°d6 < é | 3 | dé + 5} 6dé 
1+p*e |i —p*| [1—p*| 
0 Q 0 
mp |log p| | pm 
= la 2! + mie 2! 5 
ji—p?| ~ 2/i—p7| 
lattinn . nv 2 y+. ~~ hen Viewnit AF thin awnenanainan OQ warn 
ictting p— U+ or p — ©, tne iimit Of tnis expression is zero 
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fO<c<l. 


2.12 Example. Show that | . = 
1 Sin 7 


—~e 


To evaluate this integral we must consider a branch of the function z 
The point z = 0 is called a branch point of z °, and the process used to 


on G by putting ¢(re’’) = log r+ié where 0 < 6 < 2x. For z in G put 
f(z) = exp [—c¢(z)]; so fis a branch of z °. We now select an appropriate 
curve yin G. Let0 < r< 1 < Rand let 6 > 0. Let L, be the line segment 
[r+8i, R+5i]; yz the part of the circle |z| = R from R+4i counterclockwise 
to R—Si; L, the line segment [R—6i, r—6i]; and y, the part of the circle 
|z] = r from r—di clockwise to r+6i. Put y = Ly+ygp+L2+y,. 

Since y~ 0 in G and Res (f(z) (1+z)7'; —1) =f(—1) =e" '", the 
Residue Theorem gives 


C £(z) 
<)} 


2.13 | — 


dz = 2mie~'**, 
1+2z 


? 
Using the definition of a line integral 


f(z) af 


ITZ ItTi tT lo 
J, J, 


Let g(t,6) be defined on the compact set [r, R] X[0, $7] by 


Ire). - 1° 
| 1+i+10 I+7| 


g(t,6) 


when 6>0 and g(/,0)=0. Then g is continuous and hence uniformly 


continuous. If «€>0O then there is a 5, such that if (¢—7)°+(6-8’° <6 
8)— g(t, 8) <e/R. In na vlar 2g(t,d)<e/R when r<1<R 


@®L\P 9 ™ = aan zit rM articula WAL, sv J dae aA VAiwsh FF —— & —— 2D 


120 Singularities 
and 6<6,. Thus 


J, cs 
far R= IN Thia mel ac that 
yl U™N Vo: ZRabhbo 1 plies tliat 
2.14 { ——dt= lim [ dz. 

J, LE 50+ J7, I+2z 
Similarly, using the fact that /(z)=/(z)+2zi 
-R aa wf f(z) 

2.15 —e” 2mie dt= lim dz. 

I+ 60+ 1+ 


2 


Now the value of the integral in (2.13) does not depend on 6. There- 
fore, letting 60+ and using (2.14) and (2.15) gives 


2.16 Drie — (Ie) f° {d= lim | (qe (£2) 


. l+e 80+ [a2 J} l4z] 
‘ | J, YR 


KT A. per 
Now if low if p>0 an 


d p#l and if y 
Vp? 8? — 8° +i8 to ¥p*—6* —i6 then 


Since this estimate is independent of 6, (2.16) implies 


lawie~** — (1 —e 
| 


But as r>0+ and R->oo the right-hand side of this tast inequality 
converges to zero. Hence 


ae 
Qni e i = d- eras dt; 
) 7 
0 
or, 
seed e 
ie a 2mi e7 *° 
laa ee 
0 
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Exercises 


1. Calculate the following integrals: 


( x*dx ré6s x—-1 
OF ewes (b) | dx 
J xt+x7 +1 } x? 
0 
cos 20d@ ( a 
(c) | —— ——— wherea? <1 (d) | ~— where a > 1. 
J 1-—2acos ¢+a° J (a+cos 6)° 
0 0 
2. Verify the following equations: 
dx 7 (log x) 
so Es > 0; b) |; dx = 0 
(a) ro, 4a3° “> (0) J 14x? 
0 0 
r COS ax mat+l)e"% 
(c) | =~ dx = if a>QO 
J Ud +x*)* 4 
0 
do 
(d) | a =. lt oa > 0: 
J atsin® 6 2fa(a+1)]}? 
0 
log x 7 [ dx T 
(e) aa C0 Nierene eee 
J (4 TA “T J LTA a 
0 0 
° e* = ; 
dx = — if 0O<a< 1; 
(2) | 1+e sinag 


20 


(h) { log sin? 26d0 = 4 [ log sin 6d0 = —4z log 2. 
0 0 


3. Find all possible values of {,expz~ 'dz where y is any closed curve not 
passing through z =0. 

4. Suppose that f has a simple pole at z = a and let g be analytic in an open 
set containing a. Show that Res (fg; a) = g(a) Res (/; a). 

5. Use Exercise 4 to show that if G is a region and fis analytic in G except 
for simple poles at a,,...,a,; and if g is analytic in G then 


IZ = » ny; a,) g(a,) Res (f; a) 
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for any closed rectifiable curve y not passing through a,,..., a, such that 
yx OinG. 
6. a ty ba the rectangular path [n+4+ni, —n—4+ni, —n—4-—ni, 


sin* 7a |v (a+n)? 
(Hint: Use the fact that for z=x+iy, |cosz|*=cos* x+sinh* y and 
jsinz|?=sin? x+sinh? y to show that [cotwz|<2 for z on y if a is 
sufficiently large.) 
7. Use Exercise 6 to deduce that 


2 > 1 
a (2n+1)? 


8. Let y be the polygonal path defined in Exercise 6 and evaluate |, 7(z*—a*)~' 
cot 7zdz for a # an integer, Show that lim ls n(z* —a*)~' cot mzdz = 0, and 


a” 


cancaniiantiv n-—> © 
VV lovey Ueiiti 
ow 
1 ~N 2a 
ieee hacen AL 208 SER 
ue n=1 we ft 


for a ¥ an integer. 
9. Use methods similar to those of Exercises 6 and 8 to show that 


oan af 


for a # an integer. 
10. Let y be the circle |z] = 1 and let m and n be non-negative integers. 
Show that 


(n+2 
| oa ifm = 2p+n, 
a UL PE tp)! p20 
1 [(@*+1)"az | 
2ni | gmtnti 
Y 
\ 0 otherwise 


11 Toa BRivaersca J] 19 AAwes ann Lac Fisertinnc af tha as 
11. 11 CXOCTCISC 1. 12, consider a, allu b,, as functions O1 wie pa 


rameter A 
use Exercise 10 to compute power series expansions for a,(A) and 3,(A). 
(6,(A) is called a Bessel function.) 


12. Let f be analytic in the plane except for isolated singularities at a,, ao, 
a_. Show that 


e°e 9 “*m* Rw SAW VE VTSAWE 


Po oat 


IULO 


Res (f; 00) = — )) Res(f; a,). 
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(Res(f; 00) is defined as the residue of —z~*f(z~') at z=0. Equivalently, 
Res(f; oo) = — sol when y(t)= Re”, 0<1<2z7, for sufficiently large R.) 


What can you say if f has infinitely many isolated singularities? 
13. Let fhe an entire fiinction and let a he ff ench that a z Randlhl = 
Bre Rp wy AEE WAAL EAEWEEU Ed CELE IE Ug US XY OWL LEIGE || o™ dX’ 11 el | o™ AN 
Tr, fey _ pit n ~~ 94 agatha ngee. { Tes aN fo  BNIWKNVW Sf oN\ Ie OT Tew thie eaciilt 
i y(t) = Re", 0 < t < 2m, evaluate j, [(z—a) (2-4) f(z)dz. Use this result 
to give another proof of Liouville’s Theorem 
§3 The Argument Principle 

Suppose that fis fae and has a zero of order m at z = a. So f(z) = 


3.1 —— = 


and g’/g is analytic near z = a since g(a) # 0. Now suppose that f has a 
pole of order m at z = a; that is, f(z) = (z—a)~"g(z) where g is analytic 
and g(a) # 0. This gives 


, , 
32 ff) —m fe (2) 
= 
f{7)\ 7 o(7)\ 
JM sd ban OV) 
and acain a'la te analvtic near 7 — a 
,  eedetetel & 18 aw Wsiury Cilw AlbWwtii & Ld 
Alan #A etn A the: wbwscau. SSHmanhkiitin SBxeRoR we NS es aa 
FAISO, LO daVOIA LIC prlirdse “analytic except for poles” WIC lay nave 


already been used too frequently, we make the following standard definition. 


3.3 Definition. If G is open and fis a function defined and analytic in G except 
for poles, then fis a meromorphic function on G. 
Suppose that fis a meromorphic function on G and define f: G>C, 


hv atting ftfe\ = © whenever w~ aaa nntla wf £ Tt aan ler FAM Aare that ff ta 
vy setting JI\oI ALJ WIWLIUL l1«s.ii29a pie vi Je il va ly IVLILUWSO tnat j is 


continuous from G into C,, (Exercise 4). This fact allows us to think of 
meromorphic functions as analytic functions with singularities for which 
we can remove the discontinuity of f, although we cannot remove the non- 


differentiability of f. 


me ee ee Ree RA Os 


3.4 Aroument Principle. Let f be meromorphic in G with poles 
aoe f RE fy Eee wene a ieee laid! rach al tars A ge rier virtue peree™ orb WSF wVeese RY wa P1> P2 ee © » Pm 
and zeros Z,, Z,,...,2Z, counted according to multiplicity. If y is a closed 
rectifiable curve in G with yO and not passing through p,,..-5Pm; 
Z1,+++,2Z,; then 
3.5 Ode = ¥ mys2) — & mos) 

i fey" k=1 j=1 j 


Proof. By a repeated application of (3.1) and (3.2) 


fA_S 1 Sl ose 
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where g is analytic and never vanishes in G. Since this gives that g’/g is 
eee, ee ge Dace ahesita "Tharweanw a5x7ne tha eeeowlt “a 
analytic, pe emcaian 4 S PMCOrem) Pives the TCSull. Hy 


Why is this called the “Argument Principle’? The answer to this is not 
completely obvious, but it is suggested by the fact that if we could define 
log f(z) then it would be a primitive for f’/f. Thus Theorem 3.4 would give 
that as z Boee around y, log f(z) would change by 27iK where K is the integer 
on the right hand side of (3.5). Since 27iK is purely imaginary this would 
give that Im log f(z) = arg f(z) changes by 27K. 

Of course we can’t define log f(z) (indeed, if we could then f, f’/f = 0 
since f’/f has a primitive). However, we can put the discussion in the above 
paragraph on a solid logical basis. Since no zero or pole of flies on » there 
is a disk B(a; r), for each a in {y}, such that a branch of log J(z) can be defined 
on B(a; r) (simply select r sufficiently small that f(z) 4 0 or oo in Bia; r)). 
The balls form an open cover of {y}; and so, by Lebesgue’s Covering Lemma, 
there is a positive number e > 0 such that for each a in {y} we can define a 


< a ree 1 
branch of log f(z) on B(a; «). Using the uniform continuity of » (suppose 
that y is defined on [0, 1]), there is a partition 0 = t9 < t) <:-°-< 4 =1 
such that y(t) « BO(t;-,); 6) for t;-,; <t< t; = l<j<k. Let ¢; bea 
branch of log f defined on Biy(t; a e) for l< < k. Also, since the j-th 


and (j+1)-st sphere both contain »(t;) we can anne f,,..., ¢, So that 


E(y(t1)) = 2641); A(r(42)) = Ex(yt,)); wee 3 Oe (V(te-1)) = AV 1))- 
If y; is the path y restricted to [t;_,, ¢,] then, since 7) = f'/f, 


I’ 
: a é [y(t] - 4[r(t5- DI 
yj 
for 1 <j < k. Summing both sides of this equation the right hand side 
telescopes’’ and we arrive at 
[F 
= la — £. fr 
Jf= ¢,{a) — ¢,(a) 
Y 
where a = (0) = y(1). That is, 4(a)—?,(a) = 2iK. Because 27iK is purely 
imaginary we get Im ¢,(a)—Im 7¢,(a) = 27K. This makes precise our con- 


tention that as z traces out y, arg f(z) changes by 27K. 
The proof of the following generalization is left to the reader (Exercise 1). 


3.6 Theorem. Let f be meromorphic in the region G with zeros 21, Z2,+++ 5 Zp 
and poles py, .- +s Dm counted according to multiplicity. If g is analyti 


we 


oC 
a 

9 

= Q 


We already know that a one-one analytic function f has an analytic 
inverse (IV. 7.6). It is a remarkable fact that Theorem 3.6 can be used to give 
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a formula for calculating this inverse. Suppose R > 0 and that fis analytic 
and one-one on B(a; R); let Q = f[B(a; R)]. If |z—a| < Rand € = f(z)eQ 
then f(w) — & has one, and only one, zero in B(a; R). If we choose g(w) = w 
Theorem 3.6 gives 


where y is the circle |w—a| = R. But z = f~'(&); this gives the following 


3.7 Prepostaon: Let f be analyte on an open set containing B(a; R) and 
commas th - PV If OQ = fT Bla R\1 nd «, te tho rirele 
SUP pPUse tnat f is Orne-One Cit Ba; ANJe 4) J [Da R)] ana y EHO CEP LEe 
|z—a| = R then f~*(w) is defined 7 each w in Q by the formula 
Ore ae 
i J f@)-« 


This section closes with Rouché’s Theorem. 


3.8 Rouché’s Theorem. Suppose f and g are meromorphic in a neighborhood 
of B(a; R) with no zeros or poles on the circle y={z:|z—a\=R}. If Z,,Z, 


4 


(P..P_) are the number of 7er0S ( poles) of fandg inside y counte d Pee ee 


\ + f° g/ Ore €FFWY jFeuerrievu a@wei vw Peer sy erTrnsrueu "D 
to their multiplicities 


on y, then 
Daal amet Pca! 

Proof. From the hypothesis 

JQ | @|, 

oy TSI ot 

| 842) | | BZ) 
mn a Tf = ff lal ana if Lica positi we rvaal nmirmbbhar than thic inannalityu 
wil Y so Gr At J LeJ/ &\*4) QAhu LF AN GTO Aa pYysi LIiVe Tua LLULIIULL ULI LI LELID ALIV Vail 
becomes A+ 1<A+1, a contradiction. Hence the meromorphic function 


f/g maps y onto 2 =C—[0, oo). If / is a branch of the logarithm on & then 
l(f(z)/g(z)) is a well-defined primitive for (f/g)(f/g)~' in a neighbor- 
hood of y. Thus 


= 53 [/8) 18)" 
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| f+2|<|g| on y. This weaker version often suffices in the applications as 
can be seen in the next paragraph. 

Rouché’s Theorem can be used to give another proof of the Fundamental 
Theorem of Algebra. If p(z) = z"+a,2""'+°-+:+a, then 


(z) a 
ae i (ee ee n 


Zz zZ Zz 
and this approaches 1 as z goes to infinity. So there is a sufficiently large 
nim hkhar D wx2th 
ALULLIUL AN YVILIE 

pz) || 
akc i < j 
zZ 


for |z| = R; that is, |p(z)—z"| < |z|" for ie R. Rouché’s Theorem says 
that p(z) must have n zeros inside |z| = 

We also mention that the use of a ae in Rouché’s Theorem was a 
convenience and not a necessity. Any closed rectifiable curve y with y ~ 0 in 
G could have been used, although the conclusion would have been modified 
by the introduction of winding numbers. 


1. Prove Theorem 3.6. 
2. Suppose f is analytic on B(0: 1) and satisfies | f(z)|< 1 for |z|=1. Find 
the number of solutions (counting multiplicities) of the equation f(z)=z”" 


3. Let f be analytic in B(O; R) with f(0)=0, ), £0) #0 and f(z)40 f 


ZF 
O<[z|< R. Put p=min{|f(z)|:|z|/=R}>0. Define g: B(O; p)—>C by 


g(w)= L | a ae 


2 Ti 


where Y is the circle |z}=R. Show that g is analytic and discuss the 
propert ties of pe 

4. if fis meromorphic on G and f: G-C,, 1s defined by f(z)= 00 when z is 
a pole of f and f(z)=f(z) otherwise, show that f is continuous. 

5. Let f be meromorphic on G; show that neither the poles nor the zeros of f 
have a limit point in G. 

6. Let G be a region and let H(G) denote th 
G. (The letter ““H”’ stands for a ewer Some authors call a differentiable 
function holomorphic and call functions analytic if they have a power series 
expansion about each point of their domain. Others reserve the term 
“‘analytic”’ for what many call the EOmpiete analytic function, which we will 
not describe here.) Show that H(G) is an integral domain; that is, H(G) is a 
commutative ring with no zero divisors. Show that M(G), the meromorphic 
functions on G, is a field. 


We have said that analytic functions are like polynomials; similarly, 


& 
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arises, is every meromorphic function on G the quotient of two analytic 
functions on G? Alternately, is M(G) the quotient field of H(G)? The answer 
is yes but some additional theory will be required before this answer can be 


8. Is a non-constant meromorphic function on a region G an open mapping 
of G into C? Is it an open mapping of G into C,,? 

9. Let A > 1 and show that the equation A—z—e™* = O has exactly one 
solution in the half plane {z: Re z > 0}. Show that this solution must be 


ewarnl Wh nt hnnwnnenn tn tha anliutins ac )} N 1 9 
IUdl. Wilal llappells lU LIL soiution ao an ‘ 


10. Let f be analytic in a neighborhood of D=B(0; 1). If | f(z)| <1 for 
|z|=1, show that there is a unique z with |z|<1 and f(z)=z. If |f(z)| <1 
for |z}=1, what can you say? 


Chapter VI 


The Maximum Modulus Theorem 


This cHeptse cantiniues the ctuidy af a nronertyu of analvtic fiinctione firet 

pews WWYLEIELLILVWY til Meee ED Wh a: vpws “J Wa Wssrs y Law AUAAWELAW ALY AALRUE 
fe earch ein oe IV 911 TT... zal, fir section th ey 1) Pear ee eee es ae ee ees 
SsCccil in Th Orem LV. 3.14. in tne Fr st section LIS LHCOTCITY IS prese Wad dzpdl 1 


Oo 
with a ead proof, and other versions of it are also given. The remainder 
of the chapter is devoted to various extensions ate applications of this 
maximum principle. 


§1. The Maximum Principle 


Let Q be any subset of C and suppose « is in the interior of Q. We can, 
therefore, choose .a positive number p such that Bla; p) < Q; it readily 
follows ne there i isa ae fj - - with ay > Ge To state this another way, 
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- T SIN Ps a RAB ass 
L£rouj. LOL sé = J\U) and d put a = f(a). From tne Nnypotmesis 


e 
|x| => || for each € in Q; as in the discussion preceding the theorem « is in 
@Q.A Q. In particular, the set 2 cannot be open (because then 2. M 0X2 = [)). 
Hence the Open Mapping Theorem (IV. 7.5) says that f must be constant. JJ 


1.2 Maximum Modulus Theorem—Second Version. Let G be a bounded open 
set in C and suppose f is a continuous function on G~ which is analytic in G. 


Proof Since G ts hounded there ic a noint ae G” such that | ffo’l > | f-)! 
a wy e ee ad ww aw www WUAAWwYW Lisibwiby AW Pas ae. we WwW Wetwik CALE lv \*] | aes |J Yo] | 
Lae all oem Me he a a a ON BO as Oates Rie alee ea oes teestin lest £ 46 RAE 
1UrancWU . LY Is a COMMStalit ul iction the conclusion iS UIVIdI, Uf is HOt 


constant then the result follows from Theorem 1.1. I 
Note that in Theorem 1.2 we did not assume that G is connected as in 


Theorem 1.1. Do you understand how Theorem 1.1 ae the finishing touches 
on the vroof of 1.2? Or. could the assum in 


n 
Was tik pivus Wi fi of e ays wWTWUAU tse OV WaLip 


1.1 be dropped? 

Let G = {z = x+iy: —40 < y < 47} and put f(z) = exp a 2 Then 
f is continuous on G” and analytic on G. If ze @G then z = x + 477i so 
| f(z)| = |exp (+ ie*)| = 1. However, as x goes to infinity through ‘the real 


numbers f(x) + co. This does not contradi 
9 J Ww) A ALAW Vw w ALAWU WwW us UNS 


Theorem because G is not bounded. 
In light of the above example it is impossible to drop the assumption of 
the boundedness of G in Theorem 1.2; however, it can be replaced. The 
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substitute is a growth condition on | f(z)| as z approaches infinity. In fact, 
it is also possible to omit the condition that f be defined and continuous on 
G~. To do this, the following definitions are needed. 


a ans re. a,e rp 


1.3 Definition. If f: G— Rand aeG™ ora = o, then the /imit superior of 
f(z) as z approaches a, denoted by lim sup f(z), is defined by 
4 


lim sun ff7) = lim sun f f(z): : 
za r7>O+ 


(if a = o, B(a; r) is the ball in the metric of C,,.) Similarly, the limit. inferior 
of f(z) as z approaches a, denoted by lim inf f(z), is defined by 


za 


lim inf f(z) = lim inf {f(z):z¢ GA Bla; n)}. 
r7>ot+ 


za 


It is easy to see that lim f(z) exists and equals a iff a = lim sup f(z) = 


if G is unbounded. 
After these preliminaries the final version of the Maximum Modulus 
Theorem can be stated. 


1.4 Maximum Modulus Theorem—Third Version. Let G be a region in 


C and fa an ae function on G. Suppose there is a constant M such that 


| a eeneree RMA Lan wl) ~ tee 20 6 OTM: | ST -N' AA Le: All = 23-0 
lim SsuD f(z) < iM JjOr QU GU CLU. Lnen 7A < M for aditizin Gd. 
foe) 


za 


Proof. Let 6 > 0 be arbitrary and put H = {zeG: |f(z)| > M+5}. The 
theorem will be demonstrated if H is proved to be empty. 


Oe aa SL Fe Aaattenie ORD fe Anan Since lim sup | £7 NI 
Since |/| is continuous, H is open. Since lim sup |/(Z)| < M for each 


ain 0,,G, there is a ball Bia; 1) such that | f(z)| < < M+8forallzinGn Ba; 
r). Hence H™ C G. Since this condition also holds if G is unbounded and 


a = oo, H must be bounded. Thus, H™ is compact. So the second version of 
the Maximum Modulus Theorem applies. But for z in ¢H, |f(z)| = M+6 
since H™ € {z: |f(z)| => M+}; therefore, H = (| or fis a constant. But 
the HY POUnEsIs implies that H = (J if fis a constant. cl 


Tating w mple (2 foe lJan fl Ll = \ XD f>7\ £ 
Notice that in the example G = {z: |Im 2] < < tr}, f(z) = ie (e J, J 
satisfies the condition lim sup |/f(z)| < 1 for all ain ¢G but not for a = o. 


z7a 


Exercises 

1. Prove the following Minimum Principle. If f is a non-constant analytic 
function on a bounded open set G and is continuous on G , then either f 
has a zero in G or |f| assumes its minimum value on éG. (See Exercise IV. 


$0 fl Oe OA ek Ad ne “A 37 anlA 
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analytic on G, Show that if there is a constant c = 0 such that | f(z)| = 
for all z on the boundary of G then either fis a constant function or f so a 
zero in G. 


that the aa of f2: [flo\l |] eric Hs cet Hs lf(7\l < pi 
P4AUL FAA WADIA We | Cod lJ \e/ | ~~ . J Aw t44y Wwt l= lJ \e}] 1 J 
‘LY T 34 toe oR a AN A meal AMA eh a~csr that enn bh RAAT Se ee SeHN A, as kD 
(UO) LAT Pp Ula eer lial ald SHOW Uldt Cadll CLOMIPONCIIL t OF ‘74 ACS “SCs 
contains a zero of p. (Hint: Use Exercise 2.) 


(c) If pisa sae and c > 0 show that {z: |p(z)| = c} is the union 
of a finite number of closed paths. Discuss the behavior of these paths as 
C> OO. 

A az = _- Il — DP? QW wie, 2h we 2b 2; 
+. Let 0 <fe< R AllIG put A — {Z: Po [4, S Ns. OMOW Uldt UICIe Is a 


positive number e > 0 such that for each polynomial p, 


sup {|p(z)—z *|:zeA}>e 


This says that z~' is not the uniform limit of polynomials on A. 
5. Let f be analytic on B(O; R) with | f(z)] < M for |z| < R and |f(0)| = 


a> 0. anes oi the number of zeros of fin B(O; 4R) is less than or equal to 
1 


log 2 log @ \, Hint@f 2 3. , Z, are the zeros of fin B(O; 4R), consider 
the function 

ren oy \ 1-1 

e@=fe|[[{1-=)] - 
{i \ 2k, J 
a 

and note that aff) — fiN\ ere We fee ee ey a \ 
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lee } 
ie. 
3 


constant A, [A] = 1, such nee f = dg. 
7. Let f be analytic in the disk B(O; R) and for 0 < r < R define A(r) = 
max {Re f(z): I = r}. Show that unless f is a constant, A(r) is a strictly 


: ee that |[f(z)| < M, for each 


IA 


lim sup if () 
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a av UF 9 ¥ 
92. OCHNwar~e S Lemma 


2.1 Schwarz’s Lemma. Let D = {z: |z| < 1} am. ppose f is analytic on D 
with 


(a) |f(z)| < 1 for z in D, 


(b) f(0) = 0. 
Then | f'(0)| < 1 and|f(z)| < |z| for all z in the disk D. Moreover iN f'(0)| = 
or oe ae = lz| for some z # O then there is a constant c C= 1, such that 
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lelowwpwnntH nue Wee US Ae eS a tee te -\l -~1 fA oe eke 
{|< | a= f/f alld UNLCTN Lo Lill l approdael gives | 2¢ <)| — iii 
That is, | f(z)| < |2| and | f’(0)|=| g(0)| <i. If | f(z)/=|z| for some z in D, 


| =I then |g| assumes its maximum value inside D. Thus, 
again applying the Maximum Modulus Theorem, g(z)=c for some con- 
cl=1. 


This yields f(z)=cz and completes the proof of the 


eeauy awiawny JX a Msasms ico al awewy vaswy br wwe wa vs 


We will apply Schwarz’s Lemma to characterize the conformal maps of 
the open unit disk onto itself. First we introduce a class of such maps. If 
la| < 1 define the Mobius transformation: 


Z—-@ 
(Zz) = —— 
1 — dz 


Notice that ¢, is analytic for |z| < |a|~* so that it is analytic in an open disk 
containing the closure of D = {z: |z| < 1}. Also, it is an easy matter to 
check that 


PAP-(Z)) = Z = p_.(¢,(Z)). 


for |z| < 1. Hence », maps D onto itself in a one-one fashion. 
Let 8 be a real number; then 
ieate| = [= 4 
Pale )| = ~ i 
1—de’® 
| 79 I 
_ je’—a 
sid 
|e a 
= | 
This says that y,(¢D) = oD. 
These facts, and other pertinent information which can be easily checked, 
are summarized as follows. 


2.2 Proposition. Jf |a| < 1 then ¢, is a one-one map of D = {z: |z| < 1} 
onto itself; the inverse of p, is p_,. Furthermore, p, maps 2D onto cD, 7,(a) 
= 0, 7,(0) = 1—|al*, and pi(a) = (1—|al*)~*. 


haw tha fiin wane ha neal in 
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ant WoO OV LLY VY tnese runct LVULIoO Pa can Ue Us i us WwW 


Ga in app S 
Lemma. Suppose / is analytic on D with | f(z)| < 1. Also, suppose |a| < 1 
and f(a) = « (so |a| < 1 unless fis constant). Among all functions f having 


these properties what is the maximum possible value of |f’(a)|? To solve 


this problem let g = 9, °fop_,. Then g maps D into D and also satisfies 
aol MN\ = © (FLAN =" > f\ = ra Thiie Wa ran arnrnlh, Ornhivars ra] T amma tn ankhtain 
5\Y) Yal/ \G4)) alt] Ve LiULUuo vv Lalli apply WVELIWALIAZ oO LWVLLLIGa tu VUuUlaLI 
that {g’(0)| < 1. Now obtain an explicit formula for g’(0). Applying the chain 
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g'(0) = (y, °f)'(e (0) p- (0) 
= (p, °f)'@ (1 —|al?) 


vf 


— p(«) f(a) (1 —lal?) 
ANTI NTT NN yl 7 
1—I!q/? 
= ——, f(a). 
1 —|a|* 
Thus, 
2.3 Lelel: 
, (a)| < 
P@l sos 


Moreover equality will occur exactly when |g’(0)| = 1, or, by virtue of 
Schwarz’s Lemma, when there is a constant c with |c| = | and 


one of the main consequences of 


nd ja| < | then f = co, defines a 
is} 


We are now ready to state and prov 
t 


€ 
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e converse is also true. 
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2.5 Theorem. Let f: D — D be a one-one analytic map of D onto itself and 
suppose f(a) = 0. Then there is a complex number c with |c| = 1 such that 
f= Coy. 

Proof. Since f is one-one and onto there is an analytic function g: D—-> D 
such that g( f(z)) = z for |z| < 1. Applying inequality (2.3) to both fand g 
gives | f’(a)| < (1—|a|*)~! and |g’(0)| < 1—|a|? (since g(0) = a). But since 
1 = g’(0)f*(a), |f'(a)| = a |a|7)~!. Applying formula (2.4) we have that 


f— rm far came er irl — 4] 
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Exercises 

1 | r/_—\l ao '«+' Co aa | - 1 L 


1. Suppose | f(z); < | for jz) < 1 and / is analytic. By considering t 


function g: D — D defined by 


Zz 
£0 He) 
where a = f(0), prove that 
£()| = || < If(2)| < |f()| + |z| 
1—|f(O)| |2| 1+|f(0)| |2| 


for |z| < 1. 
2. Does there exist an analytic function f: D > D with f(4) = and f’(4) = 
4? 
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3. Suppose /: D —C satisfies Re f(z) = 0 for all z in D and suppose that 
fis analytic. 
(a) Show that Re f(z) > 0 for all z in D. 


(b) By using - appropriate Mobius transformation, apply Schw 


Lemma to prove that if f(0) = 1 then 
ABLSAESA re yw hat aa J \v) A VsAbwak 


for |z| < 1. What can be said if f(0) 4 1? 
(c) Show that falso satisfies 


f@| = 2 


NN 


(Hint: Use part (a)). 

4. Prove Caratheodory’s Inequality whose statement is as follows: Let f be 
analytic on B(0; R) and let M(r)=max{|f(z)|: |zZ|/=7r}, A()= 
max{Ref(z): |z|=r}; then forO<r<R, if A(r)=0 


colette Ueiatnds A Cond J Le 8 SN BR y 20 LE — "5 


(Hint: First consider the case where f(0) = 0 and examine the function 
g(z) = f(Rz) [2A(R)+f(Rz)]~* for |z| < 1.) 

5. Let f be analytic in D = {z: |z| < 1} and suppose that | f(z)| < M for 
all z in D. (a) If f(z,) = 0 for 1 < k < n show that 


for |z| < 1. (b) If f(z,) = 0 for 1 < k <n, each z, 4 0, and f(0) = Me” 


(z,Z,...2Z,), find a formula for f. 

6. Sipe ose f is analytic in some region containing B(O; 1) and | f(z)| = 1 
where |z| = L. Find a formula for f. (Hint: First consider the case where f 
has no zeros in BO; 1 1). ) 


O 
7. Suppose f is analytic in a region containing Bo; 1) and | f(z)| = 1 when 
= 1; pales that : has a simple zero at z = 4(1+/) and a double zero 


In this section we will study convey finctinne and Incarithmically convey 
a J WWTWALBY Wh SBUAAWLEAV LIA WAIL iV Ss AUSLAALIWUEES Y wWwWis¥ web 
F Leer ny on eee: ary PR MEY C) UNE r Lm enE REY PARR Qageucect ecg lee me lect E sana stp Sen anes noe So nS rE S Ae ee aly 410-4 Aése-4e) 
IULICLIOLIS AlIU STIOW Ullal SUUTIL TUTIULIOLILS appear in COTMCCLIOLI WILTT UIG stuuy 


of analytic functions. 
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3.1 Definition. If [a, b] is an interval in the real line, a function f: [a, b] > R 
is convex if for any two points x, and x, in [a, 5] 


f(tx,+(L-9x1) S tf.) + -9f(%1) 


whenever 0 < ¢ < 1. A subset A © C is convex if whenever z and w are in 


A, tz+(1—1t)w is in A for 0 < t < 1; that is, A is convex when for any two 
points in A the line segment joining the two points is also in A. (See IV. 4.3 


answer is that a function is convex if and a if the eich of the plane 
lying above the graph of the function is a convex set. 


3.2 Proposition. A function f: [a, b] > R is convex iff the set 


= {(x,y):a < x < band f(x) < y} 
is convex 
Proof. Suppose f: [a, b] > R is a convex function and let (x,, y,) and (x,, y>) 
be points in A. If 0 < ¢ < 1 then, by the definition of convex function, 


<r 
J 


N\ it aN nT 


Six, +1 —-1)x1) Ss f(%2)+0-Df1) S 24+(Ci-Dy,. Thus tx, y2)+ 

(1-12) (xX, ¥,) = (%,+0—-1x,, ty. +(1—f)y,) is in A; so A is convex. 
Suppose A is a convex set and let x,, x, be two points in [a, b]. Then 

(tx, +(1—f)x,, H#(x.)+U0—-Of(@;,)) is in A if O< t <1 by virtue of its 


XN XN 7 1? ‘FI NO a? XX Vv lV Pope at ee Seat oy ee Or 
convexity. But the definition of A gives that f(tx, +(1—)x,) < f(xX)+ 
ad — D/O); that is, f is convex. i 


3.3 Proposition. (a) A function f: [a, b] > R is convex iff for any points 


n 
Xy,+.+.+,X, in [a, b] and real numbers t,,...,t, = 0 with Yt, = 1, 


(5 i] < ¥ afi). 


(b) A set A < C is convex iff for any points z,,...,2Z, in A and real 
n n 
numbers t,,...,t, = 0 with ¥ t = 1, > 42, belongs to A. 
k=1 k=1 


What are the virtues of convex functions and sets? We have already seen 
the convex sets used in connection with complex integration. Also, the fact 
that disks are convex sets has played a definite role, although this may not 
have been apparent since this fact is taken for granted. The use of convex 
functions may not be so familiar to the reader; however it should be. In the 
first course of calculus the fact (proved below) that fis convex when /” 
non-negative is used to obtain a local minimum at a point ty) whenever 


f (lo) = 0. steer convex functions foie concave functions) are used to 


obtain ine qualities. If f: [ [a, b] +> R is convex then it follows from Proposition 
3.2 that f(x) < max (f(a), f(6)} for all x in [a, b]. We now give a necessary 


ay f in [a 
IAA VJ (G4), J\Oys LOT au X it [a, 
C 


ct 
condition for the convexity of a function. 
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3.4 Proposition. A differentiable function f on [a, b] is convex iff f’ is increasing. 


Proof. First assume that f is convex; to show that /’ is increasing let 


ray 


asx <y< 6 and suppose that 0 < ¢ < I. Since 0 < (i-D)x+ty-x = 
t(y—x), the definition of convexity gives that 
fA =)xt+ty—-fC) — LM=LCD | 
t(y— x) YX 
Letting t + 0 gives that 


 yeax x 


Similarly, using the fact that 0 > (1—t)x+ty—y = (1-2) (x—y) and letting 
t > 1 gives that 


26 Lays LO)-fOO ~f) | 
3.6 IW 
y-x 
So, ee (3.5) and (3.6), we have that f’ is increasing. 

Now supposing that f’ is increasing and that x < u < y, apply the Mean 
Value ricer rem for differentiation to find r and s-withx <r<u<s<y 
such that 

en _ SwW-f@) 
de 
UTAN 
and 
ff 
yr-u 


Since f(r) < f(s) this gives that 
LHW-ISOD -LO-IM 
u-x yu 
whenever x <u<y. In particular by letting vu =(1—‘x+ty where 
0O<r< 1, 
fw-fEO) — SO)-SM 
t(y—x) = (y—x) | 


and hence 
Q-a [ff] < 1/0) -f)). 


This shows that f must be convex. 

In actuality we will mostly be concerned with functions which are not 
only convex, but which are logarithmically convex; that is, log f(x) is convex. 
Of course this assumes that f(x) > 0 for each x. It is easy to see that a 


logarithmically convex function is convex, but not conversely. 


3.7 Theorem. Let a < b and let G be the vertical strip {x+iy: a < x < DB}. 
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Suppose f: G~ —C is continuous and f is analytic in G. If we define M: 
[a, b] > R by 
M(x) = sup {| f(x+iy)|: -—0 < y < o}, 


and | f(z)| < B for all z in G, then log M(x) is a convex function. 
Before proving this theorem, note that to say that log M(x) is convex 
means (Exercise 3) that forad< x <u< ye< b, 


RO ME AA A 


(y—x) log M(u) < (y—u) log M(x)+(u—x) log M(y) 
Taking the exponential of both sides gives 


3.8 M (uj? ~s < M (x)? ~4 Uf (y)“ x} 


whenever a < x < u < y < b. Also, since log M(x) is convex we have that 
log M(x) is bounded by max {log M(a), log M(b)}. That is, fora < x < b 


M(x) < max {M(a), M(b)}. 
This gives the following. 


3.9 Corollary. Jf f and G are as in Theorem 3.7 and f is not constant then 


[f(2)| < sup {[f(w)]: we eG} 


for all z in G. 
To prove Theorem 3.7 the following lemma is used. 


3.10 Lemma. Let f and G be as in Theorem 3.7 and further suppose that 
|f(z)| < 1 for z on @G. Then | f(z)| < 1 for all z in G. 


Proof. For each e > 0 let gz) = [1+«(z—a)]~* for each z in G~. Then for 
z=x+iyinG™ 


So for z in @G | f(z)g(z)| < 1. Also, since fis bounded by B in G, 
[f@)gl2)| < Bll+<@—-a|~* 


lA 
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So if R= {xt+iy:a<x <b, ly < Ble}, inequality (3.11) gives | f(z)g.(z)| 
< 1 for z in OR. It follows fron the Maximum Modulus: Theorem that 
[f(z)gz)| < 1 for zin R. But if |Im z| > B/e then (3.11) gives that | f(z)g.(z)| 
< 1. Thus for all z in G. 


If(Z)| < [1+¢(z—a)]. 
ae € approach zero the desired result follows. Ij 


oof of Theorem 3.7. First observe that to prove the theorem we need only 


7 v7 that 
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for a <u < b (see (3.8)). To do this recall that for a constant A > 0, 
A’ = exp (z log A) is an entire function of z with no zeros. So g(z) defined by 


g(z) = M (a)? O- Oy (pye-/o-4 
fal Mints ors: WAtrAwe tIMnKN pop pecs ann fh RANnNIOMm | AZ| <. ARe Z\ i peers ‘gees ae. saa aps Sates 
PO CML, MOVEL Vallsli's, dllu (UULdUSU |/4 | — #1 JAVET SL — ATELY 
3.12 le(z)| = M(a)jP~ 2/09 (py 9ICe~ 4) 
ec IOF7| ea 77 ; 


M(b) is zero then } = ().) Since the expression on the pent hand side o 


ca 
N 
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(It is assumed here that M(a) and M(b) 4 0. However, if either M(a) or 


(3. 12) i is continuous on x in [a, b] and never vanishes, |g|~' must be bounded 
in G~. Also, |g(a+iy)| = M(a) and |g(b+iy)| = M(6) so that | f(z)/g(z)| < 
for z in 6G; and f/g satisfies the hypothesis of Lemma 3.10. Thus 


[f(2)| < |g@)], 2 €G. 
Using (3.12) this gives for a < u < b 
M(u) =< M(a)®- 0-9) (bye o/e-) 


e desired conclusion. = 

Hadamard’s Three Circles Theorem is an analogue of the preceding 
theorem for an annulus. Consider ann (0; R,, R,) = A where 0 < R, < R, 
< o. If Gis the strip {x+iy: log R, < x < log R,} then the exponential 
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function maps G onto A and éG onto @A. Using this fact one can prove the 
Y agety eee emenee eery Seamer ws TN a eas pn 4” "7 lta Anataila nwn LAF: an tha wanAae\ 
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31S agdamar®rd inree Ulrcies ineorem, CLelu < Wy SS Ny SS WH Ghd SUPPOSE 
f is analytic on ann (0; R,, R,). If Ry, <1 < R2, define M(r) = max 
{| f(re’®)|: 0 < 08 < 2a}. Then for Ry <r, Sr Sr. < Ro, 
Gis pth, = AOR MS IORE oe hyde MOSER IOS hi in: eer 
log M(r) < log M(r,) + log M(r2) 
lag »v —_Ing rv lag rw —Ino r 
1VvS'?2 IivS'i1 ivs'?2 Ive’ 
Another way of expressing Hadamard’s Theorem is to say that log M(r) 


1. Let f: [a, b] ~ R and suppose that f(x) > 0 for all x and that f has a 


continuous second derivative. Show that f is logarithmically convex iff 
f' (OfC)-[f' CO? = 0 for all x. 

2. Show that if f: (a, b) > R is convex then fis continuous. Does this remain 
true if fis defined on the closed interval [a, 5]? 

3. Show that a function f: [a, b] > R is convex iff any of the following 


equivalent conditions is satisfied: 


[ f(u) u 1\ 
ee ee en a, ere nn i ae > — 
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fw)-f2) < f0)—e) , 
u 


(b)a<x<u<y< b gives 


()axsx<u<yps b gives LY IW) < LY) IM) 
u—-X yr-u 


Interpret these conditions geometrically. 

4. Supply the details in the proof of Hadamard’s Three Circle Theorem. 
5. Give necessary and sufficient conditions on the function f such that 
equality occurs in the conclusion of Hadamard’s Three Circle Theorem. 


é Prove Hardy’s Theorem: If fis analytic on B(O; R) and not constant then 
2n 
10) = 5. | Unveil 
2m 
0 


is strictly increasing and log /(r) is a convex function of log r. Hint: If 
O<r,<r<vpry, find a continuous function g: [0, 27]—C such that 
pO) f(re'®) = | f(re'*)| and consider the function F(z) = §§" f(ze'*)p(0)dé. 


(Note that r is fixed, so » may depend on r.) 
7] Tat fha analutir in ann (NY. D D VN and Aafina 
fe Lvl / Ue ALlIGALYtIN Lli ALLIL \V » ANT, AND) CLLINE UL LILI 
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Show that log /,(r) is a convex function of logr, R,; <r < R;. 


84. The Phragmen-Lindelof Theorem 


This section presents some results of E. Phragmen and E. Lindeldf (pub- 
lished in 1908) which extend the Maximum Principle by easing the require- 
ment of boundedness on the boundary. 

The Phragmen-Lindelof Theorem bears a relation to the Maximum 


of the beret 
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i. I e 
constant function. (Prove it!) So it is not necessary to assume that an 
function is bounded in order to prove that it is constant; it is sufficient to 
assume that its growth as z — oo is restricted by 1+|z|*. The Phragmen- 
Lindel6f Theorem places a growth restriction on an analytic function 
f: GC as z nears a point on the extended boundary. Nevertheless, the 
conclusion, like that of the Maximum Modulus Theorem, is that fis bounded. 
4.1 Phragmen-Lindelof puCorent Let G be a simply connected region and let 
f be an analytic function onG . Suppose there Is an analytic function GQ: G—> C 
which never vanishes and is bounded on G. If M is a constant and 0,,G = AUB 
such that: 


(a) for every a in A, lim sup|f(z)| $M; 
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(b) for every b in B, and yn > 0, lim sup |f(z)| |o(z)/" < M; 
z7>b 


then | f(z)|< M for allzinG. 


Proof. Let |g(z)| < « for all z in G. Also because G is simply connected there 
is an analytic branch of log ¢(z) on G (Corollary IV. 4.16). Hence g(z) = exp 
a log #2) is an analytic branch of 9(z)" for 7 > 0; and |g(z)| = |9(z)| 
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and (b) an 6.G, F satisfies the hypothesis of Theorem 
|F(z)| < max (M, «~"M) for all z in G. This gives 


[f(s |e(z)|~” max (M, «-"M) 


for all z in G and for all 7 > 0. Letting 7 ~ 0+ gives that | f(z)| < M for 
all z in G. 


4.2 Corollary. Let a => 4 and put 
(| owe) 
G = <z: |argz| < —}. 
( “a) 


re) _¥ 7 fw r ¥ 


uppose that f is analytic on G and there is a constant M such that lim sup 


zZ~>w 
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4.3 [f@| < P exp ([z]”) 
for all z with |z| sufficiently large, then |f(z)| < M for all z in G. 


n.--L T we Bee ks 1S es ie if oN — we 
Proof. Let b < c < a and put ¢(z) = exp 
Z 


|6| < m/2a, then Re z° = r° cos c@. So for 
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in G 

ip(z)| = exp (—r° cos cé) 
when z = re’®’. Since c < a, cos cO > p > O for ail z in G. This gives that ¢ is 
bounded on G. Also, if 7 > 0 and z = re’® is sufficiently large, 


[7(2)| |p)" < P exp (r’—nr* cos cf) 
< Pexp (r’—nr°p) 


But r?—nr°p = r(r?-°—np). Since b < c, r?-° >0+ as r—oo so that 


r?>—nr°p > — 0 asr— o. Thus 


lim sup 7 lo)? = 0 


Hence, f an 
so that | f(z) 
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in this corollary; its position is inconsequential. So i 
a/a the conclusion remains valid. 
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4.4 Corollary. Let a > 4, 


7 
G= - larg z| < oh ; 
( 2a) 
and suppose that for every w in 0G, lim sup | f(z)| < M. Moreover, assume that 
zw 
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for z in G and |z| sufficiently large. Then | f(z)| < M for all z in G. 


Proof. Define F: G +> C by F(z) = f(z) exp (—«z*) where e > 0 is arbitrary. 
If x > O and 6 is chosen with 0 < 6 < e then there is a constant P with 


|F(x)| < P exp [(6—«)x’*]. 


But then |F(x)| ~0 as x > co in R; so M, = sup {|F(x)|: 0 < x < oo} 
< o. Define M, = max {M,, M} and 


IA 


H, = {zeG:0 < argz < z/2a}, 
a4 Se Gi A Fie) RS Re oO —(IVrre 
fi, = Y2ZEULU > argz > —TW Las, 
then lim sup | f(z)! < M, for all zin @éH, and @H_. Using hypothesis (4.5) 
ris sy| Zz + Oo Jr XN 73 


Corollary 4.2 gives |F(z)| < M, for all z in H, and H_ hence, |F(z)| 


for all z in G. 


We claim that M, = M. In fact, if M@, = M, > M then |F| assumes its 
maximum value in G at some point x, 0 < x < © (because |F(x)| > 0 as 
x — oo and lim sup | f(x)| = lim sup [F(x)| < M < M,). This would give 

x0 


x 0 
that F is a constant by the Maximum Principle and so M = M,. Thus, 
M, = M and |F(z)| < M for all z in G; that is, 


: 


Let G = a: z # Oand |arg z| < m/2a} and let f(z) = exp (z*) for zeG. 
Then | f(z)| = exp (|z|* cos a0) where @ = arg z. So for z in 0G | f(z)| = 1; 
but f(z) is clearly unbounded in G. In fact, on any ray in G we have that 


| £f-\ Thies chauye that th 
lJ \<])| =F CO. iniSs SNOWS tliat Ull 


ra) 
it 
mt 
oe) 


can’t be improved. 


Exercises 


1. In the statement of the Phragmen-Lindelof Theorem, the requirement 
that G be simply connected is not necessary. Extend Theorem 4.1 to 
regions G with the property that for each z in 0,,G there is a sphere V in 


r a7 
pee at 7 «oye that VNG ic amnly connected 11Vve eaOMe 
Moo WweLILV IT VU at “a yu Ullal Fy tO UNS io ohiiipys wWLLAIVUCUU. QWJILVYw& JWLiiw 
examples is regions that are not simply connected but have this property 
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2. In Theorem 4.1 suppose there are bounded analytic functions ,,q,..., 
gy, on G that never vanish and 0, G=AUB,U...UB, such that condition 
(a) is satisfied and condition (b) is also satisfied for each g, and B,. Prove 
that | f(z)|< M for all z in G. 


3. Let G = {z: |[m z] < 47} and suppose f: G > C is analytic and lim sup 
z->w 


| f(z)| < M for win 6G. Also, suppose A < o anda < | can be found such 


| ff | a avn [A avn (ny IDa many 
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for all z in G. Show that | f@)| s M for all z in G. Examine exp (exp 2z) to 
see that t is 1S t e bes t noccthla wt th eanditinn Can wetaken — 1 above? 
ail i aa ee pyosorvuiye til WVULINLE e WALL Ww ten te QaguUVUVYwe 


4. Let f: G ~C be analytic ane suppose M is a constant such that lim sup 
| f(z,)| < M for each sequence {z,} in G which converges to a point in 0,G. 
Show that Z f(z)| < M. (See Exercise 1.8). 

5. Le cs > C be analytic and suppose that G is bounded. Fix zy in 0G 


and s nance that lim ain | ffr\il — AL far win AD wt o Chaw that if 
PPVUse uUliae wtih sup pyyey) SB im 10 W il Gu, WF 2g. OMOW lat id 
zZ—-w 
lim |z—za|* | f(z)| = 0 for every « > 0 then | f(z)| < M for every z in éG. 
z—>Z9o 


(Hint: If a¢ G, consider g(z) = (z—z,) (z—a)~*.) 

6. Let G = {z: Re z > 0} and let f: G-—C be an analytic function with 
| 
| 


a v 


Show that |/f(z)| < M for all z in G. 
7. Let G = {z: Re z > 0} and let f: G > C be analytic such that f(1) = 0 
and such that lim sup | f(z)| < M for w in éG. Also, suppose that for every 


zw 


6, 0 < 6 < 1, there is a constant P such that 


Lf(@)| < P exp (|z|"~%). 
Prove that 


/1 Lo- 
Tre 


(Hin Consider f(z) 4 ie 3 : 


nM” 


Chapter VII 


@ 


Compactness and Convergence in the 
ic c Ss 


In this chapter a metric is put on the set of all analytic functions on a 


fixed region G, and ek dara and convergence in this metric space is 


discussed. Among the applica tions obtained is a proof of the Riemann 


Mapping Theorem. 
Actually some more general results are obtained which enable us to also 
study spaces of meromorphic functions. 


§1. The space of continuous functions C(G,Q) 


TT. thia mln wtae (CY AN uxyell Pay ee ae Aan Ata pAawnwenlAatea wreater aman 
in tnis Vilaplel (ac, u) Will al ways UCIIVLY ad LU MpIele LLTIVUL I sparr. 
Although much of what is said does not need the completeness of 2, those 


results which hold the most interest are not true if (Q, d) is not assumed to 
be complete. 


ome 
an 
S 
‘e") 
ist 
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a Sel 

G, 2) the set of all continuous functions from G to Q. 
The set C(G, ©) is never empty since it always contains the constant 

functions. However, it is possible that C(G, ©) contains only the constant 

functions. For example, suppose that G is connected and Q2=WN = {1, 

2,..-}. If fis in C(G, Q) then f(G) must be connected in 2 and, hence, must 


dure tan a noint 
VU A Prt. 
However, our principal concern will be when Q is either C or C,. For 
these two choices of 2, C(G, Q) has many non constant elements. In fact, 


each analytic function on G is in C(G, C) and each meromorphic function 


on G is in C(G, C,,) (see Exercise V. 3.4). 
Ta nita metric an 1G OVD we mit fret nrnve a fact ahant anen cubcetc 
au pe QQ AbIVLAIW Vil aes) na) Ww LALUOE 11100 pivve a ilawt aQuvut vpell ouvovlo 
of C. The third part of the next proposition will not be used until Chapter 
VIll 


1.2 Proposition. Jf G is open in C then there is a sequence {K,} of compact 


subsets of G such that G = \} K,. Moreover, the sets K, can be chosen to 
n=1 
satisfy the following conditions: 


(a) Kk, < int Ky+13 
(b) K < Gand K compact implies K < K, for some n; 
(c) Every component of C,,—K,, contains a component of C,,—G. 


142 
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Proof. For each positive integer 7 let 


er ere Cee eae 
( n) 


4 
{z:|2| < n+1} N22: dz, C—G) > | 
( n+l 


is open, contains K,, and is contained in K,,,,. This gives that (a) is satisfied. 
[o.6) c 

Since it easily follows that G = |) K, we also get that G = |) int K,; so if 
=1 =1 


K is a compact subset of G the sets {int K,} form an open cover of K. This 
gives part (b). 

To see part (c) note that the unbounded component of C,, —K,(>C,, —G) 
must contain co and must therefore contain the component of Cy —G 


z is in the component D of C, —K,, af W; 


If G =U) K, where each K, is compact and K, © int K,4,, define 
1.3 PAS, &) = sup id f(z), g(z)): z € K,} 
for all functions fand g in C(G, 2). Also define 
ie) ~ff wy 
1.4 fgy= ¥ Gre; 
n=1 La paCT gz) 


since 1(1+1t)~* < 1 for all ¢ > 0, the series in (1.4) is dominated by ¥° (4)" a 
must converge. It will be shown that p is a metric for C(G, Q). To do this ie 
following lemma, whose proof is left as an exercise, is needed. 


1.5 Lemma. /f (S, d) is a metric space then 


(s, t) 
Ss f= 
HC . ) tine # 
1TaQs, ty 
i¢ Alon a moetrir an S set is open in (S. d) iff it is open in ( wi? 7 eomipnro 
WF WEWYY feuws GY Wit AF e SR YD ww wpe ere LM 5 “) ae) ee tw UF Beri 89b M5 Mi) LU 3 PEUTIC’ 
ey ares p COA Bia eee LO AINE SS Se A la Ads s. oh a a \ 
is ao “ucny SEQUENCE iT (WW, a) Ly ails @ Caucr SEqCUuence lr (Oo, H)- 
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Proof. It is clear that p(f, g) = p(g, f). Also, since each p, satisfies the triangle 
inequality, the preceding lemma can be used to show that p satisfies the 


oe) 
triangle inequality. Finally. the fact that G = (| K. oives that f — o whenever 
ot Lee SE See am ral oan at Phy ALWE LAA SV a4n &* ww aan” J & sAiwitwy wh 
{ff -~-\ _ n=1 
P/> SJ) - V 


=< wf ems mnt a a) m= >* 


The next lemma concerns subsets of C(G, 2) x C(G, Q) and is very useful 
because it gives insight into the behavior of the metric p. Those who know 
the appropriate definitions will recognize that this lemma says that two 


A 


uniformities are equivalent 

1.7 Lemma. Let the metric p be defined as in (1.4). Ife > 0 is given then there 
ic 7&8 sw O and a ramnnrt cot Cc G erh that far f and ao in CLG O* 

iwowwewyvTry Ww were we bedded titted Web AL PUTS EFFELEE JV!‘ J wars & oars ww» me Hy 

1.8 sup {d(f(z), e(z)): ze K} < 6=> p(ifig) <e. 


Conversely, if 5 > 0 and a compact set K are given, there is an « > 0 such 
that for f and g in C(G, Q), 


1.9 p(f, g) < « => sup {d( f(z), g(z)):z¢ K} < 6. 
co 
Proof. If « > 0 is fixed let p be a positive integer such that }) (4)" < 4e 
n=p+l1 

t 

and put K = K,. Choose 6 > Osuch that 0 < t < 4 gives < te. Suppose 
r P = 5 1+2 Z rr 
fand g are functions in C(G, Q) that satisfy sup {d(f(z), g(z)): ze K} < 6 
Ginrea KF oc kK = Kfar licuacn anlf av <« & far 1 en 2 mn Thie aivec 
WiLIVe tiny 4\p 4x. 1M 4 = fb > KB» PrtJ > &) ™ YY AVL 4 SD Ft Dm | £21140 SI Yeo 
Pal S g) ee 
1+ pal), 8) 


for 1 <n < p. Therefore 
fe< L@'do+ ¥ Gy 
n=i n=pti 
<€ 
That is, (1.8) is satisfied. | & 
Now suppose K and 8 are given. Since G = |} K, = \J int K, and K is 


n=1 n=1 


compact there is an integer p > 1 such that K © K,; this gives 


pA f, 8) = sup {d( f(z), g(z)): 2 € K} 


8 


t 
Let « > 0 be chosen so that 0 < s < 2? € implies a < 6; then ee < 2 


pp S. 8) 
+ pf, g) 


< 6. But this is exactly the statement contained in (1.9). Ij 


implies t < 8. So if p(f, g) <« then | < 2? « and this gives p,(f, g) 
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(b) A sequence {f,} in (C(G, Q), p) converges to f iff {f,} converges to f 
uniformly on all compact subsets of G. 


Proof. if © is open and fe © then for some « > 0, © > {g: p(f, g) < «}. 
But now the first part of the preceding lemma says that there is a 6 > 0 
and a compact set K with the desired properties. Conversely, if @ has the 


stated property and fe @ then the second part of the lemma gives an « > 0 
evuerh that MZ fo: oe thea WiaAaane that 0 i est ena 
SUL] Ullal UY — ay P\J> zg) < e}; LIlLLS TWIWAalIs Ullal UYU Is Upell. 

The proof of part (b) will be left to the reader. 


1.11 Corollary. The Ronen of open Sets is independent of the choice of the 
sets {K,}. That is, if G = U, K,, where each K,, is compact and K,, © int K,, 


and if is the metric defined the sets {K,} then a set is open in (C(G, Q), i. 
iff it is open in (C(G, ®), p). 


Proof. This is a direct consequence of part (a) of the preceding proposition 
since the characterization of open sets does not depend on the choice of the 


sets {K,}. Hi 


Henceforward, whenever we consider C 


requirement that K, < int K,,, can be dropped and the above results will 
remain valid. However, to show this requires some extra effort (e.g., the 


ng. wou uld be a detour 


Ra Cataanry Thanram) Ww ich thanah intara 1 
ig, wO d Gevour. 


ya re Wwaty VeVi y ALN VUIVIIIY whicn, trivusis incveres 

Noting done so far has used the assumption that Q is complete. How- 
ever, if Q is not complete then C(G, ©) is not complete. In fact, if {w, } is 
a non-convergent Cauchy sequence in 2 and f(z) = , for all z in G, then 


{f,} 1s a non-convergent Cauchy sequence in C(G, 2). However, we are 
acanming that O te campilete and thie avec the following 
GOOUALIIIE, CIIGAL Ae ID WY LAPIN Glia Ulllo Gives tli LVLIV Willig. 
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P 
Tha fre ann Lh nAnwreanpt 
AMC LOL CAUH COMIPALtl N) 


r 
gives a Cauchy sequence in C(K, Q). T 


integer N such that 
1.13 sup {d( f(z), f(z): z€K} < 6 


Frm we wy AT Tm aneticiiia Olawrhe caneasees : Oe on thoes te a 
1U1 7i, Mtl =m IV. 1 n pal cicuiar {f(z} is a Cauchy SeYUCIILG in eo, OU UITIU lod 


point f(z) in ® such that f(z) = lim f(z). This gives a function f: G>Q; 
it must be shown that f is continuous and p(/f,, f) — 0. 
Let K be compact and fix 6 > 0; choose NV So that (1.13) holds for n, 
S teger 


m > Nso that 
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for all n => N. Since N does not depend on z this gives 


sup {d(f(Z), ue zeK}—>0 


asn—> oo. T 
In icular ee bi lls contained in G. 
This gives (Theorem Il. 6.1) that f is continuou oint of G. Also, 
Proposition 1.10 (b) gives that p(f,, f) > 0. 

The next definition is derived from the classical origins of this subject. 


Actually it canld have heen amitted without interfering with the develonoment 
a Ba Reese hy: AL WS LEEDS EEE Vw Ww WARES OFF REA ANY EG OKIE hd sls VV AULL O25 Vwi Vp baweit 
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of the chapter. However, even though there is virtue in maintaining a low 
ratio of definitions to theorems, the classical term is widely used and should 
be known by the reader. 


1.14 Definition. A set A < C(G, 2) is normal if each sequence in ¥F has a 
subsequence which converges to a function f in C(G, 9). 
This of course looks like the definition of sequentially compact subsets, 


but the limit of the subsequence is not required to be in the set A. The next 
proof is left to the reader. 


1.15 Proposition. A set F <— C(G, Q) is normal iff its closure is compact. 


1.16 Proposition. A set #F < C(G, 2) is normal iff for every compact set 
K < Gand 5 > 0 there are functions f,,...,f, in F_ such that for f in F 
there is at least one k, 1 < k <n, with 


sup {d(f(z), f,(z)): z¢ K} < 64. 


Proof. Suppose ¥Y is normal and let K and 6 > 0 be given. By Lemma 1.7 
there is an « > 0 such that (1.9) holds. But since A~ is compact, F is 


totally bounded (actually there are a few details to fill in here). So there 
are f, f in ¥ such that 


are fis ee eo Jy 1D pe eewse VEE 


U fet fo <4 


k=1i1 


But from the choice of « this gives 


that is, F satisfies the condition of the proposition. 
For the coriverse, suppose -¥ has the stated property. Since it readily 


ollows that ¥ ~~ also satisfies this condition, assume that .F is closed. But 


BERT RRA ARR NAAR AN Ah Cheek ie FE Wah wees 2 tee 


since C(G, 22) is complete ¥ must be complete. And, again using Lemma 1.7, 
it readily follows that ¥ is totally bounded. From Theorem II. 4.9 ¥ is 
compact and therefore normal. 

This section concludes by presenting the Arzela-Ascoli Theorem. Al- 


though its proof is not overly complicated it is a deep result which ha 

nrawad avtramaly icafiil in many arang Af analuyeta Rafanesn atatina tha thanram 

pivyeu VAL Vilivily USTTUI ill dliaily aivas vil alialy OLS. DLIVEU Stalls CAI LAIVVIULIL 
nd 1 cr 1 2 4 

a few results OF a more general nature are needed 
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Let (X,, d,) be a metric space for each n = 1 and let X¥ = [| X, be their 
n=1 
cartesian product. That is, ¥ = {€ = {x,}: x,¢X, for each n > 1}. For 
&€ = {x,} and m7 = {y,} in X define 


Ps a C7 ms enine 


1 17 d(é No fo = sin dAXns Vn) 
7 > Zs (2) Tid lv ao ae 
nm-. a “EP Unl\ Vn n] 


18 


1.18 Proposition. ( 1] Xn @ J> where d is defined by (1.17), is a metric space. 
\n=1 ee 

If & = {xh}, is in X =|] X, then & > € = {x,} iff xk > x, for each n. 
n=] 

Also, if each (X,, d,) is compact then X is compact. 


Proof. The proof that dis a metric is left to the reader. Suppose d(é*, ¢) > 0; 
since 


k 
5 Xn» Xn) Oh d( tk é) 
k — 3 
+ d(x Xn) 
we have that 

lim AAXns Xn) — fi 
Liidd Ue 
en 1 Aig (xk x. yy 


This gives that xs — x, for each n > 1. The proof of the converse is left to 
the reader. 


Now suppose that each (X,, d,,) is compact. To show that (CX, d) is com- 
pact it eee to ab w that every sequence in X has a convergent subsequence: 
this is accomplished by the Cantor diagonalization process. Let && = {x4} 6X 


for each k > 1 and consider the sequence of the first entries of the £*; that 
is, consider {xf}/°_, < X¥,. Since ¥, is compact there is a point x, in X; 


and a subsequence of {xt | Which converges to it. We are now faced with a 
uence of £ yk Yo 1 dennted hy (kj 0 


Pivuiwlil Ali 1EVLUGAUY II, 4IWNY VI *I Sk=1 Oo UVsLVIVU vy U1 mies 


S su 
there iS little conf usion d this Stage. However, the next step in the proof iS to 
consider the corresponding subsequence of second entries { x*/} ~ j-1 and take 
a subsequence of this. F urthermore, it is ae to continue this ies 
geri 
subsequence of {xf} by {x Ni}, where N, is an infinite subse of the 
positive integers N. Consider the sequence of second entries of {f*: ke N,}. 
Then there is a point x, in X, and an infinite subset N, < N, such that 


lim (x3: ke N,} = x. (Notice that we still have lim (x7: k eN es Xx.) 
1c f 


a 


NCacd on eq a decre acin 
WVvoo &ivrys Aa VAC LeAavIis 


U ing g 
N,N, > N,...; and points x, in X, such that 


Let k, be the jth integer in N, and consider { Ei}: we claim that é/ > € = 
r,} aS k — oo. To show this it suffices to show that 
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for each n > 1. But since N, < N, for j =n, {x;/: j = n} is a subsequence 
of (xt: k € N.}. So (1.20) follows from (1.19). Ij 
The following definition plays a central role in the Arzela-Ascoli Theorem. 


1.21 Definition. A set A < C(G, Q) is equicontinuous at a point Zo in G iff 
for every « > O there is a 8 > O such ne t for |z—z,| < 4, 


(f(z) flz \\ < « 
MNS NOD I KO Os} ™ 
far avare fin Ge Te fo pat nAntinasntEd Anor 7 apt r a f2 ft far avaryu - ~ Oi thara 
ivi vvelyl/ ill ow wF lO CYUMULELUTLLIMUMUUHMS UVC UDC!’ Ls “ VI IVE VYel cm VUIViIl 
is a 6 > O such that for z and z’ in E and |z—z’| < 4, 
A f(z), f(z) < € 
for all fin F. 


Notice that if F consists of a single function f then the statement that F 
is equicontinuous at Z, is only the statement that fis continuous at zg. The 
important thing ape equicontinuity is that the same 6 will work for all 
the functions in ¥. Also, for # = {f} to be equicontinuous over E is to 


require that f is uniformly continuous on E. For a larger family F to be 
eqdiicantinionne there mict he unifar wnifarm contin tu 
eH eVIltEe BUYS CHIVIY LUot UY ULV) ULIIUEAL VUllItL ui ty. 

Co al Lf 


Because of this analogy with continuity and uniform continuity the 
following proposition should not come as a surprise. 


1.22 proposition: Suppose # <— C(G, Q) is equicontinuous at each point of G; 
then F is equicontinuous over each compact subset of G. 


Proof. Let K < G be compact and fix « > 0. Then for each w in K there is 
a 6, > 0 such that 


d(f(w'), f(w)) < te 


for all fin A whenever |w—w’| < 5,. Now {B(w; 4,): we K} forms an open 
cover of K; by Lebesgue’ S Covering Lemma (II. 4.8) there is a 6 > O such 
that for each z in K, B(z; 5) is contained in one of the sets of this cover. 
So if z and 2’ are in K and |z—z’| < 6 there is a w in K with 2’ e B(z; 6) ¢ 
B(w; 6,,). That is, |z—w| < 8, and |z—z’| < 4,. This gives d( f(z), f(w)) < te 
and d(f(z'), f(w)) < 4e; so that d(f(z), f(z’) < « and F is equicontinuous 


cqlLiul \S 79S wane CENT NASI TNE 


over K. || 
1.23 Arzela-Ascoli Theorem. A set F < C(G, Q) is normal iff the following 


two conditions are satisfied: 


(a) for each z in G, { f(z): fe F} has compact closure in Q; 
(b) F is equicontinuous at each point of G. 


Proof. First assume that ¥ is normal. Notice that for each z in G the map 
of C(G, Q) > Q defined by f ~ f(z) is continuous; since A~ is compact its 


image is compact in © and (a) follows. To show (b) fix a point z,) in G and 
lat - ~ ON TF D ~ NNie vnhncan an that VY _— D/. > DNV m Mthan FV ita nAamarnart 
Aut © — Ve. 21 EAN @ VIS ULILUOVL!L SOU Ulldat A — D\<0> IN) “— W ULIVIL A IS WVUTIIVALL 
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and Proposition 1.16 implies there are functions /,,...,/, in FA such that 
for each fin ¥ there is at least one f, with 


€ 


1.24 sup {d(f(z), f(z): z¢ K} < ae 
But since each f, is continuous there is a 8,0 < & < R, such that |z—zg| < 6 


implies that 


for | < k <n. Therefore, if |Z7—z | < 6, fe ¥, and k is chosen so that 
(1.24) holds, then 


A f(z), f(Zo)) < AS), @)) + (AZ), AlZ0)) + Uf.{Z0), FEZ) 
<€ 


That is, A” is equicontinuous at Zp. 
Now suppose ¥ satisfies conditions (a) and (b); it must be shown that # 
is normal. Let {z,,} be the sequence of all points in G with rational real and 


mae 


inary p arts (so far 7 in G and 5 > 0 there is az. wit ith |- Z| < < 8) For 


AW df ASA 4A WY there wv Zn AA |*- Vipe 


2 oe et cee ae har oa m 


a ant far (VV GZ 23 setae nk TL... 
1 part (a), (X,, d) is a compact metric space. T 


hus, by Proposition 1.18, 
X = [| X, is a compact metric space. For fin F define fin X by 
f eee {f(21), f(Z2), - ne 


Let {f,} be a sequence in ¥; so {f,} is a sequence in the compact metric 
space X. Thus there is a € in X and a subsequence of {f,} which converges 


to €. For the sake of convenient notation, assume that ¢ = lim f,. Again 
Dee TN eee eo a 210 
ITOM) FrOpOsiulon 1.16, 
1.25 lim 4,(z,) = {w,} 
bog 


where € = {w,}. 
It will be shown that {f,} converges to a function fin C(G, Q). By (1.25) 
this function f will have to satisfy f(z,) = Oe The importance of (1.25) is 


that IBcee contre 1 ov er the behavior a dence on hest af CO OW 
that it imposes controi over tne Denavior of {fi on a aense suoset Of U. We 


will use the fact that {f,} is equicontinuous to spread this control to the rest 
of G. 

To find the function f and show that {f,} converges to f it suffices to show 
that {f,} is a Cauchy sequence. So let K be compact set in G and let « > 0; 


by Lemma 1.7 it suffices to find an integer J such that fork, 7 = J 
196 sun [dl f.(2). flcey: ze KK} < «€ 
Since K i {z: d(z, K) < 4R}; then 


XN 
. 


S — 
K, is compact and a int as cK,¢ G. Sh SF is equicontinuous at each 
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point of G it is equicontinuous on K, by Proposition 1.22. So choose 4, 
0 < 6 < 4R, such that 


ae ae € 
1.27 A f(z), f(z’) < 3 
far all fin Te whanavsr vy and o! area in BF «with Lor | - & Niaw lat IN hae 
ivi ail jf ALL eo WIIVLIV VEL £2 ALIU & qgaiv Ili AS] wWitlil |< Zz | ™“M Ye. LNUW INC £27 UY 
the coliection of points in {z,} which are also points in K,; that is 
TX — Sao oe -~- Y 
7 = 42,02 = Ny ft 
If z¢ K then there is a z, with |z—z,| < 6; but 6 < 4R gives that d(z,, K) 
ar that 67» - LTannan SDS g\. - DtUie an nneoen cravyvoar anf & Tat 
~ Dar, Ui tildat an = #hy- ZALIVLIVG YoU" s Uj. WwW c L/S 1S all Vvpei VUVUL UL AX. LAL 
W,,-.., W, € D such that 
n 
Kc |) Bw;; 8) 
i=1 
Qinra lim fli \ awiate Frew 1 &- ff & mn Chey 11 OOSN thoes ito an intoaaner Tanck that 
since 1M 7,(Wy CXiStS fOr i S i SH LOY Uu.2o)y) tnere iS an integer v sucn tnat 
R>o 
forj,k => J 
J) =n 
€ 
1.28 al flw.). fw.) < — 
WKN 9 TGR 3 


fori=i,...,H. 
Let z be an arbitrary point in K and let w; be such that |w,;—z] < 5. If 
k and j are larger than J then (1.27) and (1.28) give 


A flZ), HZ) < HAZ), Aw) + AA), (wi) + AGW)» F@) 


< €, 
Ginna & wradg avhitenedrr thia actahkhiiaqhaag (1 94\ Mi 
WILILY & ao alvVitlal LILLS VSlaVIISLIVS (i zvU)- iz 
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Exercises 


t 
1. Prove Lemma 1.5 (Hint: Study the function f(t) = tri fort > —1.) 


2. Find the sets K, ote n Proposition 1.2 for e 


Oo 
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oo 
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a g 
—. O 
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choices of G: ( a) G an open ae (b) G is an one an tie (c) G is the 
nlane Wil th » nai ote ‘diciaint claced dicke removed: (dA) Gie an infinite ctrin: 
pPraile vuataa Fb pal VWELOW VWEOIV ILI VLVOUU UODdD LULLIVVeu, \M) AJ £09 GAL LIRIELAIIY otLipPy, 
(ec) G = C-Z. 


3. Supply the omitted details in the proof of Proposition 1.18. 

4. Let F be a subset of a metric space (X, d) such that F~ is compact. Show 
that F is totally bounded. 

5. Suppose {f,,} is a sequence in C(G, Q) which converges to f and {z,} is a 
sequence in G which converges to a point z in G. Show lim f,(z,) = f(z). 
6. (Dini’s Theorem) Consider C(G, R) and suppose that {/,} is a sequence 
in C(G, R) which is monotonically increasing (i.e., f,(z) < fis: i all 


zin G) and lim f(z) = f(z) for all z in G where fe C(G, R). Show that f, >/. 
J JNU J XN ? 7 th, J 
7 Let Sf. aH UG ONand eurnnce that SF te anruicantinuane Tf fe rt ~ QO) 
° Uns VV, ee) ail1u suppor tliat Wns io Vp Uiwevyittiuvuo. aij eC e\V, 29) 
~ ee £5 Wo. 6S SN Of. Binet | al 1 im | 4. £ Lf 
and J(c) = Hin J,(2) lOr cach z then SNOW that J, —/. 
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8. (a) Let f be analytic on B(O; R) and let f(z) = 4,2" for |z| < R. If 
n=0 

fz) = » a,z*, show that f, >f in C(G; C). 


(b) me G = ann (0; 0, R) and let f be analytic on G with Laurent series 
Bie a eg, SV aN. ee ~ oft Dit Lf5\ _ nan ek: See Bye eg. ost fo 
aeveiopment f(z) = 7, a,zZ. rul jz) = 2 az anda snow tnat J, —>/ in 
C(G; C) n= — oO k=— 0 


§2. Spaces of analytic functions 


Let G be an open subset of the complex plane. If H(G) is t 
collection of analytic functions on G, we can consider H(G) as a subset of 
C(G,C). We use H(G) to denote the analytic functions on G rather than 
A(G) because it is a universal practice to let A4(G) denote the collection of 
continuous functions f:G~ —C that are analytic in G. Thus Ae 
H(G). The letter H is used in reference to “analytic” because the word 
holomorphic is commonly used for analytic. Another term used in place of 


analytic Is regular. 


ne 


a ALw aawisand av Mss 


7 NX a 7 
The next result answers this question positively and also says that the 
tam nt Byars a pe Sr nn £ ~_ jas ) 


1 eor If §f.\ is a sequence in H(G) and f belongs to C(G. C) such that 
t . Pt Py ae Lt ta ere tia re | £(k) . £(k) fru Py Ps teetanae L- ~ 1 

Jn “Fl tri tJ WO GHUiYLLL UME Jn yee. Jue CuCl WliCcKer nN =z ie 

Proof. We will uae that f is analytic by applying Morera’s Theorem (IV. 


5.10). So let T be a triangle contained inside a disk D<G. Since T 1S 
compact, { f,} converges to f uniformly over 7. Hence {,f=lim/,f,=0 
since each f, is analytic. Thus f must be analytic in every disk D <G; but 
this gives that f is analytic in G. 


k ‘i 
To chow that f ) _» f™, let D = Bin: ric G; then there 18 2 number 


WweeW VV VAAL aw al ad 9 cI J Cc 


R > r such that Ba; R) c G. If y is the circle |z—a 
Integral Formula gives 


(Ko) #(E >) ! WAI (w)-— f(w) , 
ES ae al aaa (uy ok +1 ° 
abit J yw <) 
for z in D, Using Cauchy’s Estimate, 
k!M,R 
2.2 [ZS] <= (R—n**! for |[z—al < 


where M, = sup {|f,(w)—/(w)|: |w—a| = R}. But since f, > f, lim M, = 0. 
Hence, it follows from (2.2) that f — f uniformly on B(a; r). Now if K 


. ~ 


is an arbitrary compact subset of G and 0 < r < d(K, 6G) then there are 
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inherits as a subset of C(G, C). The next result follows because C(G, C) is 
complete. 


2.3 Corollary. H(G) is a complete metric space. 


It should be pointed out that the above theorem has no analogue in the 
theory of functions of a real variable. For example it is easy to convince 
oneself by drawing pictures that the absolute value function can be obtained 
as the uniform limit of a sequence of differentiable functions. Also, it can 
be shown (using a Theorem of Weierstrass) that a continuous nowhere 
differentiable function on [0, 1] is the limit of a sequence of polynomials. 
Surely this is the most eee contradiction of the corresponding theorem 


for Real Variables. A contradiction in another direction is furnished by the 
1 

following. Let f(x) = = x"for0 < x < 1. Then0 = u—lim f,,; however the 
n 


sequence of derivatives {f/} does not converge uniformly on [0, 1]. 
ial an n ] 


To further illustrate how special analytic functions are, let u mine a 
reenlt £F A TT... ntz Aco sn raneanienre <¢ follows that fF £ Land pach £ 
LOsull 1 fk. LaurwitZ. AS a CUTISCYUUCIILG it TOnOWS tndt if Jn —*~ f ANU CAV J, 


oO 1 
never vanishes then either f = 0 or f never vanishes. 


2.5 Hurwitz’s Theorem. Let G be a region and suppose the sequence {f,} in 
H(G) converges to f. If f #0, Bla; R) < G, and f(z) = 0 for |z—a| = 
then there is an integer N such that for n = N, f and f, have the same number 
of zeros in B(a; R). 


Proof. Since f(z) # 0 for a| = 


)-f1<F8</FDISUOIF El 


Hence Rouché’s Theorem (V.3.8) implies that f and f, have the same 
number of zeros in B(a; R). 


2.6 Corollary. [f {f,} < H(G) converges to f in H(G) and each f, never 


4 
vans es on G then either f = 0 ar f nener nanichos 
ae fe J —_—- Vv Ve J yiwevees Ute tivoituw 
5 Ee FCRAE TE [esa oneteage nee ee een Lf, milies 2 LTD th CaM new been fee Dae, 2m 
41) OFQer co QiSCUSS normal Tamlies 10) A7 (GO) the LOHMOWINY termmology 18 
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2.7 Definition. A set # < H(G) is locally bounded if for each point a in G 
there are constants M and r > 0 such that for all fin F 


| f(>)\| < M for l>— al <a FPF 
ley] ia (a re Oe ree 
Alternately, F is locally bounded if there is an r > O such that 


sup {[f(z)|: |z—al < r, fe F} < o. 
That is, # is locally bounded if about each point a in G there is a disk on 
which ¥ is uniformly bounded. This immediately extends to the requirement 
that F be uniformly bounded on compact sets in G. 


2.8 Lemma. A set F in H(G) is locally bounded iff for each compact set 
K © G there is a constant M such that 


If < 


for all fin F and z in K. 
The proof is left to the reader. 


Proof. Suppose ¥ is normal but fails to be locally bounded; then there i 
S Ee fe F} = «. That i t 


a) 
p> 


om 
o 
mt 
o 


1 
wwe BAAGAU L 


ee tt Be FY 77 gee en ates “SGT Ne YA Gr: EEO | 
iS a Sequence ;/,; in # sucn tnat sup {| f,(2)|: ze K} > n. Since F is normal 
there is a function fin H(G) and a subsequence {/,,} such that f,, > /f But 


this gives that sup {|f,,(z)—f(2)|: z¢K}—0 as k > o. If |f(z)| < M for 
z in K, 


my < sup {lfy(2)-f@|: 26 K}+M; 


es to M, this is a contradiction. 

Now up nose SF i iS ‘ecaily bounded; the Ascoli-Arzela eis (1.23) 
will be used to show that ¥ is normal. Since condition (a) of Theorem 1.23 
is clearly satisfied, we must show that ¥ in equicontinuous at each point 


of G. Fix a point a in G and e > 0; from the hypothesis there is an r > 0 


> 
a 
a. 
s 
e) 
3 
¢ 
Dd 
mt 


and M > 0 such that B(a; r) < G and | f(z)| < M for all z in B(a; r) and 
Law oll Lin CB TF wat le ~| oe eee Pee mr arms 3] Rem ee eee C\Awealaspn Tease 
LOL all J Al wm. LAR jo G@| “~ GF da iu] Cer , LIU using La UILy © roOrmula 
with y(t) = atre", 0 < ft < 2zn, 


an _rty « L | SM@-2)_ 4, 

2 | a dy 

On| (w—a) (w—z) | 
Y 


< —|a-z| 
r 


Letting 6 < min iW a it follows that |ja—z| < 6 gives | f(a)—f(z)| 


"4M 


<-cforall fin ZF? Mi 
“~ NS AWA ota BAA C# e im 
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2.10 Corollary. 4 set # < H(G) is compact iff it is closed and locally 
bounded. 


Exercises 


l. Let fi fi, f,... be elements of H(G) and show that f, — /f iff for each 
closed rectifiable curve y in G, f(z) > f(z) uniformly for z in {y}. 


Y 7 ~ N 7 
2. Let G be a region, let ae R, and suppose that f: [a, o]xG >Cisa 
AAT A AlE finn EDA een tha Gta /-\ (oO £7, 
continuous function. Define the integral F(z) = j7° f(t, z)dt to be uniformly 


I 
convergent on compact subsets of G if lim J? f(t, z)dt exists uniformly for z 


4. CCAR) UA RAGARALE ‘ge aL 


in any compact subset of G. Suppose that this integral does converge uni- 
formly on compact subsets of G and that for each f¢ in (a, 00), f(t, -) is 
analytic on G. Prove that F is analytic and 


foe) 
Of (t, z 
P(g = [PAG 

Jo oz 

a 
3. The proof of Montel’s Theorem can be broken up into the following 
sequence of definitions and propositions: (a) Definition. A set ¥ < C(G, C) 
is locally Lipschitz if for each a in G there are constants M and r > 0 such 


= 


that lf(z)-f(a@)| < < M\z—-al for all fin FY and lz—al <r. (b) If Fc C(G, 

ur a Ce op fat be rare © @ ' er aie Sb Pal >” fame Se tpeoe ahs ~ ~~ Ir 
C) is locally Lipschitz ies KF is equico itinuous at each poi it of G. (c) il 
eye 1 "1 Lie 1 


#F <| H(G) is locaily bounded then F is locally Lipschitz. 
4. Prove Vitali’s Theorem: If G is a region and { f,}< H(G) is locally 
bounded and f ¢ H(G) that has the property that A ={z eG: limf,(z)= 
f(z)} has a limit point in G then f,-f. 
5. Show that for a set # © H(G) the following are equivalent conditions: 
(a) F is normal; 
(b) For every « > 0 there is a number c > 0 such that {cf: fe Ft < 
B(O; «) (here B(O; €) is the ball in H(G) with center at O and radius «). 


6. Show that if # <¢ H(G) is normal then ¥’ = {f’: fe F} is also normal. 
Is the converse true? Can you add something to the hypothesis that ¥’ is 


normal to insure that ¥ is normal? 


7. Suppose ¥ is normal in H(G) and Q is open in C such that f(G) < Q for 
every fin.F. Show that if g is analytic on Q and i d 
then {g°f: feF } is normal. 

8. Let D = {z: |z| < 1} and show that F¥ < H(D) is normal iff there is a 
sequence {M,} of positive constants such that lim sup VM, < 1 and if 


1 


cO 
f(z) = ¥ 4,2" is in F then |a,| < M, for all n. 
0 


9. Let D= B(O; 1) and for 0<r<l let rose. O<r<1. Show that a 
sequence { f,} in H(D) converges to f iff J f(z) -f,(z)| |dz| 0 as n>00 
Yr 


for each r, O<r< 
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11. Suppose that {f,} is a sequence in H(G), fis a.non-constant function, 
and f, > fin H(G). Let aeG and « = f(a); show that there is a sequence 
{a,} in G such that: (i) a = lim a,; (ii) f,(@,) = « for sufficiently large n. 
12. Show that lim tan nz = —i uniformly for z in any compact subset of 
G = {z:Imz > 0}. 

13. (a) Show that if fis analytic on an open set containing the disk B(a; R) 


eeawas 


(b) Let G be a region and let M be a fixed positive constant. Let ¥ be 
the family of all functions fin H(G) such that IJ | f(z)|* dxdy < M. Show 


that ¥ is normal. 


§3. Spaces of meromorphic functions 


is a meromorphic function on G, and if f(z) = 
+> Ci asa continuous function (E (Exercise 
V. 3.4). If (G) is the set of ali meromorphic functions on G then consider 
M(G) as a subset of C(G, C,,) and endow it with the metric of C(G, C,,). 
In this section this metric space will be discussed as H(G) was discussed in 
the previous section. 

Recall from Chapter I that the metric d is defined on C,, as follows: 
for z, and z, in C 


- 
- 
pom 
> OD 
= 
2% 


2|2.=Z 
A(z, Z2) eye de es ‘1 2 12114 ? 
Wir 21] JLT [42] 
and for z in C 
d(z, 0) = —— 
(1+ |z|?)* 


/1 aN 
3.1 d(z,,z,)=d{(—, —): 
\Z1 Z2/ 
and for z # 0 
3.2 d(z, 0) a(! = 


Also recall that if {z,} 1s a sequence in C and zeC that satisfies 
d(z,z,)—0 then |z —z,|-0. 

Some facts about the relationship between the metric spaces C and C,, 
are summarized in the next proposition. In order to avoid confusion B(a; r) 


will be used to designate a ball in C and B,,(a; r) to designate a ball in C, 
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| a 
3.3 Proposition. (a) [fa is in C andr > 0 then there is a number p > OU such 
that B,(a; p) < Ba; r). 
(b) Conversely, if p > 0 is given and aeC then there is a number r > 0 
such that Bla; r) © By(a; 


a 
{er\ If» > Oto atnon thon th 
\\) 4] P VW BEUCHE NiCr & 


< Bo(0; p) ; 
(d) Conversely, if a compact set K < C is given, there is a number p > UV 


such that B,,(00: p) < C,,—K. 
The proof in left to the reader 
The first ake ervatio 10 that M(G) nat armnlato Tn act if £f57\ = n 
ALI FLOL VUUOVIVAaAtly n LO tliat ivs (Vv) not Vilip IVC. SELL LGQwTe i: Jn\©<) — lt 


then {f,} is a Cauchy sequence in M (a). But f f,} converges to the function 
which is identically oo in C(G, C,,) and this is not meromorphic. 
However this is the worst that can happen. 


3.4 Theorem. Let {f,} be a sequence in M(G) and suppose f,, > f in C(G, C,,). 
Then either f is meromorphic or f = 0. If each f,, is analytic then either f is 


peeaal athe. Av. aa pT 
MaLYLic OF FJ = BW 
ae eee ree me A Bel ee ee he FO Se Ee SEN ar ER and anrxt AL _ 1 LS-\I 
‘oof. Suppose th CLO is ad pUlllt @ ill YU WILT JG) F W alu Bre fVk = |J\G)I- 


ts part (a) of Proposition 3.3 we can find a number p > 0 such that 
B(f(@); pe) < B(f(a); M). But since f, > f there is an integer no such that 
df,(a), fla)) < 4p for alln > no. Also {f, fy, fo... .} is compact in C(G, C,) 


so that it is equicontinuous. That is, there is an r > 0 such that |z—al <r 
semmeelic nn VM Ll e\ LL NN ~ il Lindt: Anskeao 4hnst ML les Lh NN EH Lice [ag vel got yp 
implies aJ,\Z), J AQ) < sp. inat gives tnat a/,(Z), J\@) S prior jzZ-a; s7 
and for m = no. But by the choice of p, | f,(z)| < [A(D-f@\+\f@| < 2M 
for all z in B(a; r) and n > no. But then (from the formula for the metric @) 
Si(Z)-f(2)| < AS,(2Z), £2) 
ae " |< Ant), 
for z in BG; r) and n> 2 No- Since a frlZ), f(z)) > 0 uniformly for z in 


oA! xetiae 4hne im gage bay Hh ee me saan 


Bla; r), this gives Lilal (F(Z) —fi (z)| —_ 0 uniformly U1 2 in Bia; r). Since the 
tail end of the sequence {7} is bounded on B(a; r), f, has no poles and must 
be analytic near z = aforn = no. It follows that fis analytic in a disk about a. 

Now suppose there is a point a in G with f(a) = =; — a function g in 


1 {1\ j 
C(G, C.,,) define — by ( — } (z) = ——~ if g(z) # 0 or «; (¢ ) (z) = Oif g(z) = 
g§ \8/ &(Z) 
l l 
co; and ( a (z) = 00 if g(z) = 0. It follows that —¢ C(G, C,,). Also, since 
\8/ & 


; ; ] l 
f, ~fin C(G, C,,) it follows from formulas (3.1) and (3.2) that pits in 


J it J 


1 
C(G, C,,). Now each function — is meromorphic on G; so the preceding 


n 


l 
paragraph gives a number r > 0 and an integer nm, such that ~— , and | 


SH 
— 
= 
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l l 
Hurwitz’s Theorem (2.5) either f = 0 or y, has isolated zeros in B(a; r). So 


if f # oo then — ¥ O and f must be meromorphic in B(a; r). Combining this 
J 
with the first part of the proof we have that fis meromorphic in G if fis not 
identically infinite. 
If each f, is analytic then —~ has no zeros in B(a; r). It follows from 
Jn 


; | I 
Corollary 2.6 to Hurwitz’s Theorem that either a+ 0 or ; never vanishes. 


JF 


, 
But since f(a) = 00 we have that y, has at least one zero; thus f= oo in 


B(a; r). Combining this with the first part of the proof we see that f = o or f 
is analytic. I 


3.5 Corollary. M(G) U {0} is a complete metric space. 


3.6 Corollary. H(G) U { 00 } is closed in C(G, C 


5) 
To discuss normality in M(G) one must introduce the quantity 


ee n ce Olt Z 


WF) 
ed eA 


1+1f@? 
for each meromorphic function f. However if z is a pole of f then the above 
expression is meaningless since f’(z) has no meaning. To rectify this take the 
limit of the above expression as z approaches the pole. To show that the 


lammit avicte lat a7 hea a nale nf fofo rder ~ 1+ than 
ii m il c CAIStS wt YW Ut a pyr Vi J Vi am a 3 tiivil 


A 
aa | 


f(z) = g(z) + + 


OE on liars 
ear (z—a) 


for z in.some disk about a and g analytic in that disk. For z 4 a 


SPN on BIG NS [ mA ny \ ' A, | 
a eae | ee ey oar a) 
L\* 7 ac Ae | 
Thus 
Bae eee oe 
? m * = & Z 
afl “\(e—ay"*! (z—a)? 
1+ |f(2)|’ = 1 | An A, ( y 
+P a sae + g(z 
(z—a) VG a) 


2\z—a|"**|mA,,+ .. epingue —g'(z) (z—a)"*!| 
Iz—al?™+/A +... +A,(z—a)"~!+9(z) (z—a)™|? 
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So ifm > 2 
tim AFI 9 
z>a 1+) f(z) 
If m = 1 then 
2|f'(2)| 2 


ralt|f(Z?  |Aal 


3.7 Definition. If f is a meromorphic function on the region G then define 
u(f): G > R by 
2\F'(2)| 
w(f) (2) = 3 
1+|f()| 
whenever z is not a pole of f, and 
Aro 
uf) (a) = lim 3 
zaal+ | f(z)| 
if ais a pole of f. 

It follows that u(f) « C(G, C). 

The reason for introducing p(f) is as follows: If f: G—+C,, is mero- 
mornhic then for 7 cloce to 7’ we have that dOfle\ fl-'N tc annrayimated hy 
A4AVE Pitti Awl AYE Go VIVO LY So Ww ALYY CLIC “/ \oJoJ \e IJ io GQpPiAvalawu VU 
HS) (z) |z—z’|. So if a bound can be obtained for u(/) then f is a Lipschitz 


function. If f belongs to a family of functions and p( /) is uniformly bounded 
for fin this family, then the family is a uniformly Lipschitz set of functions. 
This is made precise in the following proof. 


3.8 Theorem. A family # < M(G) is normal in C(G, C,,) if AF) = {u(/): 
feé F } is locally bo yT 7) ded. 


es EVLUMEE ewuurt 


normal in C(G, C,,) and pw(F) is locally bounded. However, .F is not 
norma! n AS(G) ance th eannanrea ff eanwaraac tn the ceanctantlu infinita 
(Uy SLLIte & v TIVES Vins VUUVOL ESS CU Le COLLStaTItiy Lite 


Proof of Theorem 3.8. We will assume that u(F) is locally bounded and 
prove that ¥# is normal by applying the Arzela-Ascoli Theorem. Since C,, 
is compact it suffices to show that ¥ is equicontinuous at each point of G. 
So let K be an arbitrary closed disk contained in G and let M be a constant 


with u(f) (z) < M for all z in K and all fin F. Let z and z’ be arbitrary 
points in K. 

Suppose neither z nor z’ are poles of a fixed function fin F¥ and let 
a > 0 be an arbitrary number. Choose pomts Wo = Z, W,,..-,W, =Z in 
Kw Satis 


— ee 
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3.10 >) |w,.—we-4| S$ 2|z-2'|; 
k=1 


1 | £7.,, \12 


LF [fly <a, L<k<n; 


i + [fowl (1+ [fo%_ DDE 
» |fw)—fw —f (Wy 1) 1) 


a eer 
Wr —wW, 
J : "k 


, 


& 
—y 


£L' Ca, ia 
= RA) | 
-1 | 
To see that such points can be found select a polygonal path P in K satisfying 
(3. °) and (3.10). Cover P Oy small disks in which conditions similar to (3.11) 
and (3.12) hold, choose a finite subcover, and then pick points wo,..., w, 
on P such that each segment [w,_,, w,] lies in one of these disks. Then 
{Wo,..-,W,} will satisfy all of these conditions. If 8, = [(1+|f(w,-1)]|’) 


(1+|,/0»,)/?)1F then 


n 
WW £4 Inn NC Vf Lf | \ Lf. NN 
ACf(z), fi zyis Zw (We-1)>JI (MR) 
k=1 
ier 
Od 
= > = lf) for -1)| 
ft Bi 
n 
NC 2 | f(w)—frz- 3 ) ae 
Sy a - — f'(W,- J [Wy — Wy 1 
kat Pe| “ke %k-1 
n 
+ Vv 2 | f'lw \I laa _— 14) | 
Ze IJ AY K-d)| (RK K-21 
iat Be 


al ris \! > a ara 


Using the fact that 2)//’(w,)) < M(i+|/(™,)| 
Wo,---, W, this becomes 


d(f(e), fle) < 2a =. by — ea +M my (HAreaot +P hyo 


= Be Bi / 


) and the conditions on 


n 
< (40+20M)|z—2'| + > M|w 
a 


< (4a+2aM+2M)|z—z’| 


Since « > 0 was arbitrary this gives that if z and z’ are not poles of f then 


3.13 d( f(z), f(z’) < 2M\z—z’|. 


Now suppose z’ is a pole of / but z is not. If w is in K and is not a pole 
then it follows from (3.13) that 


7/ 


a f(z), ©) < d(f(z), fw) +4), ©) 


IA 
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Since it is possible to let w approach z’ without w ever being a pole of f 
(poles are isolated!), this gives that f(w) > f(z’) = 9 and |z—w| > |z—z’|. 
Thus (3.13) holds if at most one of z and z’ is a pole. But a similar procedure 
gives that (3.13) holds for all z and z’ in K. So if K = B(a; a and « > Oare 


given then for 6 < min {r, «/2M} we have that |z—a| < 6 implies d(f(z), 
S(a)) < «, and 6 is independent of fin *. This gives that Fi is ee 
at each point a in G. 

The proof of the converse is left to the reader. Ij 


Exercises 


1. Prove Proposition 3.3. 
2. Show that if # < M(G) is a normal family in C(G, C,,) then pF) is 
locally bounded. 


WY7. Ll. 225 go ee Re eee a) AN Af. 


we wish to define an equival lence relation between regions in vw. AILler 
doing this it will be shown that all proper simply connected regions in C 
are equivalent to the open disk D = {z: |z| < 1}, and hence are equivalent 


4.1 Definition. A region G, is conformally equivalent to G, if there is analytic 
function f: G, > C such that f is one-one and f(G,) = Gp. 


fi i 7 te 


] 
an equivalence relation. 

It iS immediate that C is not equivalent to any bounded region by 
Liouville’s Theorem. Also it is easy to show from the definitions that if G, 
is simply connected and G, is equivalent to G, then G, must be simply 
connected. If fis the principal branch of the square root then f is one-one 


and chaowe that (T — fe- » =< Nie annivalent ta the right alf nlana 

GLLU OLLU WS LLLaL WU Ye So DS VS IS VYULVaIere LY LI bisilt Lai praie 

4.2 Riemann Mapping Theorem. Let G be a simply connected region which i 
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(c) f(G) = {z: |z| < 1} 


The proof that the function f is unique is rather easy. In fact, if g also 
has the properties of fand D = {z: |z| < 1} then fog™!: D > Dis analytic, 
one-one, and onto. Also fo g~'(0) = f(a) = 0 so Theorem VI. 2.5 implies 


there is a constant c with |c| = 1 and fo g™}(z) = cz for all z. But then 
fleN — avngler\ oivee that ON & £'AN — rola: ance alfn\ ~~ NOt Fallawe that 
J\4) = CEl<) BIVeS tllat VU NJ \G) ——C (UG), SOLU & \ } 7” Vi lt 1VIUWS Cdl 
c=l,orf=g. 

To motivate the proof of the existence of f, consider the family F of all 
analytic functions f having properties (a) and (b) and satisfying | f(z)| < 1 
for zin G. The idea is to choose a member of ¥Y having property (c). Suppose 
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{K,,} is a Sequence of compact subsets of G such that |) K, = GandaeK, 


i 
derivative at a, we choose the function which “‘starts out the fastest”’ at z = a. 
Ae thus has the best possible chance of finishing first; that is, of having 


f/wrn 


USK) = D. 


Before carrying out this proof, it is necessary for future developments 
to point out that the only property of a simply connected region which will 
be used is the fact that every non-vanishing analytic function has an analytic 
square root. (Actually it will be proved in Theorem VIII. 2.2 that this property 
is equivalent to simple connectedness.) So the Riemann Mapping Theorem 
will be completely proved by proving the following. 


4.3 Lemma. Let G be a region which is not the whole plane and such that 
every non-vanishing analytic function on G has an analytic square root. IfaeG 
then there is an analytic function f on G such that: 


aS Lt f ON 


(a) f(a) = 0 and f’(a) > 0; 
(b) fis one-one; 


(c) f(G) = D = {z: |z| < 1}. 
Proof. Define F by letting 
F = {fe H(G): fis one-one, f(a) = 0, f(a) > 0, f(G) < D} 
Since f(G) < D, sup {|f(z)|: z¢G@} < 1 for fin F; by Montel’s Theorem 
F is normal if it is non-empty. So the first fact to be proved is 


4.4 F #£ (i. 
It will be shown that 
4.5 F- =F” Of. 


Once these facts are known the proof can be completed. Indeed, suppose (4.4) 
and (4.5) hold and consider the function f— _f’(a) of H(G) > C. This is a 
continuous function (Tnsor 2. by and, since A is compact there is an 
f in F- with f(a) = g’(a) for all g in #. Because F # (, (4.5) implies 


that fe F. It remains to show that f(G) = D. Suppose we D such that 
w ¢f(G). Then the function 


f(z)-@ 
1—af(z) 
is analytic in G and never vanishes. By hypothesis there is an analytic function 
h: G —~C such that 
az reeNy2 __ f(z)-w 
4.0 iz)" = 
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Since the Mobius transformation T¢ = _ maps D onto D, h(G) < D. 
Define g: G > C by 

[A"(a)| A(z) —A(@) 

h'(a) 1—h(ajh(z) 

Then g(G) < D, g(a) == 0, and g is one-one (why?). Also 


1) r@| . #’@U-|A@!") 


af 
eS k@ T= |A@PP 
__|r'@| 
1 —|h(a)|? 
But |A(a)|? = |—| = |w| and differentiating (4.6) gives (since f(a) = 0) that 
2h(a)h'(a) = f(a) 1 —|a)?). 
Therefore 
1». _ f(a) (1—|e|’) ] 
§ (4) » /I,.. 1_|{..! 
Hv I™| an | 
1x (A +|e]\ . 
=f@(—— | 
\év 12] / 
> f'@ 


Now to establigh (4.4) and (4.5). Since G # C, let be C—G and let g 
be a function analytic on G such that [g(z)]*? = z—b. If z,; and z, are points 
in G and g(z,) = +g(22) then it follows that z, = z,. In particular, g is 
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o 
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1 y Mapping Theorem there is a number r > 0 such that 
A 7 alG) => Rioln\> r\ 
meee EG) - Ha; ry 
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WY TL CLINI 1S a pPVU1it “a in VW ouuil ui t gf y ee PAN 5\4) > rd CLINIL FO oO | <j T &\Y4) | 
= |—g(z)—g(a)|. According to (4.7) there is a w in G with g(w) = —g(z); 


but the remarks preceding (4.7) show that w = z which gives g(z) = 0. But 
then z—b = [g(z)]? = 0 implies b is in G, a contradiction. Hence 


4.8 2(G)N {£: |f+g(a)| <r} = 


Let U be the disk {f: |€+g(a)| < r} = B(—g(a); r). There is a Mobius 
transformation 7 such that 7(C,,—U) = D. Let g, = Tog; then g, is 
analytic and g,(G) © D. If « = g,(a) then let g,(z) = ¢, © g,(z); so we still 
have that g,(G) < D and g, is analytic, but we also have that g,(a) = 0. 
Now it is a simple matter to find a complex number c, |c| = 1, such that 


| 
a7) — raz) hac noscitive derivative at 7—a and is. the refor re in & 
& 3\e) *S 2Z\e/] 4,0uw De le! _ ee? @ eS eaAW to ss ee ,inre avs tialw rero awy Baa [> e 
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Suppose {f,} is a sequence in ¥ and f, >fin H(G). Clearly f(a) = 
and since f,/(a) > f’(a) it follows that 


An Ll WN ow. n 
4.9 f(a) = 0. 
Let z, be an arhitraryv element of G and nit f — ff7.\: let © — f°.) Tet 
p= ] pe eais 4k WILE wha J Wwiwilbiwilit Wa. wi CA LINES pee S J \= lJ3 awt >n JIn\eo 1LJ°* bel 
as fe. Z aed tae 17 1. A plhaee DW SIS Se ete ee a a weg le 2lend = 4a 7 
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Then f,(z)—¢, aes vanishes on K since f,, is one-one. But f,(z)—¢, > /(z)—¢ 
uniformly on K, so Hurwitz’s Theorem gives that f(z)—¢ never vanishes on 
K or f(z) = ¢. If f(z) = ¢ on K then f is the constant function ¢ throughout 
G; since f(a) = 0 we have that f(z) = 0. Otherwise we get that f(z.) # f(z) 
for oe ean that is, f is one-one. But fis one-one t then f ’ can never vanish; 
so (4.9) saiplies that f(a) > O and in F. This proves (4.5) and the proof 
of the lemma is complete. 9 


4.10 Corollary. Among the simply connected regions there are only two 
equivalence classes; one consisting of C alone and the other containing all the 
proper simply connected regions. 


Be nentaanc 

Exercises 

1. Let G and be open sets in the plane and let f: G ~ © be a continuous 
e Load pws weirs LAL FLAY piessw Usaswu sawt J e ~w =o Jw 4 WYWALLAALWUEY VOLT 
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) 
(a homeomorphism). Suppose {z,} is a sequence in G which converges to a 
point z aN 6G; also suppose that w = lim /f(z,) exists. Prove that we @Q. 


= (a) Let G be a region, let ae G and suppose that f: (G— {a}) > C is an 
naly itic function such that S(G- fas) = = Q is bounded. Show that Sf has a 


aa we, 


ea: singularity at z = a. If ‘; is one-one, show that f(a) € 20. 
(b) Show that there is no one-one analytic function which maps G = 
{z: 0 < |z| < 1} onto an annulus Q = = {22 r< ‘| < R} where r > 0. 


suppose that Z¢G wheneve er Z z eG. Let aeGOR and suppose that f: 
G —> D = {z: |z| < 1} isa one-one analytic function with f(a) = 0, f’(a)>0 
and f(G) = D. Let G, = {zeG: Im z > 0}. Show that f(G,) must lie 


entirely above or entirely below the real axis. 


4. Find an analytic function f which maps {z: |z| < 1, Re z > 0} onto 
B(OQ: 1) in a one-one fashion 


AUM 9 AF SAR A Ew Nd ARAN Ee 


5. Let f be analytic on G = {z: Re z > 0}, one-one, with Re f(z) > 0 for 
ali z in G, and f(a) = a for some real number a. Show that | f’(a)| < 1. 

6. Let G, and G, be simply connected regions neither of which is the whole 
plane. Let f be a one-one analytic mapping of G, onto G,. Let ae G, and 
put « = f(a). Prove that for any one-one analytic map h of G, into G, with 
h(a) = « it follows that |h’(a)| < |f’(a)|. Suppose 4 is not assumed to be 
one-one; what can be said? 

7. Let G be a simply connected region and suppose that G is not the whole 
plane. Let A = {€: |€| < 1} and suppose that fis an analytic, one-one map 


> 


G onto A with {(r\V = Nand f'lrA\ ~ 1 far cename noaint a in G Tet a he 
awk J (HM) WwW aims 7 (KM) “— WwW AWE WWabiw pwr ae ailb \Je ie & & vy 

Rane (21 eee Vaid Ba es ee a a ee ee aE een ae eT bn eee a 
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8. Let r;, 7,, R,, R2, be positive numbers such that R,/r, = R,/r,; show 
that ann (0; r,, R,) and ann (0; r,, R,) are conformally equivalent. (The 
converse of this is presented in Exercise X. 4.) 

9. Show that there is an analytic function f defined on g =ann(0; 0,1) such 
that f’ never vanishes and f(G)= B(0; 1). 


YN 7 


ore way 


85. The Weierstrass Factorization Theorem 


The notion of convergence in H(G) can be used to solve the following 


nrohlem Given a sequence fa ’\ Gin G whi ch has no limit noint in G and aq 
pAw Viwistse aa we belive “+k 5 did Wnicn ALAA 247 AERA MY Aah on 


sequence of integers {m,}, is there a function f which is analytic on G and 
such that the only zeros of f are at the points a,, with the multiplicity of the 
zero at a, equal to m,? The answer to the question is yes and the result is due 


to Weierstrass. 
Tf there were nnlv a fin: 


1 
AL tisvwiw vwiw wiiny ae ALLL 


ints, a,,...,4, then f(z) = 
(z—a,)™...(z—a,)"" would be the desired function. What happens if there 
are infinitely many points in this sequence? To answer this we must discuss 
the convergence of infinite products of numbers and functions. 


clearly one should define an infinite product of numbers z, (denoted 


by Il z,) as the limit of the finite products. Observe, however, that if one of 
n=1 

the numbers z, is zero, then the limit is zero, regardless of the behavior of 

the remaining terms of the sequence. This does not present a difficulty, but 

it shows that when zeros appear, the existence of an infinite product is 

trivial. 


n 
5.1 Definition. If {z,} is a sequence of complex numbers and if z = lim [| z, 
k=1 
exists, then z is the infinite product of the numbers z, and it is denoted by 


[o@) 
Suppose that no one of the numbers z, is zero, and that z = || z, exists 
n=1 


and is also not zero. Let p, = ||z, for n => 1; then no p, is zero and 
k=1 
a “". = z,. Since z # 0 and p, —z we have that lim z, = 1. So that except 
n-1 

for the cases where zero appears, a necessary condition for the convergence 
of an infinite product is that the n-th term must go to 1. On the other hand, 
note that for z, = a for all n and Ja] < 1, [[z, = O although lim z, = a # 0. 

Because of the fact that the exponential of a sum is the product of the 
exponentials of the individual terms, it is possible to discuss the convergence 
of an infinite product (when zero is not involved) by discussing the con- 
vergence of the series }\ log z,, where log is the principal branch of the 
logarithm. However, before this can be made meaningful the z, must be 
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restricted so that log z, is meaningful. If the product is to be non-zero, then 
z, > 1. So it is no restriction to suppose that Re z, > 0 for all n. Now 


n 
sunnose that the series ¥ log 7. converges. If 5 = VY loo 2. and » —-»>-¢ then 
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n= 


Proof. Let p, = (21°°*2,), Z = re’, —7 <0< 7, and “(p,) = log |p,|+i0, 
where 6—7 < 0, < 60+7. If s, = log z,;+-+++log z, then exp (s,) = p, so 
that s, = ¢(p,)+2zik, for some integer k,. Now suppose that p, — z. Then 
Sn—5n-1 = log z, > 0; also &(p,)—(p,- 1) > 9, Hence, (k,—k,—,) +0 as 
n —> ©. Since each kK, is an integer this gives that there is an ng and a k such 
that k, =k, =k for m, n =n. So s, > ¢(z)+2z7ik; that is, the series 
> log z, converges. Since the converse was proved above, this completes the 
proof. Hi 


Consider the power series expansion of log (1+2z) about z = 0 
4 alt 2 
—_ -1 & hk 
log(It+z)= > (-)I)"*—=z2- > : 
a n 2 


which has radius of convergence 1. If |z| < 1 then 
log (1 +2)| = 
zi 


ibe 
| 


If we further require |z| < $ then 


log (1+2)| 


é | 


IA 


\- 
| 


This gives that for |z| < 4 
5.3 3\z| < |log (1+z)| < 3lz]. 


This will be used to prove the following result. 


Deanncttian Tar Deas: « 4G GES Bh Gate, NY De Pie Oe Ne Pe 
5-4 ETOposiuion. Léf Ne Z, > —1; inen tne series ) 10g (1+2Z,) converg 
absolutely iff the series )' z, converges absolutely. 
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y, jlog (1+z,)| is dominated by a convergent series, and it must converge 
also. If, conversely, }° |log (1+z,)| converges, then it follows that |z,| < 4 
for sufficiently large n (why?). Again (5.3) allows us to conclude that x Iz, 
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We wish to define the absolute convergence of an infinite product. The 
first temptation should be avoided. That is, we do not want to say that 
[| |z,| converges. Why? If [] |z,| converges it does not follow that [|] z, 
converges. In fact, let z, = —1 for all n; then |z,| = 1 for all n so that 


n 
|| lz, converges to 1. However [| z, is +1 depending on whether n is even 
k=1 


or odd, so that [| z, does not converge. Thus, if absolute convergence is to 
imply convergence, we must seek a different definition. 
On the basis of Proposition 5.2 the following definition is justified. 


5.5 Definition. If Re z, > 0 for all n then the infinite product [] z, is said to 
converge absolutely if the series } log z, converges absolutely. 

According to Proposition 5.2 and the fact that absolute convergence of 
a series implies convergence, we have that absolute convergence of a product 
implies the convergence of the product. Similarly, if a product converges 
absolutely then any rearrangement of the terms of the product results in a 
product which is still absolutely convergent. If we combine Propositions 5.2 


and 5.4 with the definition, the following fundamental criterion for con- 
vergence of a infinite product is obtained. 
5.6 Corollary. If Re z, > 0 then the product || z, converges absolutely iff 
the series }\ (z,—1) converges absolutely. 

A dat 1 at 


Although the preceding corollary gives a necessary and sufficient con- 
dition for the absolute convergence of an infinite product phrased in terms 


with which we are familiar, it does not give a method for evaluating infinite 
products i in terms of the corresponding infinite series. To evaluate a particular 


product one must often resort to trickery. 
We now apply these results to the convergence of products of functions. 
A fundamental question to be answered is the following. Suppose {f,} is a 


sequence of functions on a set X and f(x) > f(x) uniformly for x in X; 
when will exp (f,(x)) > exp (f(x)) uniformly for x in X? Below is a partial 


ees nnvs JVs) unl meee 
answer which; iS suflicicnt to meet our needs. 
5.7 Lemma. Let X be a set and let f, f,, fo,...be functions from X into C 
such that f,{x) > f(x) uniformly for x in X. If there is a constant a such that 
Re f(x) < a for all x in X then exp f,(x) > exp f(x) uniformly for x in X. 


Proof. If « > 0 is given then choose 6 > 0 such that Je7— 1] < ee” 7 whenever 
|z} < 8. Now choose no such that | f,(x)—f(x)| < 6 for ali x in X whenever 
n > Ng. Thus 


ee * > lexp[f,()—-f@]-1 
exp f(x) _ 


exp f(x) 
PRA Ary 


It follows that for any x in X and for n > no, 


— A 
ee 
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of continuous functions from X into C such that ¥\ g,(x) converges absolutely 
and uniformly. for x in X. Then the product 


eo 
TY sa 


f(x) = il (1+g,(x)) 


a 


converges absolutely and uniformly for x in X. Also there is an integer no such 


that f(x) = Oiffg,(x) = —1 for somen, 1 <n < no. 

Proof. Since 2 g,(x) converges uniformly for x in X there is an integer 7 
such that |g,(x)| < 4 forall xin X andn > 19. This implies that Re {1 +g,(x)] 
> 0 and also, according to inequality (5.3), [log (1+g,(x))| < 4 |g,()| for 


alln > ng and x in X. Thus 


@ 


h(x) = } log(1+g,(x)) 
n=not+1 
converges uniformly for x in X. Since A is continuous and X is compact it 
follows that / must be bounded; in particular, there is a constant a such that 
Re A(x) < a for all x in X. Thus, Lemma 5.7 applies and gives that 


1/ NN a mae /1 . ~ fonrr 
expmx) = fT] GUrs)) 
nh=not+l 
converges uniformly for x in X. 
Finally, 
f(v\ — flte {(v\1l..-.-F¥l ta (y¥\Vl awn hl vy) 
(dt) Lt T S1\%/] LAT SalI] ©4AP ONY) 
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any x 
for some v2 with 1 <n < no. 
We now leave this general situation to discuss analytic functions. 


5.9 Theorem. Let G be a region in C and let {f,} be a sequence in H(G) such 
that no f,, is identically zero. If )' [f,(z)— 1] converges absolutely and uniformly 


on compact subsets of G then | | f,(z) converges in H(G) to an analytic function 
n=1 

J (2). If a is a zero of f then a is a zero of onl uy a finite number of the functions 

f,, and the muitiplicity of the zero of f at a is the sum of the multiplicities of the 

zeros of the functions f, at a. 


Proof. Since }° [f,(z)—1] converges uniformly and absolutely on compact 
enheete af G it follows from the nrecedine theorem that f(z) = TA@ 


VwUuLOWVty Wa G, AG IWSAW YT ARWASE eis pte ttt PARR WEEE LAKHS OF KO LiJ nv=7 


converges uniformly and absolutely on compact subsets of G. That is, the 
infinite product converges in H(G). 

Suppose f(a) = 0 and let r > 0 be chosen such that B(a; r) < G. By 
hypothesis, 9’ [f,(z) — 1] converges uniformly on B(a; r). According to Lemma 


58 there ic an integer vn auch that ff7\) — f. (7) SF, (z)2(z) where g dnecs not 
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vanish in B(a; r). The proof of the remainder of ihe theorem now follows: | 

Let us now return to a discussion of the original problem. If {a,} is a 
sequence in a region G with no limit point in G (but possibly some point 
may be repeated in the sequence a finite number of times), consider the 
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functions (z — a,). According to Theorem 5.9 if we can find functions g,(z) 
which are analytic on G, have no zeros in G, and are such that 
=|(z —a,)g,(Z) — 1| converges uniformly on compact subsets of G; then f(z)= 
II(z — a,)g,(z) is analytic and has its Zeros only at the points z=a_. The saf- 
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follows that g,(z) must be of this form. The functions we are looking for 
were introduced by Weierstrass. 


5.10 Definition. An elementary factor is one of the following functions E,(z) 


orn = 1 
awe. KB Vs ay oo ee @ 
E,(2) = LZ, 
z? Ze 
E,(z) = (1—z) exp airs cg = |p eS le 
P 
The function F,(z/a) has a simple zero at z = a and no other zero. Also 
; a—b\ 
if b is a point in C—G the el Zp) has a simple zero at z = a and is 
Z—=~ 
analytic in G. These functions will be used to manufacture analytic functions 
with prescribed zeros of prescribed multiplicity, but first an inequality must 
h ravan Wy ih will annahla We tn annly Thanram q 0) anda ahktain n CaN. 
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5.11 Lemma. /f |z| < 1 and p > 0 then |1—E,(z)| < |z|?*?. 


Proof. We may restrict our attention to the case where p > |. For a fixed 
p let 


Ez) = 1+ y ae! 


about z = Q. By differentiating the power 


wesseawae entiating 


- it wer series e} ‘ a 
series as well as the original expression for E E,(z) we obtain 


fo. @) 
Ex(z) = be ka,z*~} 
= —zPexp(z+...+—] 
x P/ 
Comparing the two expressions eee two pieces of information about the 
coefficients a,. First, a, = a, =... = a, = 0; second, since the coefficients 
of the expansion of ex (7 +- ae re all positive, a, < Ofork > p+l. 
Thus, |a,| = —a, fork > p+1; re zn 
qd)y=1+ y Ay, 
k=pt+i 
or 
a ie.@) 
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Hence, for |z| < 1 
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EON =| Dave 
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which is the desired inequality. 

Before solving the general problem of finding a function with prescribed 
zeros, the problem for the case where G = C will be solved. This is done for 
several reasons. In a later chapter on entire functions the specific information 
obtained when G is the whole plane is needed. Moreover, the proof of the 
general case, although similar to the proof for C, tends to obscure the rather 
simple idea behind the proof. 


5.12 Theorem. Let {a,,} be a sequence in C such that lim |a,| = 0 anda, # 0 
for alln = 1. (This is not a sequence of distinct points; but, by hypothesis, no 
point is repeated an infinite number of times. ) Lf {p,} is any sequence of integers 


“J Sn has 


for all r > 0 then 


f(z) = |] £,, @/an) 
n=1 
converges in H(C). The function f is an entire function with zeros only at the 
Points a,. If Z9 occurs in the sequence {a,} exactly m times then f has a zero 
at Z = Zq of multiplicity m. Furthermore, if p, = n—1 then (5.13) will be 
satisfied. 
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Proof. Suppose there are integers p, such that (5.13) is satisfied. Then, 
according to Lemma 5.11, 


z|Pnt1 r Pntil 
aes 
a \a,,| 


n 


| l= E,,(2/@n)| s 


whenever |z| < r andr < |a,|. For a fixed r > 0 there is an integer N such 
that la, | > r for all > N (because lim |a,| = 00). Thus for each r > 0 the 


series ) |1 —E,,(2/a,)|—> is dominated by the convergent series (5.13) on the 
disk B(O; r). This gives that }° [1 —£,,(z/a,)] converges absolutely in H(C). 


By Theorem 5.9, the infinite product || £, (z/a,) converges in H(C). 
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matter. For any r there is an integer N such that |a,| > 2r for all n = N. 


This gives that (2 : =) <4 for all n = N; so if p, = n—1 for all 1, the tail 


an na aft tha carkia 
end of tne serie 
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There is, of course, a great latitude in picking the integers p,. If p, were 

bigger than n»—1 we would have the same conclusion. However, there is an 

advantage in choosing the p, as small as eae After all, the smaller the 
ary t 


5 


integer p, the more elementary the elementary factor E, (z/a,). As is evident 
an nanaaAaring tha cariac (4 12\ thao size af the intagare n Aen AG an the erate 
Lil GULIOIULI Als LLIN OWLING eliar LAIvy OILY VE ULI Lilwsewvlys Pn Ue peeling Wil thin LACH 
at which {|a,|} converges to infinity. This will be explored later in Chapter 


5.14 The Weierstrass Factorization Theorem. Let f be an entire function and 
let {a,} be the non-zero zeros of f repeated according to multiplicity; suppose 
f has a zero at z=0 of order m>0 (a zero of order m=0 at z=0 means 
f(0)#0). Then there is an entire function g and a sequence of integers { p,} 
such that 


Proof. According to the preceding theorem integers {p,} can be chosen such 
that 


SAUL 


h(z) -oTTE, (2 ) 


rer ay 


has the same zeros as f with the same multiplicities. It follows that f(z)/h(z) 


has removable singularities at z = 0, a,, a,,... . Thus f/A is an entire 
function and, furthermore, has no zeros. Since c is simply connected there 
is an entire function g such that 

I). 

Lf = e? 

MZ) 


5.15 Theorem. Let G be a region and let aj } be a sequence of distinct points 
in g with no limit point in G; and let {m, } be a sequence of integers. Then there 
is an analytic function f defined on G whose only zeros are at the points a;; 


furthermore, a, is a zero of f of multiplicity m;. 


Proof. We begin by ae oe t it suffices t 
t 


ere iS a 


rove this theorem for the 
hat 


5.16 {z: |z| > R} © Gand la,| < Rforallj > 1 

It must be shown that with this hypothesis there is a function f in H(G) 
with tha a °%e ag ite Aanly vgarnc an 1 — tha maiiltinlhliniter Af tha waevn ate —_ vw 
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and with the further property that 
5.17 lim f(z) = 

z7oa 


In fact, if such an f can always be found for a set satisfying (5.16), let G, be 
an arbitrary open set in C with {«,} a sequence of distinct points in G, with 
no limit point, and let {m,;} be a sequence of integers. Now if B(a; r) is a 


3 7 
disk in G, such that «, ¢ B(a; oe for all j = I, consider the Mobius trans- 
RTO __ \-1 pn. 7 TY \. 84 2a meee be ee a a Ue er 
formation 7z = (z—a) °. Put G T(G,); it is easy to See that G satisfies 


condition (5.16) where a; = Ta; = («;—a) “. If there is a function f in 
H(G) with a zero at each a, of multiplicity ™,, with no other zeros, and such 
that f satisfies (5.17); then g(z) = f(7z) is analytic in G, — {a} with a remov- 
able singularity at z = a. Furthermore, g has the prescribed zero at each «, 
of multiplicity m,. 

So assume that G satisfies (5.16). Define a second sequence {z, } consisting 
of the points in {a,}, but such that each a, is repeated according to its multi- 
plicity m,. Now, for each n > 1 there is a point w, in C—G such that 


|W, Z,| a A(Z,,; C—G). 


Notice that the hypothesis (5.16) excludes the possibility that G = C unless 
the sequence {a,} were finite. In fact, if {a;} were finite the theorem could 


be easily proved so it suffices to assume that t {a,} is infinite. Since |a,| < R 
for all j and {a,} has no limit point in G it follows that C—G is non-empty as 
well as compact. Aliso, 

lim |z,—w,| = 0 


Consider the functions 


each has a simple zero at z = z,. It must be shown that the infinite product 


of these functions converges i H(G). 
To do this let K be a comnact subset of 
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It follows that for any 6, 0 < 6 < 1, there is an integer N such that 
Zn Wh 
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for all z in K and n = N. But this gives that the series 


converges uniformly and absolutely on K. According to Theorem 5.9 


a oe 
f(z) =| | Z| 
oa \Z—W, J 


converges in H(G), so that fis an analytic function on G. Also, Theorem 5.9 
implies that the points {a,;} are the only zeros of f and m, is the order of the 
zero at z = a; (because a, occurs m, times in the sequence {z,}). To show 
that lim f(z) = 1, let « > 0 be an arbitrary number and let R, > R(X, will 


zZ7>@ 


be further specified shortly). If |z] => R, then, because |z,| < Rand w,¢C— 
Ge BO: R\ 
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(5.18) holds for |z! > R. and for a/l n > 1. In narticular. Re rl 2 n | > 0 
\ vA ws if | vai 4*1 Ot Ease AWS UES ee a Man pes LAW ited ys AXwY aN _ } o“~ Ww 
oT Wa y 
for all n and |z| => R,; so that 
5.19 [f(@)—1] = ex (> > log E, (= =) | = ] 


is a meaningful equation. On the other hand (5.3) and (5.18) give that 
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for |z| => R,. If we further restrict 5 so that |e”—1|] < « whenever 
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then equation (5.19) gives that |f(z)—1| < « whenever |z| > R,. That is, 
lim f(z) = 


5.20 Corollary. [ff is a meromorphic t 

analytic functions g and h on G such that f = g/h. 
Proof. Let {a;} be the poles of f and let m, be the order of the pole at a,. 
According to the preceding theorem there is an analytic function A with a 
zero of multiplicity m; at each z = a; and with no other zeros. Thus hf has 


removable singularities at each point a,. It follows that g = Afis analytic in 


CG. 


Exercises 


pam, 
s 


Show that [] (1+z,) converges absolutely iff [] (1+|z,|) converges. 
ee): 


fa 

J ail 

analytic functions f;, 1, and h on G such that f(z) = A(z 
h(z)g,(z) for all z in and f, and g, have no common zeros. 
4, (a) Let 0 < |a| < 1 and |z| < r < 1; show that 


jat+la|z| _ [+r 
\(1—dz)a| ~ 1-r 


N 


(b) Let {a,} be a sequence of complex numbers with 0 < |a,| < 1 and 
> (1—|a,|) < oo. Show that the infinite product 


Y¥Y¥sNnsn f 1 4 W oa | cc mon 


converges in H(B(O; i)) and that |B(z)| < 1. What are the zeros of B? 
(B(z) is called a Blaschke Product.) 

(c) Find a sequence {a,} in B(O; 1) such that } (1—|a,|) < oo and every 
number e” is a limit point of {a,}. 


1 
1 
nP 


a= 


5. Discuss the convergence of the infinite product |] |= 
1 
: 


a eee: | 
6. Discuss the convergence of the infinite products | | i + | and LI}! + “f 
n n 


7. Show that HC: _ a3 = 
. 2 Si ee 
8. For which values of z do the ne | | d —2") and [] (1 +27") converge? 


Is there an open set G such that the Biocuet: converges uniformly on each 
compact subset of G? If so, give the largest such ope 


eS sow3wet 


n = 
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9. Use Theorem 5.15 to show there is an analytic function fon D = {z: |z| 
< 1} which is not analytic on any open set G which properly contains D. 
10. Suppose G is an open set and {f,} is a sequence in H(G) such that 


ff -7\ — TT f (>\ PANUTATrTaIAd + a\ QChaw that 
J\<) cae LilJ/n\¢) VVULTIVUL BYO art ia a) WSL VV LELAL 

ced 7 ee er 

2, | SelZ) LL fn(Z) | 

k=1L nx¥k _| 
converges in H(G) and equals f’(z). (b) Assume that fis not the identically 
yarn fuacrtinn and lat BF he a namnrart a bset af MM euch that ff7\ ~~ N far all 
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and the convergence is uniform over K. 
11. A subset ¥% of H(G), G a region, is an ideal iff: (i) f and g in F implies 


Py an if ng oll ARAM nilayv- nHinmhaaArc wand Ba Pe kot tartenn 


uj + bg is in g- 1VUi all LUINLPICA numoers d ana b; (ii) f in TF and g any function in 
H(G) implies fg is in 4%. ¥ is called a proper ideal if % * (0) and ¥% # H(G); 

SF is a maximal ideal if ¥ is a proper ideal and whenever YY is an ideal with 
J c Y then either J = % or J = H(G); “ is a prime ideal if whenever 


fand ge H(G)\ and foe JY then either fe JF or ge If fe H(G) let FCF) 

J eG hA DO te} is QM 7 e444 8 JO ew4eawWwWsAb WAV AAWEA = S/S & oo e pS J aa A awt =— We 7 

| tha amt nt ln Fat oe wal ep fava tnt = * | Ps Wavala & .) Pa +n their waar lec awls Actes Qa 4) \ 3\ 

oe tne set Oi Zeros oy countea according to their multiplicity. 50 2 ({Z—a)") 
o a re £0 nm LM fh 


= {a,a, a}. If S © H(G) then Z(S) = 21 {Z(f): fe FH}, where the zeros 
are again counted according to their multiplicity. So if YF = {(z—a)* (z—b), 
(z—a)*} then rae = ia, a}. 


J | 

H (G) ch habe g= fh. Show that 4 ve iff x f ) cong (g). 
(b) If SH | H(G) and Y ¥ (then f is a greatest common divisor of 
SF if: (i) f\g for each g in H(G) and (ii) whenever Alg for each g in H(G), 
h|f. In symbols, f = g.c.d.Y. Prove that f= g.c.aSF. iff Z(f) = FS) 


vd 


and show that each non-empty subset of H(G) has a g.c.d. 
(c) If A < G let — ) = {fe H(G): Z(f) > A}. Show that 4(A) is a 
closed ideai in H(G) and .4(A) = (0) iff A has a limit point in G. 


(d) Let ae G and = S£({a}). Show that 4% is a maximal ideal. 
(e) Show that every maximal ideal in H(G) is a prime ideal. 


(f) Give an example of an ideal which is not a prime ideal 
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12. Find an entire function f such that f(n+in) = 0 for every integer n 
(positive, negative or zero). Give the most elementary example possible (i.e., 
choose the p,, to be as small as possible). 

13. Find an entire function f such that f(m+in) = 0 for all possible integers 
m, n. Find the most elementary solution possible. 


§6. Factorization of the sine function 


KL? 


In this section an application of the Weierstrass Factorization Theorem 
to sin wz is given. If an infinite sum or product is followed by a prime 
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(apostrophe) (i.e., )°’ or []’), then the sum or product is to be taken over all 
the indicated indices n except n = 0. For example, 


oO fo 6) oO 
Vv a — Vv Pal 1 v—v Pal 
La n Ly en NO fa nt 
n=-@ n=1 n=1 
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for all r > 0, one can (5.13) choose p, = 1 for all n in the Weierstrass 
Factorization Theorem. Thus 


sis ich Ce on a 
6.1 sin wz = lexp g(2)] = | I | aera a 
n=1 \ / 
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7 COtrZ = —— 
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co 
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and the convergence is uniform over compact subsets of the plane that 
contain no integers (actually, a small additional argument is necessary to 
justify this—see Exercise 5.10). But according to Exercise V. 2.8, 


wCcoOot7z = 


for z not an integer. So it must be that g is a constant, say g(z) = a for all z. 


4f 4N ri 


It follows from (6.1) that for 0 < |z| < 1 


Letting z approach zero gives that e* = 7. This gives the following: 
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Exercises 
2 2 
1. Show that cos wz = [ | l — se : 
11] (2n—1)? | 
(oe f | 
2. Find a factorization for sinh z and cosh z. 
a ee [72 \ _ faze\ wa f1e(-D*2\ 
3. Show that cos { —- |} — sin ears j= ] ](——)}. 
Lae 4 V4) F.5\ 2n-l | 
0 2 
4, Prove Wallis’s formula: ~ = | | @n) 


2° LA (Qn-1) Qn41)’ 


Let G be an open set in the plane and let {f,} be a sequence of analytic 
functions on G If Sf’ eranveraec in H(G\V tan fand fic nat identically garn 
AULAWLAVLIO Wi e py UnJ wVilvwel Srv Asa AA b es tv J Asa 7 AO 24V70C INI LIILIVGGES awVivs, 
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then it easily follows that {/,} converges to fin M(G). Since d(z,, Z,) = 

{i 1) 
a 1 | metric a ff... SPANN 82 OH | % 
a\ — >» >}, where dis the spherical metric on C,, (see (3.1)), it follows that 
\471 00 42/ 
(1) ] (1) 
Fal converges to 7 in M(G). It is an easy exercise to show that VFp oom con 
Ji 


verges uniformly to = on any compact set K on which no f, vanishes. (What 
J 


does Hurwitz’s Theorem have to say about this situation). Since, according 
to Theorem 5.12, the infinite product 
a z\ 

| | (14 =)e-2 

n=1 \ y 
converges in H(C) to an entire function which only has simple zeros at 
z= —l, —2,..., the above discussion yields that 
71 ial 4 Fe z\7 

n=1 ‘ n} 


converges on compact subsets of C—{—1, —2,...} to a function with 
simple poles at z = —1], —2,... 


7.2 Definition. The gamma function, T(z), is the meromorphic function on C 


with simple poles at z = 0, —1,... defined by 
= (e.0) — 
sath ae ye a ng ae 
73 re =—[]{1+-) em, 
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ee) eae ai te Aire SEA GRE. AV Ae ee ee SEV 1 
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The first thing that must be done is to show that the constant y exists; 
this is an easy matter. Substituting z = 1 in (7.1) yields a finite number 


@ =1 
TT fe ta \ 1/n 
c= | \ | is ee ec 
aT \ rey 
which ie clearly nositive. Let v = log c: it follows that with this choice of y 
WHICH 1S ClLOALLY PPUOollLIVes EL PY BUR Cy be LUAU WS CAA WV aeak Cidd VALUINY Ve 
equation (7.3) for z = 1 gives ['(1) = 1. This constant y is called Euler's 
constant and it satisfies 
co -] 
ae | al. 7 TT1( 1\ 
1.4 e€ 


“Tra ¢ 
Since both sides of (7.4) involve only real positive numbers and the real 


logarithm is continuous, we may apply the logarithm function to both sides 
of (7.4) and obtain 
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This last formula can be used to approximate y 
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foliows that 
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However 

bs ] 1 

e exp] (1+4+...+- fz eee —yt1+}+.. + — logn 
L\ 17 ae | 


a Ji 


TL nw Cr seeriln AF Ml niige tt simple Anwterntinan nAfthn firm ntinnnl arniintinn 
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satisfied by the gamma function. 


7.7 Functional Equation. For z #4 0, —1,... 
Nh(z4+1) = zl) 


To obtain this important equation substitute z+1 for z in (7.6); this 
gives 


al nztt 
Ne41) = lim — 
noo (Z+1)...(2@+n4+1) 
= 7 lim | nn, | Ceeed 
noo | 2(Z +1) nee (z+n) | | z+n+1 | 
= zI(z) 


since lim (="4) = | 
ztn+1) 


Now sorisider I(z+2); we have [(z+2) = VP(z+1)4+1) = (z+) T+) 
by the functional equation. A second application of (7.7) gives [(z+2) = 
z(z+1)I(z). In fact, by reiterating this procedure 


7.8 C(z+n) = 2724+ 1)... (ztn—-DI(Z) 

for n a non negative integer and z # 0, —1,.... In particular setting z = I 
gives that 

7.9 I(n+1) =n! 


That is, the [' function is analytic in the right half plane and agrees with the 
factorial function at the integers. We may therefore consider the gamma 
function as an extension of the factorial to the complex plane; alternately, 
ifz # —1, —2,... then cine: z!=[(+Disa ee definition of z!. 

As has been pointed out, I has simple poles atz = = 0, ma l, eae g WE wish 
to find the residue of I at each of its poles. To do this recall from Proposition 


V. 2.4 that 
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for each non-negative integer n. But from (7.8) 


_ I(iz+n+1) 
OSS 2(z+1)...(z+n—-1)' 


So letting z approach —n gives that 


7.10 Res (I'; —n) =, n> 0. 


I'(z) i = z 
711 =—y— - on 
T(z) a z 2 n(n+z) 
for z # 0, —1,... and convergence is uniform on every compact subset 
of cS {0O, —1,...}. It follows from Theorem 2.1 that to calculate th 
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he implied question of why anyone w t 
derive formula and (7.12) is that they allow us to characterize the 
gamma function ae beautiful way. 


a 
Notice that the definition of ['(z) gives that I(x) > 0 if x > 0. Thus, 
1 efin rm 


ed for xr s O and aerordingo to for ula (7.12). the 
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second derivative of log I(x) is always positive. According to Proposition 
VI. 3.4 this implies that the gamma function is logarithmically convex on 
(0, 0); that is, log T(x) is convex there. It turns out that this property 
together with the functional equation and the fact that [(1) = 1 completely 
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(a) log f(x) is a convex function; 
(b) f(x+1) = x f(x) for all x; 
(c) f() = 1 


Then f(x) = T(x) for all x. 


Proof. Begin by noting that since f has properties (b) and (c), the function 
also satisfies 


7.14 S(xtn) = x(x4+1)...(x+n—-1)f(>). 


for every non-negative integer n. So if f(x) = 
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equation will give that f and I are everywhere identical. Let 0 < x < 1 and 
let n be an integer larger than 2. From Exercise VI. 3.3 


log f(n—1)—log f(m) | log f(x+n)—log f(n) 7 log f(n+ 1) —log /(“) 
(n—1)—n . (x+n)—n ~ (nt+1)—n 


Since (7.14) holds we have that f(m) = (m—1)! for every integer m > 1. 
Thus the above inequalities become 

_ log f(x+n)—log(n—1)! | 
= x 


x log (n—1) < log f(x+n)—log (n—1)! < xlogn. 


Adding log (n—1)! to each side of this inequality and applying the 
exponential (exp is a monotone increasing function and therefore preserves 
inequalities) gives 

(n—1)\ (n—1)! < f(xt+n) < w(n-1)! 


Applying (7.14) to calculate f(x+n) yields 


(n—1)*(n—1)! — n*(n—1)! 
x(x+1). ..(x+n—1) = 


nn! [x+n] 
~~ anfaect. VY (wl = "a | 
ALA bp i iJ ° \ “TOT J L fi J 
Since the term in the middle of this sandwich, f(x), does not involve the 


integer n and since the inequality holds for all integers n => 2, we may vary 
the integers on the left and right hand side independently of one another 
and preserve the inequality. In particular, n+1 may be substituted for n on 
the left while allowing the right hand side to remain unchanged. This gives 


now follows by aaaiviig (7.14) and the Functional Equation. J 
7.15 Theorem. Jf Re z > 0 then 


T(z) = | e't?' at 

re) 
The integrand in 7.15 behaves badly at t = 0 and t = ©, so that the 
meaning of the above equation must be explicitly stated. Rather than 
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a formal definition of the convergence of an improper integral, the properties 
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7.16 Lemma. Let S = {z: a < Rez < A} where0 <a<A< ©. 
(a) For every « > 0 there isaé > 0 such that for all zin S 

eo 

| et? 'dtl<e 


J 
a 


whenever 0 < « < B < 6. 
(b) For every « > O there is a number « such that for all z in S 


/ e fyz71 dt <e 
a 


whenever B > a > k. 


Proof. To prove (a) note that if 0 < ¢ < 1 and z is in S then (Re z—1) log 
t < (a—1) log t; since e' < 1, 


let? < Re z-1 < t2-1, 
So if 0 < « < B < 1 then 
|B | 8B 
emt? del < [ 22-1 at 
|J | ~ J 
| | (? 
1 f Qa & 
= -(po—a’) 
a 


for all zin S. If e > 0 then we can choose 8, 0 < 8 < 1, such that a~ 1(B"—«’) 
< « for j«—f| < 5. This proves part (a). 

To prove part (b) note that for z in S and ¢ > 1, |r*~*| < 147+. Since 
t4-! exp (—42) is continuous on [l, 00) and converges to zero as t > 0, 
there is a constant ¢ such that t4~' exp (—41) < c for all t > 1. This gives 
that 


b= tyz= 1) ww Apo 
{© d | — CC 
for allzin Sandt > 1.If 8B > « > 1 then 
| | B 
| e tpz71 ar <c|e? 


R 


= 2c(e~**—e7 #4), 


Again, for any « > 0 there is a number « > 1 such that |2c(e~#*—e7 **)| < « 
whenever «, 8 > «, giving part (b). 
The results of the preceding lemma embody exactly the concept of a 


uniformly convergent integral. In fact, if we consider the integrals 


1 
|e 't?—! dt 


Re 
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for 0 < a < 1, then part (a) of Lemma 7.16 says that these integrals satisfy 
a Cauchy criterion as a > 0. That is, the difference between any two will be 
arbitrarily small if « and f are taken sufficiently close to zero. A similar 
interpretation is available for the integrals 


7.17 Proposition. 7fG = {z: Re z > 0} and 


n 


fz) = | e't"' dt 


1/n 


for n = 1 and z in G, then each f,, is analytic on G and the sequence is con- 
vergent in H(G). 


Proof. Think of f,(z) as the integral of o(t, z) = e~'t?~! along the straight line 
fi 

segment | - , 2 | and apply Exercise IV. 2.2 to conclude that f, is analytic. 
cet 


Now if K is a compact subset of G there are positive real numbers a and A 
such that K < {z: a < Rez < A}. Since 


ljn 
Sl2)—Sy(z) = [ et de + q ent dy 
t/m 


form > n, Lemma 7.16 and Lemma 1.7 imply that {f,} is a Cauchy sequence 
in H(G). But H(G) is complete (Corollary 2.3) so that { Ut } must converge. I 
the ah 


If fis the limit of the functions {f,} from the above proposition then 
pa Py One, p ert Gemeeee at | ~~ Law Na HO Se a PT'Liia Sf. 
aeine tne integral to be this function. inat Is, 
[ee] 
Ns cot autgerd fe fee 
7.18 fz) = | et dt, Rez > 0 
O 
To show that this function /(z) is indeed the gamma function for Rez > 0 


we Only have to show that f(x) = I(x) for x = 1. Since [1, 00) has limit 
points in the right half plane and both f and I are analytic then it follows 
that f must be I (Corollary IV. 3.8). Now observe that successive performing 


of integration by parts on (1 —t/nyr~ 1 yields 


ae wae awswu 


oe ie I a ae ER 
VT a) ~ x(x4+1)... (+n) 


which co nverges to I(x) as n — 00 by Gauss’s formula. If we can show that 
ise 1 Oo 


(20 po tex 1 oy = f(x asn—> oo then 


vey Ow fer Read 
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Theorem 7.15 is proved. This is indeed the case and it follows from the 
following lemma. 


ia f . Ww) 
710 Tamma (a) Mf, ' z\ | Or pr ene ee Sere © Og 
/.i7 Lemma. (a) \\ i+ J ( converges to & in 41\v) 
rn 
UN “f J 
: | ee a r 
(6) Yt 2Utnen| 1 —— |] e foralineat 
\ +E: 
Proof. (a) Let K be a compac eee of the plane. Then |z| < n for all z in 


i , a 
K and n sufficiently large. It 
lim 7 log (+! l+-J]=2 


uniformly for z in K by Lemma 5.7. Recall that 


log (1+) = S (—1)* 


Ke1 
Cc. ! | -~ 1 To on4 ra Inn) Pa: CUD oS Se I. Ser * mee ne ee r7 al 
for jw) < 1. Let m > |z| for ail Z in A; if z 1s any point in then 
{ z \ he. Ae? 
nlog(1+-)=z-=—4+-5- 
\ n} 2n 3n 


7.20 er Cee eee eg ee eee 
7 ae AC 


taking absolute values gives that 
eater aac o> eehyvyiwvwh DPE w F 84 A Ow o* s ww . re 


where R = |z| for all z in K. If n> co then this difference goes to zero 
f am K. 
(b) 1 ‘No w let t => Oand substitute —¢ for z in (7.20) where ¢t < n. This gives 
face YY 
es ee PL Sah. 


4) 


eae A k=1 
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Thus 
t 
nog — ‘) < —t; 
‘ Nn, 


and since exp is a monotone function part (b) is proved. J 
D.AA Hex ) eee 1 weA lee € > ON A RAR: ena T penn 77 12 (ib 
LTV if of Ti heorer 17 15. GIAX > 1 anagitte > Vv. ACCOTGINE to Lemma /.10 (0 


~ 


we can choose « > O such that 


7.21 [out gy cf 
° e = 
| 4 


whenever r > x. Let » be any integer larger than « and let f, be the function 
defined in Proposition 7.17. Then 


n 1j/n 
n n 
ff — [(, a Pid = — ((, _t)\ 1 dp a 
JX a} J\ on} 
rf 0 
n 
re Gs 
fpet—(ite) |e tae 
i \ ae | 
Now by Lemma 7.19 (b) and Lemma 7.16 (a) 
1/n 1/n 
t nh 
7.22 fim) rtae<le me hae 
J \ ni} ‘J & 


for sufficiently large n. Also, if 1 is sufficiently large, part (a) of the preceding 
lemma gives 


\/ t\" ) Pa 
ise) cae aie 
Nony | 4M 
for t in TO --lwhere As = G3 gx) Oe The 
[Vs An) WILLY LZ JO t Ct £1LUS 
7.23 | (ee <* (, ee t\"] x~-i1 | < be 
I || A nae © Seg 
Iv \ i | | i 


Using Lemma 7.19 (b) and (7.21) 


t\"] 


oe F - 
JL? ~ (1-5) Je va] safe ites 


for n > x. If we combine this inequality with (7.22) and (7.23), we get 


Nl m 


{ 


| t\" | 
f(x) - 11 —-) 27! dtl < 
| \ al | 
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for n sufficiently large. That is 


n 
re POs | es ey 
\"" JMO on) ] 

8) 
r n! n mm | 
= lim| f(x) - | 
[ x(x+1)...(x+n) | 

= f(x)-—T(x). 


This completes the proof of Theorem 7.15. Jj 
As an application of Theorem 7.15 and the fact that '(4) = ./m (Exercise 
3) notice that 


ie) 


Ja = ) e~'t7? dt. 


0 


Performing a change of variables by putting ¢ = s? gives 


[7 0] 
| Saeee fi. ee 19e\ J 
Var = J é 5 (<5) & 
0 


~ t —S i. 
=Z e as 
0 
That is, 
5 J 
= 52 a 
SSS 
2 
J 
O 
T1: ae eee | Pete 3 = A 
LniS integral IS Ollen used in probability theory. 
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DLACICISES 
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<+ 7h. 1 

er y is rational or irrational.) 


wh heth 

2. Show that I'(z) '(1—z) = a csc wz for z not an integer. Deduce from this 
that ra) = 4/7. 

3. Show: ./ I'(2z) = 277-!1(z) [(z+4). (Hint: Consider the function I'(z) 
T(z+4) [(2z)71.) 


A @Q4..... aba 1. 
4. Show that log T( 
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5. Let f be analytic on the right hal 
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6. Show that 


for z #0, —1, —2,... (not for Re z > 0 alone). 


7. Show that 
a a a Se ee 
| sin (t?) dt = | cos (t?) dt = 4./4x. 
6 0 


ae ae ra’ nA at RrYrAan TY ..\ 


8. Let u > O and v > O anda CXPTess 1 Pw) 1\vUjy asa double inte gral 
first quadrant of the plane. By changing to polar coordinates show that 
n/2 
Tu) Pv) = 20(u+v) i (cos 6)?"~! (sin 6)2°~! 6. 


The function 


Blu, v) ~~ ory ; \ 
T(u+v) 
Wad tha hora fF tr R hb f hI 
is called the beta function. By changes of variables show that 


Can this be Beverauzes to the case when uw and v are complex numbers with 


Aestive real nar +9 
positi ve real part: 


9. Let «, be the volume of the bail of radius one in R® (n = i). Prove by 
induction and iterated integrals that 


2N( (n—1)/2 Ts 
al 


— 


1 
_ 4 Cor 
Oy = £%—1 | UL 
0 


10. Show that 
ee 
(n/2)V'(n/2) 


where «, is defined in problem 9. Show that ifn = 2k, k > 1, then«, = a*/k! 
11. The Gaussian psi function is defined by 


(a) Show that ¥’ is meromorphic in C with simple poles at z = 0, —1,... 
and Res (P; —n) = —1forn > QO. 


9 rey A awa 865 = 
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(b) Show that ¥(1) = — 


] 
(c) Show that ¥(z+1)—¥(2) = - 
2° 
(d) Show that Y(z)-— FU —z)= —7a7 Cot 7Z. 


(e) State and prove a characterization of analogous to the Bohr- 
Mollerup Theorem. 


§8. The Riemann zeta function 


Let z be a complex number and nv a positive integer. Then |n7| = [exp 
(z log n)| = exp (Re z log n). Thus 


> |k-7| = ¥ exp(—Rez log k) 
k= k=1 
— . ke Rez 


n n 
> | 7} < > ae: 


that 1 iS, the series 
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8.1 Definition. The Riemann zeta function is defined for Re z > 1 by the 
equation 


. 
of an enormous amount of mathematical research since the 


The analysis of the zeta function has had a profound effect on number 
theory and this has, in turn, inspired more work on ¢. In fact, one of the 
most famous unsolved problems in Mathematics is the location of the zeros 
of the zeta function. 


We ish to demonstrate a relation 
Fe ed ABawstet svi 


vv w Ww isn ew VEwiAssVid 


the gamma function. To do this we appeal to Theorem 7.15 and write 
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for Re z > 0. Performing a change of variable in this integral by letting 
t = nu gives 


T(z) =n" | e 7 —! dt; 
0 
that is 
co 
n-7T(z) i e"7—! dt. 
O 


If Re z > 1 and we sum this equation over all positive n, then 


8.2 ¢(z)[(z) = y n *T\(z) 


n=1 
© 


oO p 
en a 


We wish to show that this infinite sum can be taken inside the integral sign. 
But first, an analogue of Lemma 7.16. 


wv oa mia Lat P aseuey Pe f = = 
a number 5,0 <6 < , such th at for ali Z it 
i 
ot m~1gc-1 wl UL 
et) i or 
@ 


pe) Q ~ as 
WiEHEVE? O > p > a. 
(b) Let S = {z: Rez < A} where —w < A < o. Ife > O then there is 

a number « > 1 such that for all z in S 


| Spe 
(e'—1)747-3 at <e 


eee 2 
wnenever p 


~ 


> a> K. 
Proof. (a) Since e'—1 > f for all t > 0 we have that forO < ¢ < landzinS 


l(e'— 1717+] < ta72. 


Since a > 1 the integral {9 r*~? dr is finite so that 5 can be found to satisfy (a). 
(b) Ift > 1 and zis any point in S then, as in the proof of Lemma 7.16 (b), 


there is a constant c such that 
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8.4 Corollary. (a) Jf S = {z: a < Re z < A} where 1 <a< A< © then 
the integral 


[eo @) 
[ (e'—1)"*t7-* dt 
0 
converges uniformly on S. 
(b) if S = {z: Rez < A} where —© < A < © then the integral 


00 
| (e'—1)7' #7! 
1 
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8.5 Proposition. For Re z > 1 
t(2)T(z) = f@-pue dt 


Proof. According to the above corollary this integral is an analytic function 
in the region {z: Rez > 1}. Thus, it suffices to show that ¢(z)I'(z) equals this 


integral forz = x > 1 
oe <s* aAaws vy - a 
Tener T aera 2 2 there ava numbhare ~ and PN «ww ow Be oN anch that: 
PIOML LOMa 0.9 LHULS aly UU SF alu PU NN KN BN WW, OULIL UIIGL. 
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Since 


er ldt< 


fa! m 
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C 
| 
J 
5 
> fewe dt<-. 
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Using equation (8.2) yields 


co 


| ; | oO 
fore — | (1-18 <e+ by f ere ai 
' a yn v4 
_ [ Goh) te dt 
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But )) e~™ converges to (e'—1)~? uniformly on [«, B], so that the right hand 
side is exactly «. 

We wish to use Proposition 8.5 to extend the domain of definition of ¢ to 
{z: Re z > —1} (and eventually to all C). To do this, consider the Laurent 
expansion of (e?—1)~!; this is 


| 1 1 < : 
8.6 Ra a ae 
e—-i z 2 44 
n=1 
for some constants a,, a,,.... Thus [(e'—1)~*—1t7 '] remains bounded in a 


neighborhood of ¢ = 0. But this implies that the integral 


1 
l 
\( Z ~ *) ea 
e'—1 t 


converges uniformly on compact subsets of the right half plane {z: Rez > 0} 
and therefore represents an analytic function there. Hence 


1 7) 

fy 4 \ fe 7-1 
27 {(7\1 7) | f , \ ze-1 etife— yl | ‘ + 
Gel Ssyest lo) = | \ ot 1 — i UiT\o~ 1s T ee ee 

v Na / v 

0 1 

neng Carallary Q ALK an at ace <amman eycent (7 i omen 

and (using Corollary O.WU)) Cac UI these summands, LACE VL (z—1) 5 bs 


analytic in the right half ihe. 7 Thus one may define ¢(z) for Re z > 0 by 
setting it equal to [['(z)]~* times the right hand side of (8.7). In this manner 
¢ is meromorphic in the right half plane with a simple pole at z= 1()' n™! 
diverges) whose residue is 1. 

Now suppose 0 < Re z < 1; then 


ce 
(z—-1)72 = — [ #7? dit. 
J 
i 
Applying this to equation (8.7) gives 
a \ 
22 wot) — Lf i ap eS yd aye es 
Ve SleJ+t \<) T\ ot_] +). u“lsgv ™~ INLD SG ™ Le 
ra N 7 


Again considering the Laurent expansion of (e7—1)~/ (8.6) we see that 
((e'—1)~'—t~ 14+4] < ct for some constant c and all ¢ in the unit interval 


[O, 1]. Thus the integral 
l Do EN ea 
|(sep-7 43)" at 


O 
is uniformly convergent on compact subsets of {z: Re z > —1}. Also, since 
ee ty 
im ¢|[—-> = =] =1 
tro \E—1 i] 


The Riemann zeta function 191 


there is a constant c’ such that 


l 1\ c’ 


—— —-Il<-, t21. 
\ef-1 tt) to 
This gives that the integral 
POY Were s 
(\seeg ae oat 
A ee | 


converges uniformly on compact subsets of {z: Re z < 1}. Using these last 
two integrals with equation (8.8) gives 


1 o0 
I 1 1\ 7 1 l DV 
8.9  ez)T'(z) = Gai ; 5) dt — > = [Ga = 7) t?~ 1 dt 
0 1 


for 0 < Rez < 1. But since both integrals converge in the strip —1 < Rez 
< 1 (8.9) can be used to define {(z) in {z: —1 < Rez < 1}. What happens 
at z = 0? Since the term (2z)7' appears on the right ae oe of (8.9) will 
e {(z) we must divide (8.9) 


analytic at z = 0. Thus, if ¢ is s in the strip 
{z: —1 < Re z < 1} it is analytic there. If this is combined with (8.7), 
{(z) is defined for Re z > —1 with a simple pole at z = 1. 

Now if —1 < Rez < O then 


oe) 
1 
J z 
1 
inserting this in (8.9) gives 
© . 
on ¥/\TVWs\ — [ / I i i 154 ds 1. Desh 
0.1V a? fe ot ama (a) ee i. Gi, —-1i << KROZ< UV 
oN i : “4 
0 
But 
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A straightforward computation with Exercise V. 2.8 gives 


1 
cot Gi) =< - sit > age 
for t ~ 0. Thus 
{1 1 1\1 .< 1 
qatar e 
\fe a é S08 n=1° fF Tle a 
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Applying this to (8.10) gives 


Rand wa. al {er ee ae 
8.11 C(z)i(z) = 2 | { a oe 142.2] at 
I \qei +4 TT } 
oO. re t? 
aS Vee - dt 
LZ, | P+ 4a? 
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eft to the reader to justify the interchanging o 
J J oOo 


the eum and tha integral \ aw far - ia raal niumbhkoar with 1 ~ « -~ NV th 
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change of variable s = t* gives (by Example 2.12) 
lo 6) io 6) 
( {* 1 ( s2-D 
oe Vag a eg 
A) t Tas a A] oT IL 
0 QO 
l 
Poe a ee ft V1 
= — TF COSCO [47(1 —~X)j 
2 
1 A oA 
= =~ 7m Sec (47x). 
2 
But Exercise 7.3 gives 
1 TQ-x) - rd—x).. . 
—~ = ———— sin rx = ——— [2 sin ($x) cos ($7x)] 
TA) 7 T 
Combhinine thie with (2.11) and (2.19\ vielde the fallawing 
We VEEL BS LALO VWVECRE \VeLayp (oF aw § (Ve Ado} AVsUlo LLL LVI WV LLL 


Me 
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emann’s Functional Equation. 
C(z) = 2(2m)?~!T(1 —z)&(1 —z) sin (472) 


for —1 < Rez < 0. 

Actually this was shown for x real and in (—1, 0); but since both sides 
of (8.13) are analytic in the strip —1 < Rez < 0, (8.13) follows. The same 
type of reasoning gives that (8.13) holds for —1 < Rez < 1 (what happens 
at z = 0?). But we wish to do more than this. We notice that the right hand 


side of (8.13) is analytic in the left hand plane Re z < 0. Thus, use (8.13) to 


extend the definition of &(z) to Re z < 0. We summarize what was done as 
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8.14 Theorem. The zeta function can be defined to be meromorphic in the 
plane with only a simple pole at z = 1 and Res (€; 1) = 1. Forz # 1 € satisfies 
Riemann’s functional equation. 

Since I(1—z) has a pole at z = 1, 2,... and since ¢ is analytic at z = 
2, 3,... we know, from Riemann’s functional equation, that 


8.15 (1 —z) sin (472) = 

for z = 2, 3,... . Furthermore, since the pole of I'(i—z) at z = 2, 3, 

is simple, each of the zeros of (8.15) must be simple. Since sin Gaye = 
whenever z is an even integer, ((1—z) = 0 for z = 3, 5,.... That is &(z a 

0 for z= —2, —4, —6,.... Similar reasoning gives that ¢ has no other 


e 
zeros outside the closed strip {z: 0 < Rez < 1 


8.16 Definition. The points z = —2, —4,... are called the trivial zeros of ¢ 
and the strip {z: 0 < Re z < 1} is called the critical strip. 

We now are in a position to state one of the most celebrated open questions 
in all of Mathematics. Is the following true? 


The Riemann Hypothesis. /f z is a zero of the zeta function in the critical 


strip then Rez = 4, 
Tt Sa LRnnws that theese nen wn eeenc rf LS AR the we Dae = flakwA hreena 
40 1S ALLUWIE Ullal UOre all WU 2010S Ul G& ULI UO TIO ING ce — Lf LALLU LICTIVe 
none on Re z = O by the functional equation) and there are an infinite 


number of zeros on the line Re z = }. But no one has been able to show that 
¢ has any zeros off the line Re z = 4 and no one has been able to show that 
all zeros must lie on the line. 

A positive resolution of the Riemann Hypothesis will have numerous 
beneficial effects on number theory. Perhaps the best way to realize the 
connection between the zeta function and number theory is to prove the 
following theorem. 


8.17 Euler’s Theorem. Jf Re z > 1 then 


_ 1/1 \ 
{(z) = [iG 
net \t7Pa / 


: |e DIO UAL Wk e: ehh Awe 
) EME SCQGuUETILCE UF prime numbers. 


~ 
S 
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irst use the geometric series to find 


8.18 ere =e ~ mz 


for alln > 1. Nowifn > 1 and we take the product of the terms (1 —p,; 7)~' 
for 1 < k <a, then by “the distributive law of multiplication and by (8.18), 
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product of powers of the prime numbers p,,..., p, alone. (The reason that 


no number n; ” has a coefficient in this expansion other than 1 is that the 
factorization of n, into the product of primes is unique.) By letting n — oo 


Exercises 
1, Let &(z) = z(z—1)07~*#7{(z)P'Gz) and show oe € is an entire function 


which satisfies the functional equation 
2. Use Theorem 8.17 to prove that )) p+ = o. Noticé that this implies 
that there are an ue number of aa 


3. Prove that ¢7(z) = yee ae) for Re z > 1, where d(n) is the number of 
nv’ 
n=1 


divisors of n. 


oe) 
a(n 
4. Prove that {(z){(z—1) = >» ) , for Re z > 1, where o(7) is the sum of 
; n=l uw 
the divisors of n 
5. Prove that US) = S 2) ¢ 
(2) 
} =1 
integers less than n ang which are relatively prime to n. 
1 Sun) 
6. Prove that~~ = > follows. 
a ees 
Let n = pips? ... pk" be the factorization of n into a product of primes 
Pi,-+-+,Pm and suppose that these primes are distinct. Let p(1) = 1; if 
k, =... =k, = 1 then let p(n) = (—1)"; otherwise let p(n) = 0. 
o'(z) A(n) 
7. Prove that - 7 a > = log pifn = 


r some prime p and m > 1; and A(n) = 0 otherwise. 
a) Let (z) = ¢’(z)/&(z) for Re z > 1 and show that lim (z—z )n(z) is 
Z—>ZO 
always an integer for Rez) > 1. Characterize the point zg (in its relation to 4) 
in terms of the sign of this integer. 
(b) Show that for e > 0 
Ro, /1 1 as if 
ne uy (ir l 
where A(n) is defined in Exercise 7. 
(c) Show that for all « > 0, 


3Re ny (1+e)+4Re 7 (l+e+i)+Re 7 (1+e4+2it) < 0. 
(d) Show that {(z) # 0 if Re z = 1 (or 0). 


Chapter VIII 


Runge’s Theorem 
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istence of meromorphic functions with prescribed poles and singular parts 


In Chapter IV we saw that an analytic function in an open disk is given 
by a power series. Furthermore, on proper subdisks the power series con- 
verges uniformly to the function. As a corollary to this result, an analytic 
function on a disk D is the limit in H(D) of a sequence of polynomials. We 
ask the question: Can this be generalized to arbitrary regions G? The answer 
is no. As one might expect the counter-example is furnished by G = {z: 
0 < |z| < 2}. If {p,(z)} is a sequence of polynomials which converges to an 
analytic function f on G, and y is the circle |z| = 1 then [,f = lim |,p, = 0. 


But z~' is in H(G) and f,z7* # 0. 
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to the fact that disks are simply connected. If G is a punctured disk then the 


Laurent series development shows that each analytic function on G is the 
uniform limit of rational functions whose poles lie outside G (in fact at the 
center of G). That is, each fin H(G) is the limit of a sequence of rational 
functions which also belong to H(G). This is what can be generalized to 
arbitrary regions, and it is part of the content of Runge’s Theorem. 

We begin by proving a version of the Cauchy Integral Formula. Unlike 
the former version, however, the next proposition says that there exists 
curves such that the formula holds; not that the formula holds for every 


1.1 Proposition. Let K be a compact subset of the region G; then there are 
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for all z in K. The line segments form a finite number of closed polygons. 


Proof. Observe that by enlargi may assume that K= 
Gack )~. Let 0<6< $d(K,C-—G) and place a “grid” of horizontal and 
vertical lines in the plane such that consecutive lines are less than a 


distance 6 apart. Let R,,...,R,, be the resulting rectangles that intersect K 
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(there are only a finite number of them because K is compact). Also let OR, 
be the boundary of R, 1< j<m, considered as a polygon with the 
counter-clockwise direction. 

If ze R,;, 1 <j < m, then d(z, K) < ,/28 so that R; < G by the choice 


of 5. Also, many of the sides of the rectangles R,,..., R,, will intersect. 
Suppose R,; and R; have a common side and let 0; and o; be the line segments 
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direction given ¢R, and OR;, o; and a; are directed in the opposite sense. So 
if m is any continuous function on i. 3 
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Let y,,...,y, be those directed line segments that constitute a side of 
exactly one of the R,, 1 < j<m. Thus 
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for every continuous function ¢ on \j OR;. 
j=i 
We claim that each y, is in G—K. In fact, if one of the y, intersects K, it 
is easy to see that there are two rectangles in the grid with y, as a side and 
so both meet K. That is, y, is the common side of two of the rectangles 


R,,..., R, and this contradicts the choice of y,. 
If z belongs to K and is not on the boundary of any R, then 
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is continuous on Y éR, for fin H(G). It follows from (1.2) that 
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and if z is in R,, this integral equals f(z) by Cauchy’s Formula. Thus (1.3) 
becomes 


whenever z ¢ K — |} @R,. But both ae of (1.4) are continuous functions 
j=l 

on K (because each », misses K) and they agree on a dense subset of K. 

Thus, (1.4) holds for all z in K. The remainder of the proof follows. Hi 
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This next lemma provides the first step in obtaining approximation by 
rational functions. 


1.5 Lemma. Let y be a rectifiable curve and let K be a compact set such that 
Ko {y} = 0. If f is a continuous function on ty} and « > 0 then there is a 
rational function R(z) having all its poles on {y} and such that 
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for all z in K. 


Proof. Since K and {y} are disjoint there is a number r with 0 < r < d(K, 
{y}). If y is defined on 1] then forO < s,t < landzink 
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There is a constant c > 0 such that |z] < c for all z in K, |p| < ca 
[f(2)| < c for all tin [0, 1]. This gives that for all s and ¢ in [0, 1] and zin K, 
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Since both y and fo y are uniformly continuous on [0, 1], there is a partition 
{0 = tp < t, <... < t, = 1} such that 
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for t;-, <t<t,;,1<j<n, and z in K. Define R(z) to be the rational 
function 

n 

RZ) = ¥ f(t;-+) bt) -rvG@;- DI fvGj;-)-2)7 

j=1 

The poles of R(z) are y(0), y(7,), , y(t,-1). Using (1.6) yields that 
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Before stating Runge’s Theorem let us agree to say that a polynomial 1s 
a rational function with a pole at oo. It is easy to see that a rational 
function whose only pole is at oo 1s a polynomial. 


Runge’s Theorem. Lei K be a compact subset of C and let E be a subset 
of C,,— K that meets each component of C,,— K. If f is analytic in an open 
set containing K and €>0 then there is a rational function R(z) whose only 


poles lie in E and such that 
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f(z) R(Z)|<e 
for all z in K. 
The proof that will be given here was obtained by S. Grabiner (Amer. 
Math. Monthly, 83 (1976), 807-808). For this proof we place the result in a 
different setting. On the space C(K,C) we define a distance function p by 


p( f.g)=sup{|f(z)—g(z)|:z € K } 


oe | 9 in ff 7 aff \ .11; 
and g in C(K,C). It is easy to see that p(f,,f)-0 1 


£ 
J 
. Hence C(K,C) is a complete metric space. 
So Runge’s Theorem says that if f is analytic on a neighborhood of K 
and «>0 then there is a rational Ges R(z) with poles 1 in E such that 
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such that f=u—limR, on K. 
Let B(£)=all functions f in C(K,C) such that there is a sequence 


{R,} of rational functions with poles in EZ such that f=u—limR, on K. 
Runge’s Theorem states that if fis analytic ina neig hborhood of "K then 
f\K, the restriction of f to K, is in B(E). 

1.8 Lemma. B(E) is a closed subalgebra of C(K,C) that contains every 


rational function with a pole in E. 

To say that B(£) is an algebra is to say that if f and g are in B(£) and 
a é€C then af, f+g, and fg are in B(E). The proof of Lemma 1.8 1s left to 
the reader. 


1.9 Lemma. Let V and U be open subsets of C with V< U and oV NU={[]. 
If H is a component of U and HQAV#¥{] then HCY. 


Proof. Let ae HV and let G be the component of V such that aeG. 
Then HUG is connected (II.2.6) and contained in U. Since H is a 
component of U, Gc H. But dG < OV and so the hypothesis of the lemma 
says that OG 0 H={(]. This implies that 


H-G=H9O|(C-G_)vuaG] 
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=HA(C-G ) 


so that H—G 1s open in H. But G is open implies that H- G= Ha(C— 
Hj and G4], H-G= at i 
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1.10 Lemma. Jf ae C— K then (z—a)7'€ B(E). 


Proof. Case 1. 0 ¢ E. 
Let U=C-—K and let V={ae C:(z—a) 'e B(E)}; so ECV cU. 


1.11 If ae V and |b—a|<d(a,K ) then bfeV. 


The condition on b gives the existence of a number r, 0<r<1, such that 
|b—a|<r|z—al| for all z in K. But 


1.12 (z—b)~ 'a(z—ay"'[1- Sea] 


Hence |b—a||z—a|~'<r<1 for all z in K gives that 
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converges uniformly on K by the Weierstrass M-test. 
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If O(2)= = (== aI then (z—a)"'Q,(z)¢ B(E) since a eV and 
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B(E) is an ee pre B(E) 1s closed (1.12) and ae oe conver- 


he t (Ld 11) implies tnat V iS UpcCll. 

if 5 € dV then let {a,} be a sequence in V with b=lima,,. Since b ¢ V it 
follows from (1.11) that |b—a,|= d(a,,K). Letting noo gives (by II.5.7) 
that O=d(b,K), or b e K. Thus OV NU=[]. 

If H is a component of U=C-—K then HO E+[(], sco HN V+. By 


Lemma 1.9, H cV. But H was arbitrary so U cV, or V=U. 
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C—K such that d(ap,00)<5d(0,K) and |a)|>2max{|z|:z¢K}. Let 
Eo=(E- {00 })U{ 4}; so Ey meets each component of C,,— K. If ae ae 
K then Case | gives that (z—a)~' € B(E£,). If we can show a (Z—-a,) 
eB 
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(E) then it follows that B(E,)< B(E) and so (z—a)~! ¢ B(E) for 
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converges uniformly on K. So Q,(z ie —ag 'd"_o(z/a)* is a polynomial 
K 


and (z—a,)'=u—lim@Q, on K. Since Q, has its only pole at 0, Q, € 


B(E). Thus (z—a,) | B(E). a Un 
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all z in K. But Lemma 1.10 and the fact that B(£) is an algebra gives that 
Re B(£). 8 
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set of rational functions with poles in E and cose R(G,E) as a subspace 
of H(G). If f ¢ H(G) then there is a sequence {R,} in R(G,E) such that 
f=lmR,. That is, R(G,E) is dense in H(G). 


Nee 


Proof. Let K be a compact subset of G and e€ >0; it must be shown that 
there is an R in R(G,E) such that [f(z)- R(z)|<e for all z in . 
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K <K,cG and each component of C,,— K, contains a component of 
Oe G. Hence, E meets each component of ce K,. The corollary now 
follows from Runge’s Theorem. ™ 

The next corollary follows by letting E={oo} and using the fact that a 
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strengthened a little by requiring only that E~ 
f C*”—G. The reader is asked to do this (Exercise 
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relaxed. This can be seen by considering the punctured pinae C— {0} = 
So C,,—G = {0, oo}. Suppose that for this case we could weaken ae S 
betes by assuming that E consisted of oo alone. Then for each integer 


> 1 we could find a polynomial p,(z) such that 
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that E must be the et {0, oo}. 
Of course, the point in the above paragraph could have been made by 
ppealing to what was said about this same example at the oe of 
ee section. However. this 


#9 ate ai 


coinpact 


Runge’s Theorem 201 


convex hull of K, denoted by K, is defined to be the set of all points w such 
that for every polynomial p 


[p()| < max {|p(z)|: z € K}. 


That is, if the right hand side of this inequality is denoted by ||p|l,, then 


If Kis an annulus then K 1s the disk obtained by filling in the interior hole. 
In fact, if K is any compact set the Maximum Modulus Theorem gives that 
K is obtained by filling in any “holes” that may exist in K. 


Exercises 


1. Prove Corollary 1.14 if it is only assum 
nent of C,,— G. 

2. Let G be the open unit disk B(O; 1) and let K = {z: 3 < |z| < 3}. Show 
that there is a function f analytic on some open subset G, containing K 
which cannot be approximated on K by functions in H(G). 


Remarks. The next two problems are concerned with the following question 
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H(G,) be approximated on K by functions in H(G)? Exercise 2 says that 
for an arbitrary choice of K, G, and G, this is not true. Exercise 4 below 
gives criteria for a fixed K and G such that this can be done for any G,. 
Exercise 3 is a lemma which is useful in proving Exercise 4. 


3. Let K be acompact subset of the open set G and suppose that any bounded 
component D of G—K has D™ 0G # (_). Then every component of C,,—K 
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4. Let K be a compact subset of the open set G; then the following are 
equivalent: 

(a) If fis analytic in a neighborhood of K and « > 0 then there is a g 
in H(G) with | f(z)—g(z)| < ¢ for all z in K; 


One) 


(h\ If 2D is a hounded camnoanent of G—K then N~ NAG ~T- 
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(c) If z is any point in G—K then there is a function fin H(G) with 
[#2] > sup {]fO»)|: win K}. 


5. Can you interpret part (c) of Exercise 4 in terms of K? 
6. Let K be a sompad subset of the region G and define Kg = {z«G: 
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JS, S WS ik 102 all f in LI\U) f- 


(a) Show that if C,,—G is connected then Kg = K. 
(b) Show that d(K, C—G) = d(K,, C—G). 


(c) Show that Rec the convex hull of K = the intersection of all convex 
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(d) IfKg < G, < Gand G, is open then for every g in H(G,) ande > 0 
there is a function fin H(G) such that | f(z)—g(z)| < « for all z in Kg. (Hint: 
see Exercise 4.) 


Recall that an open connected set G is simply connected if and only if 
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clo urve in G is homotopic to zero. The purpose of this 

section is to prove some equivalent formulations of simple connectedness. 
2.1 Definition. Let X and © be metric spaces; a homeomorphism between 
X and _ is a continuous map f: X — © which is one-one, onto, and such 
that fo - QM + Y is also continuous. 

Notice that if f: X > Q is one-one, onto, and continuous then f is a 
homeomorphism if and only if fis open (or, equivalently, f is closed). 

If there is a homeomorphism between X and 2 then the metric spaces 
X and Q are homeomorphic. 
We claim that C and D = {z: |z| < 1 
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f-*(w) = w(1—|[e])~*, is clearly continuous. Also, if fis a one-one analytic 
function on an open el G and 2 = f(G) then G and 2 are homeomorphic. 
Finally, all annuli are homeomorphic to the punctured plane. 


2.2 Theorem. Let G be an open connected subset of C. Then the following are 


Pot PEL! ala at 
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(a) Gis simnly connected; 
(a) Gis simply connecte 
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(b) n(y; a) = 0 for every closed rectifiable curve y in G and every point 
ainC—G; 


(c) C,,—G is connected; 
(d) For any f in H(G) there is a sequence of polynomials that converges 


to fin H(G); 
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(f) Every Gunelion f in H(G) has a primitive; 


(g) For any f in H(G) such that f(z) # 0 for all z in G there is a function g 
in H(G) such that f(z) = exp g(z); 
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gin H(G) such that f(z) = [g(z)]’; 
(1) G is homeomorphic to the unit disk; 
(j) If u: G— R is harmonic then there is a harmonic function v: G—> R 


such that f = u+iv is analytic on G. 
Proof. The plan is to show that (a) => (b) > => (1) => (a) and (h) > (j) 
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(a) => (b) If y is a closed rectifiable curve in G and a is a point in the 
complement of G then (z—a)~' is analytic in G, and part (b) follows by 
Cauchy’s Theorem. 

(b) => (c) Suppose C 
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—G is not connected; the 
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either in A or in B, suppose tnat oo is in B; S ac 

of C (A is compact in C,, and doesn’t contain 00). But thenG, = GUA = 
C,,—B is an open set in C and contains A. oe to Proposition 1.1 
there are a finite number of polygons y,,...,¥,, in G,-A = G such that 


for every analytic function f on G, 


m 
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for all z in A. Thus for any z in A there is at least one polygon y, in G such 
that nly 7) £0 Thie contradicts th) 
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(d) => (e) Let y be a closed rectifiable curve in G, let f be an analytic 
function on G, and let {p,,} be a sequence of polynomials such that f = lim p, 
in H(G). Since each polynomial is analytic in C and y~0O in C, |, p, = 0 
for every n. But {p,} converges to f uniformly on {y} so that |, f = lim 
Jy Pn =O aah he heen Maran ctee tits Aastiase seis fe hese 

(e) => (f) Fix ain G. From condition (e) 1t follows that there is a function 
F: G >C defined by letting F(z) = {, f where y is any rectifiable curve in G 
from a to z. It follows that F’ = f (see the proof of Corollary IV. 6.16). 


(f) = (g) If f(Z) # 0 for all z in G then f’/fis analytic on G. Part (f) implies 
there is a function F such that F’ = /'/f. It follows (see the proof of Corollary 
IV. 6.17) that there is an appropriate constant c such that g = F+c satisfies 
f(z) = exp g(z) for all z in G. 

(g) => (h) This is trivial. 

(h) = (i) If G = C then the function z(1 + le ‘ was shown to be a homeo- 
morphism immediately prior to this theorem. If G # C then Lemma VII. 4.3 
implies that there is an analytic mapping f of G onto D which is one-one. 
Such a map is a homeomorphism. 

(i) => (a) Let h: G-> D = {z: |z| < 1} be a homeomorphism and let y 
be a closed curve in G (note that y is not assumed to be rectifiable). Then 
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o(s) = h(y(s)) is a closed curve in D. Thus, there is a continuous function 

A: I? + D such that A(s, 0) = se forO0 <s< 1, A(s,1)=Ofor0<s< 1 

and A(0, t) = A(I, f) for 0 < ¢ < 1. It follows that f = A710 A is a con- 

tinuous map of J? into G and oe that y is homotopic to the curve 
ien t 


onstantly equal to h-*0). The details are left to the reader. 
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(h) = (j) Suppose that G # C; then the Riemann Mapping Theorem 
implies there is an analytic function A on G such that A is one-one and A(G) 
= D.Ifu: G— Ris harmonic thenu, = uch” isa harmonic function on D. 
oo Theorem III. 2.30 there is a harmonic function v,: D—R such that 
u,+iv, is analytic on D. Let f= ff, of. Then f is analytic on G and 


~ - 
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(j) = (g) Suppose /: G —> C is analytic and never vanishes, and le 
Ref, v=Im/f. If U: G> Ris defined by U(x, y) = log [fx+y)| = ‘Tee 
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A(z) 
zin G. That is, f/h is an analytic function whose range is not open. It follows 
that there is a constant c such that f(z) = c A(z) = c exp g(z) = exp [g(z)+ 
Cy}. Thus, g(z)tc is a branch of f log f(z). 

This completes the proof of the theorem. Ij 

This theorem constitutes an aesthetic peak in Mathematics. Notice that it 


says that a topological condition (simple connectedness) is equivalent to 
and Cauchvy’s 
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let h(z) = exp g(z). Then A is analytic, never vanishes, and |-——| = 1 for all 
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and other topological conditions. This certainly was not expected when 
simple connectedness was first defined. Nevertheless, the value of the theorem 
is somewhat limited to the fact that simple connectedness implies these nine 
properties. Although it is satisfying to have the converse of these implica- 
tions, it is only the fact that the connectedness of C,,—G implies that G is 
simply connected which finds wide application. No one ever verifies one of 
the other properties in order to prove that G is simply connected. 


For an example consider the set G = C— {z = re: 0 < r < oo}; that 


G is the complement of the infinite spiral r = : O, QO < @< oo. Then 
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C,, —G is the spiral together with the point at infinity. Since fies is connected, 
G is simply connected. 
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1. The set G={re":-—oo<t<O and I+e'<r<1+2e'} is called a 
cornucopia. Show that G is simply connected. Let K=G; 1s intK con- 


1ected? 
§3 Mittag-Leffler’s Theorem 


Consider the following problem: Let G be an open subse 
that Sn. t hac 


ia} 7 


a na af Aiatinert nninte in G 


{a,} be a sequen 
in G. For each integer kK > 1 consider the rational function 
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where m, is some positive integer and A,,,..., A,,,, are arbitrary complex 
coefficients. Is there a meromorphic function f on G whose poles are exactly 
the points {a,} and such that the singular part of f at z = a, is S,(z)? The 
answer is yes and this is the content of Mittag-Leffler’s Theorem. 


3.2 Mittag-Leffler’s Theorem. Let G be an open set, a a sequence of 
distinct points in G without a limit point in G, and let {S e 


few sie au oe 


nm oc of arete rns 
turts §iven by equi (AtiOr 
OSe€ 


f 
function f on G whose poles are exactly t 
singular part of f at a, is S,(z). 


at meromorphic 
points {a,} and such that the 


Proof. Although the details of this proof are somewhat cumbersome, the 
idea is simple. We use Runge’s Theorem to find rational functions {R,(z)} 


with poles in C,,—G such that p2 S@)-R,@)| is a Cauchy sequence in 


arirs 


M(G). The resulting iimit is the eusht after meromorphic function. (Actually 
we must do a little more than this.) 
Use Proposition VII. 1.2 to find compact subsets of G such that 


) K,, K,, = int K+ 1> 


and each component of C,,—K,, contains a component of C,,—G. Since 
each K,, is compact and {a,} has no limit point in G, there are only a finite 
number of points a, in each K,. Define the sets of integers J, as follows: 


I, = {k: a, € Ky}, 
I, = {ki a, ¢ K,—K,-1} 


for n > 2. Define functions f, by 


for n= 1. Then f, is rational and its poles are the points {a,:k ¢ I,} <K, — 
K,,_ ,. (If /, 1s empty let f, =0.) Since f, has no poles in K, -I (for n= 2) it is 


n 


tic ima naighhbnrhand anf K AcrcardaAing ta Run ge’c Thanram ther 
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is a rational function R, (z) with its poles in C,,— G and that satisfies 
f(2)-R(2)| < @)" 


for all z in K,_,. We claim that 


3.3 fi 
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morphic function and that it has the desired properties. Start by showing 

that the series in (3.3) converges uniformly on every oe subset of 

— {a,: k = 1}. This will give that fi is analytic on G— {a,: k < 1} and it 
a 


~ os ¢ 


i * 

and, therefore, there is an integer N such that K ¢ Kj. If n > N then 

| f(z) —R,(Z)| < (4)" for all z in K. That is, the series (3.3) is dominated on K 

by a convergent series of numbers; by the Weierstrass M-test (II. 6.2) the 

series (3. 3) converges ur 1iformly on K. Thus fis analytic on G— {a,: -k> 1}. 
> 


Now eonsider a fixed integer k > 1; theres is a number R > 0 such that 


|a;—a,| > R for j # k. Thus f(z) = S,(z)+g(z) for 0 < |z—a,| < R, where 
g is analytic in B(a,; R). Hence, z = a, is a pole of fand S,(z) is its singular 
part. This completes the proof of the theorem. 
Just as there is merit in choosing the integers p, in Weierstrass’s Theorem 
(VII. 5.2) as small as possible, there is merit in choosing the rational functions 
R,(z) in 3.3) to be as simple as possible. As an example let us calculate the 
simplest meromorphic function in the plane with a pole at every integer n. 


le. @) 
The simplest singular part is (z—n)~* but §) (z—n)~* does not converge in 
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does converge in M(C). The singular part of this function at z = nis(z—n)~'. 
In fact, from Exercise V. 2.8 we have that this function is 7 cot zz. 


Exercises 


1. Let G be a region and let {a,} and {b,,} be two sequences of distinct points 
in G such that a, + 6,, for all n, m. Let S,(z) bea singular part at a, and let 


maramarnh c fu nmatinn fan 7 


ha wAnaiti ive intagqar QChaw that th ia a 
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whose only poles and zeros are {a,} and {6,,} respectively, the singular part 
atz =a, is S,(z), and z = b,, is a zero of multiplicity p,,. 

2. Let {a,} be a sequence of points in the plane such that |a,| — oo, and let 
{b,} be an arbitrary sequence of complex numbers. 
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(b) Show that if lim sup |b,| < o then (3.4) converges absolutely if 
k, = for all xn. 
(c) Show that if there is an integer & such that the series 


90 1 


DO, 
Ly akt 


n=i 


me) 
nN 


converges absolutely, then (3.4) converges absolutely if k, = k for all n. 
hat 


hat |a,—a,,| = > rfor alln 4 m. Show 


if he CANMTIANMA th haiindAas | tha the 
1 41 SEY ULLINGE {b,} iS vounaea then th & 


series (3. 6) with k = 2 converges absolutely. (This is somewhat involved and 
the reader may prefer to prove part (f) directly since this is the only applica- 
tion.) 

(ec) Show that if the series (3.5) converges in M(C) to a meromorphic 
function f then 


b, | ee fe\kn-1)7] 
f(z) = Da Fon ere em ee eee), f| 


(f) Let w and w’ be two complex numbers such that Im (w’/w) 4 0. 
Using the previous parts of this exercise show that the series 
9S oN I : cae ] 1 Z 2) 
5 oe a | 7 aeons eee wi} 


\Z—-woow 


where the sum is over all w = 2nw+2n'w for n,n’ = 0, +1, +2,... but 
ion ¢ 


not w = Q, Is convergent in M(C) toa meromorphic functi with imple 
polews at fhe points 2nw+2n'w'. This function is called the Weietsinass zeta 
function. 


(g) Let (z) = —f(z); @ is called the Weierstrass pe function. Show that 


(->\ eso AO) ee et, Fe 
meee eh Et N ew)? ow? 
where the sum is over the same w as in part (f). Also show that 
(Q(z) = O(z+2nw+2n'w') 


, ; mart | Aw 


for all integers n and n’. That is, 9 is doubly periodic with periods 2w and 
3. This exercise shows how to deduce Weierstrass’s Theorem for the plane 
(Theorem VII. 5.12) from Mittag-Leffler’s Theorem. 

_ (a) Deduce from Exercises 2(a) and 2(b) that for any sequence {a,} in 
ch t 


mMad.= coanda A 9) there 1 iS 2 sequence of integers {k Vsuch 
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is a meromorphic function on C with simple poles at a,, a,,.... 
The remainder of the proof consists of showing that there is a function f 
such that h = f’/f. This function f will then have the appropriate zeros. 
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(b) Let z be an arbitrary but fixed point in C— {a,, a,,...}. Show that if 
y, and y, are any rectifiable curves in C— {a,, a2,...} from 0 to z and A is 
the function obtained in part (a), then there is an integer m such that 


h = 2z7im. 


SC en 
<= 
yo, 


(c) Again let h be the meromorphic function from part (a). Prove that 
for z # a, d),... and y any rectifiable curve in C— {a,, a2,...}, 


fle) = exp (Jn) 
Y J 
defines an analytic function on C— {a,, a2,...} with f’/f = h. (That is, the 
value of f(z) is independent of the curve y and the resulting function f is 
analytic. 

(d) Suppose that ze ia, a,,...}; show that z is a removable singularity 
of the function f defined in part (c). Furthermore, show that SG ) = 0 and 
that the multiplicity of this zero equals the number of times that z appears 
in the sequence {a,, a2,...}. 

(e) Show that 


Tr z \ [z 1(z\o, 1 fz\*] 
3.7 f(z) = [](-c)er|o+a(2 + aes oa a 
Ret oN Gn] Gn \Gn/ Kn\@n/ J 


from ie to on However this would have meant that we must show that nae, 
converges in H(C) and it could hardly be classified as a new proof. The steps 
outlined in parts (a) through (d) give a proof of Weierstrass’s Theorem 
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4. This exercise assumes a knowledge of the terminology and results of 
Exercise VII. 5.11. 
(a) Define two functions fand g in H(G) to be relatively prime (in symbols, 


(f, g) = 1) if the only common divisors of fand g are aoueveaienine functions 


in H(G\ Shaw that (ff a\ = 1 iff F( St) KY PF (g\ — —_ 
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(b) If (4 g) = I, show that there are functions /,, g, in H(G) such that 
ffi t+gg, = 1. (Hint: Show that there is a meromorphic function y on G 


such that f,; = pg € H(G) and g|(1—ff;).) 

(c) Let f,,...,f,¢ H(G) and g = g.c.d {f,,...,f,}. Show that there 
are functions 9,,.-.,¢9, in H(G) such that g = et ...+9,f,. (Hint: 
Use (b) and induction.) 

(d) If {4%,} is a collection of ideals in H(G), show that ¥ = () ¥, is 
also an ideal. If A < H(G) then let ¥ =O {Y: F is an ideal of H(G) and 
SF < JS}. Prove that ¥ is the smallest ideal in H(G) that contains # 
and ¥ = {fo fit.--+9h:%¢€A(@, fe for 1 <k <n}. FY is called 
the ideal wenemirel y F and is denoted by ¥ = (VY). If F is finite then 


finitely generat ted ideal. lf F = { f} for a single function 
1a 
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(e) Show that every finitely generated ideal in H(G) is a principal ideal. 
(f) An ideal F is called a fixed ideal if Z(%) # 1; otherwise it is called 

a free ideal. Prove that if ¥ = (Y) then Z(%) = Z(.S) and that a principal 


ideal is fixed. 
(cg) Let f(z) = sin (2~"z) for alln > Oand let % = ({f,, f,,...}). Show 
\ov SN?) XN } — NW 19S £9 wy? 

that % is a fixed ideal in H(C) which is not a principal ideal. 
(h) Let #% be a fixed ideal and prove that there is an f in H(G) with 


£1) = Z(F) and ¥ < (f). Also show that ¥ = (Sf) if FZ is finitely gener- 
ated. 
(i) Let @ be a maximal ideal that is fixed. Show that there is a point 
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(j) Let {a,} be a sequence of distinct points in G with no limit point in G. 
Let ¥ = {fe H(G): f(a,) = 0 for all but a finite number of the a,}. Show 
that % is a proper free ideal in H(G). 

(k) If ¥ is a free ideal show that for any finite subset Y of %, Z(S) 
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Te 
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(1) Let Y bea free ideal; then ¥ is a maximal ideal iff whenever g ¢ H(G) 
and 2°(g) 0 Z(f) # C for all fin ¥ then ge¥. 


5. Let G be a region and let {a,} be a sequence of distinct points in G with 

no limit point in G. For each integer n > 1 choose integers k, => 0 and 

constants “AM, 0<k <k,. Show that there is an analytic function f on G 
(k) 1 a oN 1 


Wil 
such that f(a@,) = k!A™, (Hint: Let g be an analytic function on G with a 
zero at a, of multiplicity k,- Let h be a meromorphic function on G with 
poles at each a, of order k, and with singular part S,(z). Choose the S, so 
that f = gh has the desired property.) 
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6. Find a meromorphic function with poles of order 2 at 1, /2, ef Dyes 
such that the residue at each pole is 0 and lim (z—./n)*f(z) = 1 for all n. 


zon 
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Analytic Continuation and Riemann Surfaces 


Consider the followi 
G; when can f be extended to an analytic function f, on an open set G, 
which properly contains G? If G, is obtained by adjoining to G a disjoint 

open set so that G becomes a component of G,, f can be extended to G, by 


defining it in any way we wish on G,—G so long as the result is analytic 
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So to eliminate such trivial cases it is required that G, also be a region. 
Actually, this process has already been encountered. Recall that in the 
discussion of the Riemann zeta function (Section VII. 8) ¢(z) was initially 


defined for Re z > 1. Using various identities, principal among which was 
Riemann’s functional! eq uation, ¢ was extended so that it was defined and 
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analytic in C— {1} with: a simple pole at z = 1. That is, ¢ was analytically 
continued from a smailer region to a larger one. 

Another example was in the discussion that followed the proof of the 
Argument Principle (V.3.4). There a meromorphic function f and a closed 


bmn 
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rectifiable curve y not passing through any zero or pole of f was given. 
If z = ais the rnitial point of y (and the final ae we e put a disk D, about 
a on which it was possible to define a branch ¢, of log f. Continuing, we 
covered y by a finite number of disks D,, D.,..., es where consecutive 


disks intersect and such that there is a branch ¢, of log fon D,. Furthermore, 
the functions 7; were chosen so that ?(z) = ¢,_,(z) for z in D,_, 0 D,, 
2 <j <n. The process analytically continues 7, to D, U D,, then D, U D, 
U D,, and so on. However, an unfortunate thing (for this continuation) 
happened when the last disk D, was reached. According to the Argument 
Principle it is distinctly possible that 7,(z) # 7¢,(z) for z in D, A D,. In fact, 
t(z)—¢,(z) = 2niK for some (possibly znd) integer K. 
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a function along a path will be examined and a criterion will be derived 
which ensures that continuation around a closed curve results in the same 
function that begins the continuation. Also, the fact that continuation around 
a closed pare can sae toa neueren function than the one started with, will 


This fea we with the Schwarz Reflection Principle which is more 
like the process used to continue the zeta function than the process of 
continuing along an arc. 


If Gis a region and G* = {z:z eG} and if fis an analytic function on G, 
then f*: G* + C defined by f*(z) = f(Z) is also analytic. Now suppose that 
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G = G*; that is, Gis symmetric with respect to the real axis. Then g(z) = f(z) 
—f(Z) is analytic on G. Since G is connected it must be that G contains an 

open interval of the real line. Suppose f(x) is real for all x in G OR; then 
g(x) = OforxinG OR. ButG A Rhasa limit point in G so that f(z) = f(z) 

for all z in G. 

Th 

om Gn t 

is a Symmetric region (1.e.,G = G*) thenletG, = {ze G:Imz > 0}, 

= {zeG: Im z < 0}, and G, = {zeG: Im z = 0}. 


1.1 Schwarz Reflection Principle. Let G be a region such that G = G*. If 
f: Gs U Gy >C its a continuous function which is analytic on G, and if 
J (x) is real for x in Go, then there is an analytic function g: G —> C such that 


g(z) = f(z) ee zinG, UGo. 


Ta * ae 
is easy to see that g: G—>C 1s cor be nuous; it must be shown that ¢g is 


analytic. It is trivial that g is analytic on G, U G_ so fix a point x9 in Go 
and let R > 0 with B(x,; R) < G. It suffices to show that g is analytic on 
B(x ; R); to do this apply Morera’s Theorem. Let T = [a, b, c, a] be a triangle 
in B(x,; R). To show that [,-f = 0 it is sufficient to show that [pf = 0 


J iv yP/ 
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a 
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f “a 
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b G_ 
whenever P is a triangle or a quadrilateral lying entirely in G, UG g or 
G_U Gg. In fact, this is easily seen by considering various pictures such as 
the one above. Therefore assume that T © G, U Go and [a, 5] © Go. The 
the other cases is similar and will be left to the reader. (See Exercise 


for a general proposition which proves all these cases at once.) 

Let A designate 7 together with its inside; then g(z) = f(z) for all z in A. 
By hypothesis f is continuous on G, U Go and so fis uniformly continuous 
on A. Soife > Othereisaéd > O such that when z and z’ e Aand |z—z'| <6 
then | f(z)—f(z’)| < «. Now choose « and £ on the line segments [c, a] and 
[b, c] respectively, so that |a—a| < 6 and |B—b| < 6. Let T, = [e, B, ¢, «] 
and oe u b, B, «, al. Then Inf = {+,f+Jof, but T, and its inside are 


, and fis analy 
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But if O < ¢ < 1 then 
[¢8 + (1 —t)a] —[t6+(1—da]] < 5 
so that 
lf71B+1 —Ne)—fb+—pha)l < e 
YVrrn I~} JX Po I} | 
If M = max {|f(z)|: ze A} and ¢ = the perimeter of 7 then 
ae 
1.3 | { f+ | f/ = |(e-a) [ f(06-+(1 Hayat — (8-2) [,Aie+(0 pana 
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[a, a] 
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1p i 
| | f| < M8. 
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Combining these last two inequalities with (1.2) and (1.3) gives that 
Ir | , 
I] S| < «f+ 4M. 
T 
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jr f= 0; eae be jee = 
Can the reflection principle be generalized? For example, instead of 
requiring that G be a region which is symmetric with respect to the real axis, 


suppose that G is symmetric with respect to a circle. (Definition IIT 3.17) 
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ad wasieu wy VAUAL see 


Analytic Continuation Along a Path 213 
Can the reflection principle be formulated and proved in this setting? The 


answer is provided in the exercises below. 
Exercises 


1. Let y be a simple closed rectifiable curve with the property that there is a 
point a such that for all z on y the line segment [a, z] intersects {y} only at z; 


ie. fa, z].N fy} = {z}. Define a point w to be inside y if [a, w]N {fy} = OF 
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G is a region and G =GvU ({y}. 

(b) Let f: G~ + C be a continuous function such that fis analytic on G. 
Show that J, f = 0. 

(c) Show that n(y; z) = +1 if z is inside y and n(y; z) = Oif z¢G™ 


Remarks. It is not necessary to assume that y has such a point a as above; 
each oe of this exercise remains true if y is only assumed to be a simple 
closed rectifiable curve. Of course, we must define what is meant by the 
inside of y. This is difficult to obtain. The fact that a simple closed curve 
divides the plane into two pieces (an inside and an outside) is the content of 


the Jordan Curve Theorem. This is a very deep result of topology. 
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the set of all points z stich that there is a point w in G 


twi 
symmetric with respect to the circle |f|=1. (See III. 3.17. 
(a) Show that G* = {z: (1/z) « G}. 
(b) If f: G+ C is analytic, define f*: G* + C by f*(z) = f(1/Z). Show 


that tT. is analy ytic 


(c) Suppose nai G = G* and f is an analytic function defined on G 
such that f(z) is real for z in G with |z| = 1. Show that f = f*. 

(d) Formulate and prove a version of the Schwarz Reflection Principle 
where the circle |] = 1 replaces R. Do janis same thing for an arbitrary circle. 
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3, Let G, {; G 7, be as in the statement of the Schvu 
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Principle and let f: G, UG, > C,, be a continuous function such that / is 
meromorphic on G,. Also suppose that for x in Gy f(x) « R. Show that there 
is a meromorphic function g: G > C,, such that g(z) = f(z) forzinG+ UGb. 
Is it possible to allow f to assume the value co on Gy? 


§2. Analytic Continuation Along a Path 


Let us begin this section by recalling the definition of a function. We use 
the somewhat imprecise statement that a function is a triple (f, G, 2) where 
G and Q are sets and fis a “‘rule’’ which assigns to each element of G a unique 
element of Q. Thus, for two functions to be the same not only must the rule 
be the same but the domains and the ranges must coincide. If we enlarge the 
range 2 to a set , then (ff G, Q,) is a different function. However, this 
point should not be eriphasizel here; we do wish to emphasize that a change 


in the domain results in a new function. Indeed. the nurnose of analvtic 
ALAR CEAW BWW ALEDMALE AWWA ALE ag ashe 9 vss rte rYYyyv wa ev esees 7 lw 
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continuation is to enlarge the domain. Thus, let G = {z: Re z > —1} and 
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f(z) = log (1 +z) for z in G, where log is the principal branch of the logarithm. 
Let D = B(O; 1) and let 


for z in D. Then (f, G, C) # (g, D, C) even though f(z) = g(z) for all z in D. 
it 1S e 


Nevertheless, it is desirable to recognize the relationship between f and g. 
Thie lanAg tharafara ta tha nannrant nAfia cwasem nf ite fiuacrtinna 
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2.1 Definition. A function element is a pair (f, G) where G is a region and 
fis an analytic function on G. For a given function element (/, G) define the 
germ of f at a to be the collection of all function elements (g, D) such that 
ae D and f(z) = g(z) for all z in a neighborhood of a. Denote the germ 
by [f 1. 

Notice that [/], is a collection of function elements and it is not a function 
element itself. Also (g, D) €[/], if and only if (f, G) € [g],. (Verify!). It should 
also be emphasized that it makes no sense to talk of the equality of two 
germs [f], and [g], unless the points a and 5 are the same. For example, if 
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2.2 Definition. Let y: [0, 1] ~ C be a path and suppose that for each ¢ in 
[0, 1] there is a function element (/,, D,) such that: 


(a) y(t) € Dy; Oe 
(b) for each ¢ in [0, 1] there is a 6 > O such that |s—t| < 6 implies 
y(s) e D, and 


tion of (Ff, ND.) along tho 
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(f,, D,) is obtained from (fo, Do) by analytic continuation along 

Before proceeding, examine part (b) of this definition. Since y is a 
continuous function and y(t) is in the open set D,, it follows that there is a 
8 > 0 such that (s) e D, for |s—t| < 8. The important content of part (b) 


aed 


whenever |s—t| < 6. 

Whether for a given curve and a given function element there is an 
analytic continuation along the curve can be a difficult question. Since no 
degree of generality can be achieved which justifies the effort, no existence 
theorems for analytic continuations will be proved. Each individual case 
will be considered by itself. Instead uniqueness theorems for continuations 
are proved. One such theorem is the Monodromy Theorem of the next 
section. This theorem gives a criterion by which one can tell when a con- 


two different curves connecting the same points results in the 
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The next proposition fixes a curve and shows that two different con- 
tinuations along this curve of the same function element result in the same 
function element. Alternately, this result can be considered as an affirmative 
answer to the following question: Is it possible to define the concept of 

along a curve?” 


“the continuation of a germ 
2.4 Proposition. Let y: [0, 1] > C be a path from a to b and let {(f,, D,): 
0<t<Il1}and {(g, a 0 < t < 1} be analytic continuations along y such 


“Ly a ef Wy pent’ ore OE EF re eS OF CRS ie Te Tas ape rig nO! Sree sm et gly ye mn STEM rae I EDO Sipe pea es fy 


ee ee Thon lf1. —T 
that [fola = [Gola Then (fi), = [ 


Proof. This proposition will be proved by showing that the set 


‘—— {t Ee [0, 1]: Lfilocy = [Zl ycryt 


is both open and closed in [0, 1]; since T is non-empty (0 ¢ 7) it will follow 
that 7 = [0, 1] so that, in particular, 1 € T. 
The easiest part of the proof is to show that T is open. So fix t in T and 


£1 1, (if ¢ = 1 th fi; “4 = 
assume ¢ 4 0 or I. (If 1 the proof is complete; if ¢ = 0 then the argu- 


ment about to be given will also show that [a,a+6)< T for some 6 > 0.) 
By the definition of analytic continuation there is a 6 > O such that for 
|s—t| < 8, y(s)e D, B, and 

2.5 


(s) [g,] 
But since te 7, f(z) = g,(z) for all z in D, ON B,. Hence [fi],.5) = ([8:l,cs) for 


all »(s) in D, 0 B,. So it follows from (2.5) that [fi]... = [8s]l,(s) whenever 
ls—t| < 8. That is, (t—5, t+) T and so T is open. 


meek 


To show that T is siosed let t be a limit point of 7, and again choose 
5 > 0 so that »(s) ¢ D, A B, and (2.5) is satisfied whenever |s—t| < 6. Since 
tis a limit point of 7 there is a point s in T with |s—t] < 6;s0oG =D, B, 
OD, OB, contains 7(s) and, therefore, is a non-empty open set. Thus, 
f(z) = g,(z) for all z in G by the definition of 7. But, according to (2.5) 
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f(z) = fz) and ¢g,(z) = et for all z in G. So f(z) = gz) for all z in G 
and, because G has a limit point in D, A B,, this gives that [/1] 4.) = [gy 
That is, te J and so T is closed. 


Pa Pa) o.,e 


2.6 Definition. If »: [0, i] ~ Cis a path from ato band {(f,, D):0 < t < i} 
is an analytic continuation along y then the germ [f,], is the analytic con- 
tinuation of [fo], along y. 

The preceding proposition implies that Definition 2.6 is unambiguous. 
As stated this definition seems to depend on the choice of the continuation 
{(f,, D,)}. However, Proposition 2.4 says that if {(g,, B,)} is another con- 
tinuation along y with [fo], = [go], then [/], = [g,],. So in fact the definition 
does not depend on the choice of continuation. 


2.7 Definition. If (f, G) is a function element then the complete analytic 
function obtained from Cf, is the collection ¥F of all germs [g], for which 


v soa 


and a nath y from ato b such that [el, is the analytic 
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A collection of germs ¥ is called a complete analytic function if there is a 
function element (f, G) such that ¥ is the complete analytic function ob- 
tained from (f, G). 

Notice that the point ai 


cr et Oe 


for all z in G. 

Although there is no ambiguity in the definition of a complete analytic 
function there is an incompleteness about it. Is it a function? We should 
refrain from calling an object a function unless it is indeed a function. To 
make ¥ a function one must manufacture a domain (the range will be C) 
and show that -F gives a “rule’’. This is easy. In a sense we let F be its own 
domain; more precisely, let 


AH = (2, [f].): (fl. € F }- 


Define F : BC by F(z, [f],) = f(z). In this way F becomes an “honest”’ 
function. Nevertheless there is still a lingering dissatisfaction. To have a 
satisfying solution a structure will be imposed on & which will make it 
possible to discuss the concept of analyticity for functions defined on &. 


In this setting, the function ¥ defined above becomes analytic; moreover, it 
BAL CSZSAAW Wwe baen oOo: asAw ABssswe 10n - Stwikhitwwet F40w Fw wwe wb hi SLL SES 2). tlw 444wiww tf wigs av 
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postponed until Section 5. 
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¥. The introduction of this structure 
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1. The collection {Dy, D,,..., D,} of open disks is called a chain of disks 
ifD;,-,~AD,;#4 Uforl <j<n. If (f;, Dj): 0 < J < n} isa collection of 
function elements such that {Do, D,,..., D,} is a chain of disks and /;_ ,(z) 

= f(z) for zin D;_, ND, 1 <j<n; aiken {((f;, Dj): 9 < j < n} is called 
an analytic continuation along a chain of disks. We say that gy, Sns D,,) is obtained 
by an analytic continuation of (/p, Dy) along a chain of disks. 

(a) Let {((f;, Dj): 0 <j < n} be an analytic continuation along a chain 
of disks and let a and b be the centers of the disks D, and D,, respectively. 


Show that there is a path y from a to b and an analytic continuation {(g,, B,)} 


mae es i an ea a KNOG tr 


along y such that {y} ¢ U D;, [fola = [Zola and [f.], = [ei]. 


(b) Conversely, let {( i, D,): 0 < t < 1} be an analytic continuation 
along a path y: [0, 1] > C and let a = >(0), b = y(1). Show that there is an 
anelye continuation along a chain of disks {(g;, B;): 0 < j < n} such that 


{fy} ¢ ie J B;, (fola = [Zol., and [fi], = [g,]. 


2. Let ’D, = B(1; 1) and let f be the restriction of the principal branch of 
me to Dy. Let y(t) = exp ake ae o(t) = exp (4vit) for 0 < ¢ < 1. 
a 


(a) Find an analytic continuation {(f,, D):0 < t < 1} of (fo, Do) along 
sy and chow that [f.1 — ff] 
f Aliss omy vy tliat LJ 1J1 L J O11 
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(b) Find an analytic continuation {(g,, B,): 0 < t < 1} of (fo, Dj) along 
o and show that [g,], = [go]. 


3. Let f be an entire function, Dy = BO; 1), and let y be a path from 0 to b. 
Show that if {(,, D,): 0 < t < 1} is a continuation of (f,; D,) along y then 
J\(z) = f(z) for all z in D,. (This exercise is rather easy; it is actually an 


exercise in the use of the pai aon ey 


4. Let y: [0, 1] > C be a path and let {(f,, D,): 0 < t < 1} be an analytic 
continuation along y. Show that {(f;, D,): 0 < t < 1} is also a continuation 
along y. 


5. Suppose y: [0, 1] > C is a closed path with (0) = »(1) = a and let 
{(f,, D,): 0 < t < 1} be an analytic continuation along y such that [/,], = 
[fo], and fo # 0. What can be said about (fo, Dy)? 

6. Let Do = BCI; 1) and let fo be the restriction to Do of the principal 
branch of the logarithm. For an integer n let y(t) = exp (27int),0 <t < 1. 
Find a continuation {(f,, D,):0 < t < 1} along y of (fo, D,.) and show that 


Us = [fo+2zin],. 


7) 
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o 
a) 
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- 


and suppose there is an analytic function h: G—C such that h(f,(z)) = z 
for all z in Do. Show that A(f,(z)) = z for all z in D, and for all t¢. 
Hint: Show that T = {t: h(f,(z)) = z for all z in D,} is both open and 


) 
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et Y° lv ae with (0) = — Ll allu DAUR, = Vivi ally t. suppose 
that {fs D): fee is an analytic continuation of f/o(z) = log z. Show 
that each f, is a ea of the logarithm. 


T 
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§3. Monodromy Theo 


Let a and 6 be two complex numbers and suppose y and o are two 
paths from a to b. Suppose {(f,,D,)} and {(g,,B,)} are analytic continua- 


tions along y and o respectively, and also suppose that [ fo], =[ go], Does it 
follow that! f,1,=[9¢,1,? If y and a are th i 
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answer can be no. In fact, Exercises 2.2 and 2.6 furnish examples that 
illustrate the possibility that [f,],4[2,],. Since both of these examples 
involve curves that wind around the origin, the reader might believe that a 
sufficient condition for [f,], and [g,], to be equal can be couched in the 
language of homotopy. However, since all curves in the plane are homo- 
topic the result would have to be phrased in terms of homotopy in a 
proper subregion of C. For the examples in Exercises 2.2 and 2.6, this 
sought after criterion must involve the homotopy of the curves in the 
punctured plane. This is nee? the wes vee Sone : discarded in the 


ahava AtvaAmMnlbe kK AMA ra is waren Lieb Annem taenn A ae as ah 


o tnat 


Q 
ba 
= 
ai 
.¢ 
— 
7 4) 
ot 
boi 
= 
pow! 
QO 
ee 
a“ 
ry = 
oO 
_ 
ew 
ot 
= 
= 
a 


? 


to the complete analytic function obtained from (fo, Do). 
If (f, D) is a function element and ae D then f has a power series expan- 
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sion at z = a. The first step in proving the Monodromy Theorem is to 
investigate the behavior of the radius of convergence for an analytic continua- 
tion along a curve. 


3.1 Lemma. Let y: [0, 1] ~ C be a path and le 


t {f,, D,): 0 < t < 1} be an 
analytic continuation along y. For 0 < t < 1 let R(t) be the radius of con- 
vergence of the power series expansion of f, about z = y(t). Then either R(t) 


= 0 or R: [0, 1] ~ (0, 0) is continuous. 


ae 


Proof. If R(t) = oo for some value of f then it is possible to extend f, to an 
entire function. It follows that f(z) = f(z) for all z in D, so that R(s) = 
for each s in [0, 1]; that is R(s) = 00. So suppose that R(t) < oo for all t 


cad wae ee RR 


Fix ¢ in [0, 1] and let + = y(¢); let 


fi) = (2-1) 


n=0 


be the power series expansion of f. about r. Now let 5, > 0 be such that 


|ls—t] < 5, implies that y(s)e D, A B(r; R(t)) and [ Isis) = [filysy: Fix s 
with |s—z| < 6, and let o = y(s). Now f, can be extended to an analytic, 
function on B(7; R(t)). Since f, agrees with f, on a neighborhood of a, f, can 
be extended so that it is also analytic on B(r; R(t)) U D,. If f, has power 


series expansion 


Seesaw ee 


about z = o, then the radius of convergence R(s) must be at least as big as 
the distance from o to the circle |z7—7| = R(t): that is, R(s) = d(c, {z: |z—-| 
= R(t)}) = R(t)—|r—o|. But this gives that R(1)—R(s) < |y(t)—y(s)|. A 
similar argument gives that R(s)— R(t) < [y(t)—y(s)|; hence 


NO. DAL & lafe\ _. feo! 
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— C be a path from a to b and let {(f,, D,:90 < 


c ig y. There is a num 
s any path from a to b with |y(t)—o(t)| < « 
{(g,, B,): 0 < t < 1} is any continuation along o with [go], 


[gil, = [hil,- 


Proof. For 0 < t < 1 let R(t) be the radius of convergence of the power 
series expansion of f, about z = y/(f). It is left to the reader to show that if 
R(t) = o then any value of ¢ will suffice. So suppose R(t) < o for all t. 

mnrp tha ad; lamma Dig a rantiniinne fimctinn an A 


q; genera Dfs\ 
WLLL, by tne pre ceaing IUILILIa, IN iS a continuous function QllUu SLLILe NCE) a7 VU 


for all ¢, R has a positive minimum value. Let 
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and suppose that o and {(g,, B,)} are as in the statement of this lemma 
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Furthermore, suppose that D, is a disk of radius R(t) about y(f). The truth of 
the conclusion will not be affected by this assumption (Why?), and the 
exposition will be greatly simplified by it. 

Since |o(t)—y(t)| < « < R(t), o(t)e B, ND, for all t. Thus, it makes 
sense to ask whether g,(z) = f,(z) for all z in B, O D,. Indeed, to complete 


the proof we must show that this is precisely the case for t = 1. Define the 
cat TT — §*+-IN 11- a oe 2 far 7 in RMD: and chaw that le T 
OVE £ Ve L LV> ij- Jt?) &t\e) ave & ill cell | eo 4’ t$o QGQliu OLLY VY Cilae Ew Le 
This is done by showing that JT is a non-empty open and closed subset of 


[0, 1]. 
From the hypothesis of the lemma, 0 ¢ 7 so that T 4 (. To show T is 
open fix ¢ in T and choose 6 > 0 such that 


lX~9-vO] < ¢ Plas = Ply 
3.4 [o(s) —o(2)| < ¢€, [Zslorsy _ [Zrlocs)> and 
a(s) € B, 


whenever |s—t| < 5. We will now show that B, A B, A D,A D, # ( for 
|s—t| < 6; in fact, we will show that o(s) is in this intersection. If |s—i} < 6 
then 

lo(s)—y(s)| < € < RG) 


by (3.3); so oe E D.S Since we already have that o(s) « B, ON B, by (3.4), 
o(s)e BN B,A DLA D, = G. 


Since t e T it follows that f(z) = g,(z) for all z in G. Also, from (3.4) f(z) = 
F(z) and gz) = gz) for all z in G. Thus f(z) = g,(z) for z in G; but since 
G has a limit point in B, M D, it must be that s e T. That is, (t—8, t+8) ¢ T 
and JT is open. The proof that T is closed is similar and will be left to the 
reader. 


et (f, D) be a function element and let G be a region which 
D) admits unrestricted analytic continuation in G if f 


"7 


If D= fz: |z—1] < 1} and fis the principal branch of ./z or log z then 
(f, D) admits unrestricted continuation in the punctured plane but not in 
the whole plane (see Exercise 2.7). 
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tinuations will not be proved. In particular, if (f, D) is a function lenient 
and G is a region containing D, no criterion will be given which implies that 
GA he ora unrestricted continuation in G. The Monodromy Theorem 


vic 
ALO 


assu that G has this property and states a uniqueness criterion. 
3.6 Monodromy Theorem. Let (f, D) be a function element and let G be a 
region containing D such that (f, D) a ae 1its unrestricted continuation in G 
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Let ae D, be Gand let yo and y, be paths in G from a to b; let {(f,, D,): 


O<1t< l}and {(g,, D,):0 < t < 1} be analytic continuations of (f, D) along 
Yo and y, respectively. If yq and y, are FEP homotopic in G then 
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for all ¢ and w in (0, 1]. Fix u, 0 < u < 1 and consider the path y,, defined 
by y,(t) = T(t, uv), from a to b. By hypothesis there is an analytic continuation 


(tw Diw):0<t <1} 


of (f, D) along y,. It follows from Proposition 2.4 that [g,], = [A,,,], and 
[fi], = (41, ol, So it suffices to show that 


[Ay ols = [Ay 1], 


following. 


3.7 Claim. For u in [0, 1] there is a& > 0 such that if |u—v| < 6 then [h, ,), = 
[A,,»],- For a fixed u in [0, 1] apply Lemma 3.2 to find an e > 0 such that if 
o is any path from a to 6 with |y,(t)—o(t)| < « for all ¢, and if {(k,, E,)} is 
any continuation of (f, D) along o, then 
3.8 [Ay ad, = (kr, 
Now [ is a uniformly continuous function, so there is a 6 > 0 such 

|u—v| < 6 then [y,(t) — y,(O] = [TC w)—TC, v)| < ¢ for all t. Claim 3.7 
now follows by applying (3.8). 

Suppose ue U and let 6 > 0 be the number given by Claim 3.7. By the 

definition of U, aes ute) < U; so Us open. If we U™ and 4 is again 


ea al. al 


chosen as in (3.7) then there is a uw in U such that [u—v| < 6. But by (3.7) 
[Ay ule = (Ay, .]5; and since veU [A, ,], = [hy, 0], Therefore [h, ,], = 
[A,. 0], so that ue U; that is, U is closed. 

The following corollary is the most important consequence of the 
Monodromy Theorem. 


3.9 Corollary. Let (f, D) be a function element which admits unrestricted 
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and {(f,, D,): 0 < t < 1} is an analytic continuation of (f, D) along y then 
let F(z, y) = f,(z). Since G is simply connected F(z, y) = F(z, o) for any 
two paths y and o in G from a to z. Thus, F(z) = F(z, y) gives a well defined 
function F: G—C. To show that F is analytic let z¢G@ and let y and 
as above. A simple argument gives that F(w) = f,(w) for w ina 


Exercises 


1. Prove that the set 7 defined in the proof o 
2. Let (f, D) be a function element and let ae D. C is a path 
with y(0) = a and y(1) = b and {(f,, D,): - < ¢t < 1} is an analytic con- 
tinuation of (f, D) along y, let R(t) be the radius - convergence of the power 
series expansion of f, at z = y(¢). 

(a) Show that R(t) is independent of the choice of continuation. That is, 
if a second continuation {(g,, B,)} along y is given with [go], = [f], and r(t) 
is the radius of convergence of the power series expansion of g, about 
z = y(t) then r(t) = R(t) for all ¢. 
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(b) Suppose that D = B(1; 1), fis the restriction of the principal branch 
of the logarithm to D, and ,(f) = I[+at for 0 < t < 1 and a> 0. Find 
R(t) 

(c) Let (f, D) be as in part (b), let 0 < a < 1 and let y(t) = (1—ar?t) 
exp (27it) for 0 < t < 1. Find R(?) 

(d) For each ie the functions R(t) obtained in parts (b) and (c), find 
min {R(t): 0 < ¢t < 1} as a function of a and examine the behavior of this 
function as a—> o ora—>0. 

3. Let 1: [0, 1]x[0, 1] ~ G be a continuous function such that ['(0, uv) = a, 
PUL, u) = b for all u. Let y,(t) = P(t, uw) and suppose that {(f,,, D,,,) 


0 <¢ < 1}isan analytic continuation along y, such that [fo wa = Lfowla for 
all w and v in [0, 1]. Let R(t, uw) be the radius of convergence of the power 
series expansion of f,,, about z = I(t, uw). Show that either R(t, vu) = 0 or 
R: [0, 1} x [0, 1] ~ (0, 00) is a continuous function. 

4. Use Exercise 3 to give a second proof of the Monodromy Theorem. 


The notion of a topological space arises by abstracting one of the most 
important concepts in the theory of metric spaces—that of an open set. 
Recall that in Chapter II we were given a metric or distance function on a 
set X and this metric was used to define what is meant by an open set. Ina 
topological space we are given a collection of subsets of a set X which are 
called open sets, but there is no metric available. After axiomatizing the 


properties of open sets, it will be our purpose to recreate as much of the 
theory of metric cnaces ac ic nocathle 
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4.1 Definition. A topological space is a pair (X, 7) where X is a set and 7 
is a collection of subsets of X having the following properties 
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(a) De 7 andxe 7; 
(b) if U,,..., U, are in 7 then U,e7 ; 


(c) if {U;: ie J} is any collection of sets in 7 then |} U, is in. 


The coliection of sets 7 is calied a topology on X, and each member of 7 
is called an open set. 

Notice that properties (a), (b), and (c) of this definition are the 
properties of open subsets of a metric space that were proved in Proposi- 
tion II. 1.9. So if (X,d) is a metric space and -7 is the collection of all open 
subsets of X then (X,.7) is a topological space. 

When it is said that a topological space is an abstraction of a metric 
space, the reader should not get the impression that he is merely playing a 
game by discarding the metric. That is, no one should believe that there is a 
distance function in the background, but the reader is now required to prove 
theorems without resorting to it. This is quite false. There are topological 
spaces (X, 7) such that for no metric d on X is J the collection of open 


sary to further explore this concept of a topology. 

i Spare do, Vi 
a topological space consists of a topology Z as well as a set X. However, 
this phase will be used when there is no possibility of confusion. 
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4.2 Definition. A subset F of a topological space X 1s closed if X — F is 
open. A point a in X is a limit point of a set A if for every open set U that 
contains a there 1s a point x in AQ U such that xa. 

Many of the proofs of propositions in this section follow along the same 
lines as corresponding propositions in Chapter II. When this is the case the 
proof will be left to the reader. Such is the case with the following two 


propositions. 


(a) (J and X are closed sets; 

(b) if F,,..., F, are closed sets then F,U...U F, is closed; 

(c) if {F;: ic TI} is a collection of closed sets then (\ F, is a closed set. 
iel 


4.4 Proposition. A subset of a topological space is closed iff it contains all its 


limit points. 
Now for an example of a topolo 
[ 


Let X=[0, 1]={1:0<7< 


It is left to the reader to prove that (X, .7) is a topological space. Some 
of the examples of open sets in this topology are: the set of all irrational 
numbers in X; the set of all irrational numbers together with zero. To see 
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that no metric can give the collection of open sets .7 , suppose that there is 
such a metric and obtain a contradiction. Suppose that d is a metric on X 
such that Ue J iff for each x in U there is an e > 0 such that B(x; «) = 
{y: d(x, y) < «} © U. Nowlet A = (0, 1); 1f Ve 7 and O€ U then there isa 
point ain UN A, a # 0 (in fact there is an infinity of such points). Hence, 
is a limit point of A. It follows that there is a sequence {t,} in A such that 
f f 


0eU sad u is open. So it must fo 
this is an obvious contradiction. Hence, no metric can cre found. 

This example illustrates a technique that, although available for metric 
spaces, is of little use for general topological spaces: the convergence of 
sequences. It is possible to define “convergent sequence”’ in a topological 
space (Do it!), but this concept is not as intimately connected with the 
structure of a topological space as it is with a metric space. For example, it 
was shown above that a point can be a limit point of a set A but there is no 
sequence in A that converges to it. 

If a topological space (CX, as iss oo that a metric d on X can be found 
with the property that a set is in 7 iff it is open in (X, @), then (XY, J) is 
said to be metrisable. There are many non-metrisable spaces. In addition to 
inventing ee topologies as was done above, it is possible to 
define processes for obtaining new topological spaces from old ones which 
e spaces t 
example, the arbitrary cartesian product of topological spaces can be defined ; 
in this case the product space is not metrisable unless there are only a count- 
able number of coordinates and each coordinate space is itself metrisable. 
(See VII. 1.18.) 

Another example may be obtained as follows. Consider the unit interval 

= [0, 1]. Stick one copy of J onto another and we have a topological space 
hice still “looks like” I. For example, [1, 2] is a copy of J and if we stick 
it onto J we obtain [0, 2]. In fact, if we “‘stick”’ a finite number of closed 
intervals together another closed interval is obtained. What happens if a 


re? T The answer that 
be a 


mntahle niumbhar anf clacead intaryval ic 
a Zi’we Aslrowwvl 109 til1ae 


countable number of closed interval 
we obtain the infinite interval [0, 00). (if the intervals are stuck together on 
both sides then R is obtained.) What happens if we put together an uncount- 
able number of copies of /? The resulting space is called the long line. Locally 
(i.e., near each point) it looks like the real line. However, the long line is not 


tr hb] A 1 1 f th 
metrisable. As a general rule of thumb, it may be said that if a process is used 


to obtain new spaces from old ones, a non-metrisable space will result if 
the process is used an uncountable number of times. 

For another example of a space that is non-metrisable let X be a set 
consisting of three points—say XY = {a, b, c}. Let FJ = 
fq. b} }: it is easv to check that 7 isa ology for X. T 


(4, Of 5, WIS Casy (TO Check tnat A a topology tor 4. 


is not metrisable notice that the only open set containing c is the set X itself. 
There do not exist disjoint open sets U and V such that ae U and ce V. 
On the other hand if there was a metric d on X such that 7 is the collection 
of open sets relative to this metric then it would be possible to find such 
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open sets (e.g., let U = B(a; «) and V = B(c; «) where e < d(a, c)). In other 
words, (X, 7 ) fails to be metrisable because ZY does not have enough open 
sets to separate points. (Does the first example of a non-metrisable space also 
fail because of this deficiency?) The next definition hypothesizes enough open 
sets to eliminate this difficulty. 


4.5 Definition. A topological space (X, 7) is said to be a Hausdorff space 


if for any two distinct points a and b in X there are disjoint open sets U and 
such that ace U and be V. 


r WebWAR DVAALE AAAS 


an mtn cena ae ln LlasvrecD ne censre Laer, a_leacA:-; cee Linen 
Every metric Space is a Hausdorff spare. AS Wwe nave alicauy seen tnere 


are examples of topological spaces which are not Hausdorff spaces. Many 
authors include in the definition of a topological space the property of a 
Hausdorff space. This policy is easily defended since most of the examples of 
topological spaces which one encounters are, indeed, Hausdorff spaces. 
However there are also some fairly good arguments against this combining 
of concepts. The first argument is that mathematical pedagogy dictates 
that ideas should be separated so that they may be more fully understood. 
The second, and perhaps more substantial reason for not assuming all spaces 


to be Hausdorff, is that more examples of non-Hausdorff spa ising 
See. ey, ene eenata hl: wate ers L sah a ee | gap a AwecA Ar enn ns 
in a natural context. Even t Hausdorff space 


which will appear in this book, th 
maintained for a while longer. 
The next step in this development is the definition, in the setting of 


topological spaces, of certain conc entc encountered in t 
VY alll <— cal a called atv i1ww ws A . 


Usiss wv pts wiswy unter 


ND 


eparation of the two concepts will be 


spaces and the stating of analogous propositions. 


4.6 Definition. A topological space (X, 7) is connected if the only non- 
empty subset of X which is both open and closed is the set X itself. 


4.7 Proposition. Let (X, 7) be a topological space; then X = \) {C;: ie 1} 
where each C; is a component of X (a maximal connected subset of X). Further- 
more, distinct components of X are disjoint and each component is closed. 


QO, LY) be topological spaces. A function 


(a) f is continuous; 

(b) if A is a closed subset of Q then f~'(A) is a closed suse of X; 

(c) ifae X and if f(a)e Ac F then there isa set Uin FZ such thatae U 
and f(U) < A, 


4.10 Proposition. Let (X, 7) and (Q, S) be topological spaces and suppose 
that X is connected. If f: X — Q. is a continuous function such that f(X) = Q, 


NUT F > 
thon Oo annnoantodn 
€frtCrt oa WW UCUVILIICULICU. 
All Nofinitinn A cat KF -— VY 1 ' 
4.11 Definition. A set K < X is compact if for every sub-collection 0 of 7 
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such that K < |) {U: Uc (} there are a finite number of sets U,,..., U, 


in @ such that K < ( U,. 


k=!1 


a 


een A at es Oo omy rae Ter ot. Petes 


wanine tin ot (¥ DN ad a 
A 1a (AZ, 7) D topological spaces and suppose 
a 


4,12 Proposition. Let (A, 4 ) a. 
K is a compact subset of X. If f: X > Q is 
compact in Q. 


If (XY, d) is a metric space and Y < X then (Y, d) is also a metric space. 
topologica e into 


af ow 


continuous function then f(K) is 


there a way of making a subset of a nological snace into a topological 
ws tsL,wi Ww “se ba ( BAAGCALALE fa) wats A AY Ss ese Peo > &* a Se aah ue ee = 
emnnreD Wan nAnnlA AF nA ean AxnlAwa nicer ei hncat RE OV +H: RA Awa en then 
space: We could, Oi Course, declare every subset of 7 to De Open anda tnis 


would make Y into a topological space. But what is desired is a topology on 
Y which has some relationship to the topology on X; a natural topology on a 
subset of a topological space. 

If (X, 7) is a topological space and Y < X then define 


= {UN Y:UeT}. 
It is easy to check that 7y is a topology on Y. 


4.13 Definition. If Y is a subset of a topological space (X, 7) then 7 y is 
called the relative topology on Y. A subset W of a is relatively open in Y 


if E i atively closed in Yif Y-We =. 
vr — Y3 aw Oe Ok eo wewise Ww fe za AL DF Das 
WLaneavAe <A cman Con owmheat AL Aa’ trnnntltAaieal 6nHare: aca trnunlnacra 1 
Whenever we speak of a subset of a topological space as a topological 
nh e 


ogy unless the contrary 
is explicitly ma 


4.14 Proposition. Let (X, 7 ) be a topological space and let Y be a subset of X. 


(a) If X is compact and Y is a closed subset of X then (Y, JZ y) is compact. 
(b) Y is a compact subset of X iff (Y, Z y) is a compact topological space. 
(c) If (X, J) is a Hausdorff space then (Y, J y) is a Hausdorff space. 

(d) If(X, J) is a Hausdorff space and(Y, J y) is compact then Y is a closed 


NX 


rf. (Cc) s exercises. To prove part (d) 
it suffices to show that for each noint ain X— Y there is an open set U such 
AU WeLIiliwwy WJ WAAL vY¥ SAUL Wa wiaiwitl Dial aleeee 4 24h 4h yo tiswew AW AAA “Vip was wee _—4 wWwiewia 
that we TlanA TIER VM Ce fu rn meint ain Ve Cee aan h point yin Y 
lildt dae UYU allgd YUrir = LJ OVA aA pol Ld i 1 X-— ff, 1O1l Udell poit 1 lil 2 


¥ 


there are open sets U, and V, in X such that ae U,, ye V,, and U,V, 
CL] (because CX, eae is a Hausdorff space). Then Vv, VY: yeYhisa eailee: 
tion of sets in 7 y which covers Y. So there are points y,,..., y, in Y such 


wo 


that Yo (J(V, AY) ¢UY,, = V. Since ae U,, for each 1, ae U = () 
por i=1 


i=] 


U,,; also Ue 7. It is easily verified that UN V = ) (UO V,,) = 0 so 
that UN Y=[. 8 oan 


The proof of this proposition yields a stronger result. 


id 


4.15 Corollary. Let (X, 7) be a Hausdorff space and let Y be a compact 


ointain X—Y thoero aro onon sete Tl a nd V in X 


ae OF £h i Crewiwe WI Mp Ste I bi YY an Fe 4h 
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way to define a topology. The sequence of steps by which open sets are 
obtained in a metric space are as follows: the metric is given, then open balls 
are defined, then open sets are defined as those sets which contain a ball 
ir points. What we wish to mimic now is the introduction 


>t c 
jo 
rt) 
<. 
a} 
ge 
emp 
= 


ollowing properties: 


U . 
(b) if U and Ve-N,, there isa Win, such that Wc UNV; 
(c) if Ue. VY, and Ve, then for each z in UN V there isa Win VW, 
such that Wc UNV. 


Then the collection {V,,: x « X} is called a neighborhood system on X. 
If (X, d) is a metric space and if x « X¥ then VY, = {B(x; - e > 0} gives 


a collection {. WN: x € X} which is a neighborhoo d system. 


collection hich is a neighborhood sy In fact, this was 
the prototype of the dbave definitions. 

Notice that condition (c) relates the neighborhood systems of different 
points. If only conditions (a) and (b) were satisfied, it would not follow that 


these neighborhoods would be open sets in the topology to be defined. For 
example if X¥ is a metric space and NV is the collection of closed balls about 


e, if metric space and -V, is the collection of closed balls about 
eo Pha!) OAL 3h ae ee WA OAS ha condit tions haat not (c). Moreover at 

CLivil wl x: ATA s SALISIICS CULIUILTIULIS (a) and (b) out NOL (c). Moreover, it 
is easy to verify that by letting x = y = z condition (b) can be deduced from 


(c) (Verify!). 
The next proposition relates neighborhood systems and topological 
spaces. 


) If (V 77a jc O67 topologic al 


Af \A, 4%} IS A lopologicad: § 
x € U} then {N,,: x € X} is a neighborhood system on X. 

(b) If {4M.: x € X} is a neighborhood system ona set X then let F ={U: 
x in U implies there isa V in N,, such that V < U}. Then J is a topology on 
X and N,.< JF for each x. 


() TEX, TJ) isa eppole ogi 
(a), then the topology obtained as in part (b) is again 7 

(d) If {NV,: x © X} is a given neighborhood system and J is the topology 
defined in part (b), then the neighborhood system obtained from 7 contains 
{W... x € X}. That is, if V is one of the neighborhoods of x obtained from F 


then there is a U in N,, such that U © V. 


uUL-U t 


Qnagd — 
x 


Ss 
2 


Proof. The proof of parts (a), (c), and (d) are left to ne reader. To prove part 
(b), first observe that both XY and [J are in Z(Lje 7 since the conditions 


are vacuously satisfied). Let U,,..., ,U,¢ 7 and put U = a U,. If xe U 
then for each j there is a V; in-V, such that V, < U,. It follows by induction 


n 


AN; such that V < () V;. 


a 7 r 


on part (b) of Definition 4.16 that there is a V in 
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sets in 7 is clearly in 7, 7 is a topology. Finally, fix x in and let Ve YW, 
If ye U it follows from part (c) of Definition 4.16 that there is a V in.V, 
such that V < U. Thus Uc 7. 


4.18 Definition. If {.1”.: x ¢ X} is a neighborhood Sieca on X and 7 is the 
topology defined in part (b) of Proposition 4.17, then 7 is called the topology 
induced by the neighborhood system. 


4.19 Corollary. [f {4.: x ¢ X} is a neighborhood system on X and J is the 
induced topology then (X, 7) is a Hausdorff space iff for any two distinct 


points x and y in X there is a set Uin %, anda set V in N, such that 


Fim T/7 me 


UNF =}. 


Exercises 


1. Prove the propositions which were stated in this section without proof. 
2. Let (X, 7) and (Q, &%) be topological spaces and let Y < X. Show that 
if f: X + Q is a continuous function then the restriction of f to Y is a con- 
tinuous function of (Y, Zy) into (Q, ). 


3. Let X¥ and Q be sets and let {£VY,: xe X} and £Z,,: weQ} be neigh- 
borhood systems and let Y and / be the induced topologies on X and Q 


respectively. 
(a) Show that a function f: X¥ > is continuous iff when x « X and 
= f(x), for each A in.@,, there isa Uin -V, such that f(U) © A. 
(b) Let ¥ =Q=C and let VY, = 4, = {B(z: ¢): « > 0} foreach zin 
Interpret part (a) of this exercise for this particular situation. 
4. Adopt the notation of Exercise 3. Show that a function f: X¥ > Q is open 
iff for each x in X and U in, there is a set A in .@,, (where w = f(x)) such 
that A < f(U). 


e 


5. Adopt the notation of Exercise 3. Let Y < X and define @, = {YQNU 
UeWN,} for each y in Y. Show that {W,: ye Y} is a neighborhood system 
for Y and the topology it induces on Yis Jy. 
6. Adopt the notation of Exercise 3. For each point (x, w) in X x Q let 
U xo) = {Ux A: UEN,, Ae ,} 
(a) Show that {Ms, @): (x, w)e Xx Q} is a neighborhood system on 


7 1 


Xx Q and let F be the induced topology on Xx Q. 
(b) If Ve ZF and Ae Y, call the set Ux A an open rectangle. Prove that 
a set is in F iff it is the union of open rectangles. 
(c) Define p,: XxQ >X and p,: X¥xQ > by p(x, w) = x and 


(v Cha tha 
PwWr, w) = = w. Snow tnat Pi and P2 are open contir nuou 


if (Z, Z) is a topological space show that a function f: (Z, ZB) > (Xx Q, FY) 
is continuous iff p, of: Z—> X and p,°f: Z — Q are continuous. 
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structure is also imposed on this space (in the next section). This will furnish 
the setting in which to study the complete analytic function as an analytic 
function. 


If (f, D) is a function element, recall that the germ of (f, D) at a point 
z = ain Dis the collection of all function elements (g, B) such that ae B 
mea Ante’ £4 oN Pee aT ee hee DAR TY OMe maces Fe Dae nen Ee PI 
ang g(Z) = s(Zj tor au Zin DO VY. inis germ is aenoted vy [/ j, 
3.1 Definition. For an open set G in C let 
PIM\ — Ue THT \ weal fia analutinr at 7) 
(ad (VY) —; Wes LJ Jz) ecu, is ailaly lili at <f 


Define a map p: Y(G) > C by p(z, [/] 
called the sheaf of germs of analytic Functions 6 on G. The 1 map p . called the 
projection map; and for each z in G, p-'(z) = p '({z}) is called the stalk or 
fiber over z. The set G is called the base space of the sheaf. 

Notice that for a point (z, [/], to be in Y(G), it is not necessary that f be 


defined on all of G; it is only required that f be analytic in a neighborhood 


ro 


How do we picture this sheaf? (There are, of course, too many dimensions 
to form an accurate geometrical picture.) One way is to follow the agri- 


cultural terminology used in the definition. On top of each stalk there is a 
collection of germs; the stalks are tied together into a hee A better feeling for 
SP ILTN ran ho a) in wy minina tha natatinn far anintain f"\ Whan w, 
eu \vV 7) Wail UY UUL u CULLY AIVLALULVIIL ivi pViiitys li ry 


consider a point (z, [/],) in. “(G), think of a function element (/, D)in the germ 
[f], instead of the germ itself. For every point w in D there is a point (w, [/],,) 
in S(G). Thus about (z, [ f],) there is a sheet or surface {(w; [/],,): w € D}. 
In fact, Y(G) is entirely made up of such sheets and they overlap in various 
Ways: Alternately, we can think of “(G) as the union of graphs; each point 
(z, Lf],) in /(G) corresponding to the point (z, f(z)) on the graph of (f, D). 
(The graph of (f, D) is a subset of C? or R*.) Two function elements are 
equivalent at a point z if their graphs coincide near z. 


A oe will be defined on SF Si by defining a neighborhood system. 


na fiin 
U a 


3 
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That is, N(f, D) is defined for each function element (f, D). I 
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eorem. For each point (a, [f],) in S(G) let 
MN alfa) oa {N(g, B): aceB and [g]a al [fla} 
then Pas. se): : (a, [f] JE AG)} is a neighborhood system on Y(G) and the 
ndaspo 7 


arnt ftamntlngs) or0 LW pysscednvttl ry ere wore th lad 48a tA ose: bigs AD oes Peed poet 4 “> 
int GUcEe topo logy is Hausdorff. F uri triéi Mmture,. the inducea LUPULYU Mun tie 
CDS rr 
map p: S(G) > G continuous. 
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4.16 holds, it remains to verify that condition (c) holds. (Condition (b) is a 
consequence of (c).) Let N(g,, Bi) and N(g2, Br) € NM ar pj,) and let 


5.4 (b, THle) © N(@1, Bs) 0 N(B2, Bp). 

It is necessary to find a function element (k, W) such that N(k, W) eV (5 cn3,) 
and N(k, W) < N(g,, By) O N(g2, Bz). It follows from (5.4) that be B, 1 B, 
and [h], = [gi], = [g2].. If b¢ W < B, O B, and fh is defined on W then 


N(A, W) = N(g1, By) N82, B,). 
To show that the induced topology is Hausdorff, use Corollary 4.19. So 


let (a, [f],) and (4, [g],) be distinct points of “(G). We must find a neighbor- 
hond NOf A\ of (a Tf1\ and a neighborhood N(g, B) of (bh [ge], b) such that 


hood N(/, A) of (a, [f],) and a orhoo of (5, [g],) such that 
N(f, A) 0 N(g, B) = (1. How can it happen that G [ fl) # (b, fel)? There 
are two possibilities. Either a 4 b or a = b and [f], # [g],. If a # b then 
let_A and B be disjoint disks about a and 5 respectively; it follows immediately 
that N(f, A) A N(g, B) = CO. If a = b but [f], # [g],, we must work a little 


hardar (hunt nat much) Sinre lf] <~ lal there ica dick ND — Bla; r) cuch that 
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both f and g are defined on D and f(z) # g(z) for 0 < |z— al <r. (It may 
happen that i = g(a) but this is inconsequential.) 


Claim. N(f, D) A N(g, D) = C. 

In fet if (z, [Al,) ¢ N(f, D) A N(g, D) then z « D, [hj], = [f],, and [A], = 
[g]_. It follows that fand g agree on a neighborhood of z, and this is a contra- 
diction. Hence the induced topology is Hausdorff. 


a ae 


Let U be an open subset of G; begin the proof that 


continuous by calculating p~‘'(U). Sirice p(z, [f],) = Zz 
p '(U) = {(, [f],): z € U}. 


So if (z, [f],) ¢ p '(U) and D is a disk about z on which fis defined and such 
that Dc U, NU. D) < p ‘(U). It follows that p must be continuous 


(Exercise 4.3). i 


. Consider what was done when we showed that the induced topology was 
Hausdorff. If a 4 6 then (a, [f],) and (8, [g],) were on different stalks 
~1(a) and p~‘(b); so these distinct stalks were separated. In fact, if ae A, 
p'(A) 1 p-1(B) = O. If a = b then ( 
stalk p ~'(@). Since [f] 


| 
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at is, one germ was “higher up” on th 


‘ [ 
divide the stalk. Th 
other. 

In the remainder of this section some of the properties of A(G) as a 
topologies! Space are in VeSHEated. In particular, it will be of interest to 
characterize the components of (G). However, we must first digress to 


study some additional topological concepts. 


5.5 Definition. Let (X, Tq ) be a topol Ogical space. If Xo and x, « X then an 
arc (or path) in X from x, to x, is a continuous function y: [0, 1] > X such 
that +(0) = x, and (1) = x,. The point xq is called the initial point of y and 
x, is called the final point or terminal point. The trace of y is the set {y} = 

tf 


{y(t): 0 < fe 1}. 


t 
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A subset A of X is said to be arcwise or pathwise connected if for any two 
points x9 and x, in A there is a path from x, to x, whose trace lies in A. The 
topological space (X, 7) is called locally arcwise or pathwise connected if 
for each bed x in X and each open set U which contains x there is an open 


arcwise connected set V such that xe Vand Vc U. 
Tae aank w <2 V leat Af ha tha nnllanatinan ant all MRAM NK RIN rnannantada 
LRU Lavell A HMI A Wl el x UU LL CULIVLLLIULI UL il Upe 1 AILUWISU UVILIIULLLU 
subsets of X which contain x. Then X is locally arcwise connected iff 


{W: x eX} is a neighborhood system which ie the original topology 
on_X. (Verify!) 
The proof of the following proposition is left to the reader. 


5.6 Proposition. Let (X, 7) be a topological space. 


(a) If A is an arcwise connected subset of X then A is connected. 
(b) If X is locally arcwise connected then each component of X is an open 
Set. 


The converse to part (a) of the preceding proposition is not true. For 


en tree i | . 
X= yt+tism-:tf>0)VU tsi: -l ss I}. 
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€ point L/a to i which lies in X. X is also an exaimpie O 
topological space which i is connected but not locally arcwise connected. 

Suppose X is connected and locally arcwise connected; does it follow 

that X is arcwise connected? The answer is yes. In fact, this is an abstract 


version ot a a tae ote which w: was y Proved aout oe Conese yas of ae 


C are eeails arcwise connected. Recall that in Theorem II. 2.3 it was ro aroved 
that for an open connected subset G of the plane, any two points in G can 
be joined by a polygon which lies in G. Hence, a partial generalization of this 


(the concent of a nolveon in an abstract metric snace is meanineoless) is the 
LAM Ax: ean arm wa Poe ee Ae ak as kt ae SA A ee 4eenl tl. pies mereney Ree | tr thn mann nt Af TT “a 4 
1rOLlOWINg Proposition wnose proor is Virtually identical to tne prooi OF ii. 2.5 


5.7 Proposition. [f X is locally arcwise connected then an open connected 
subset of X is arcwise connected. 

We now return to the sheaf of germs of analytic functions on an open 
set G. 
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connected subset of G such that there is an maivile function f defined on U. 
Then N(f, U) is arcwise connected in S(G). 


Proof. Let (a, [f],) and (6, [f],) be two generic points in N(f, U); then 
a, be U. Since U is a region there is a path y: [0, 1] ~ U from a to b. Define 
a: [0, 1] > N(f, UV) by 
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Clearly o(0) = (a, [f],) and o(l) = (8, [/],); if it can be shown that o is 
continuous then o is the desired arc. 

Fix ¢ in [0, 1] and let N(g, V) be a neighborhood of o(t). Then y(t) « V 
and [f],.1) = [8]. So there is a number r > O such that BO(t); 71) © UNV 
and f(z) = g(z) for |z—y(t)| < r. Also, since y is continuous there is a 
5 > 0 such that |y(s)—y(t)| < r whenever |s—t| < 6. Combining these last 


[fn Nn Zi 


5.9 Corollary. .(G) is locally arcwise connected and the components of S(G 
are open arcwise connected Sets. 


Proof. The first part of this corollary is a direct consequence of the preceding 
proposition. The second half follows from Proposition 5.6(b) and Pro- 
position 5.7. 

In light of this last corollary, it is possible to gain insight into the nature 
of the components of Y(G) by studying the curves in SA(G). 
5.10 Theorem. There is a path in S(G) from (a, [f],) to (6, [g],) iff there is a 
path y in G from a to b such that [g], is the analytic continuation of [ f], along y. 
roof. Suppose that o: [0, 1] — -Y(G) is a path with o(0) = (a, [/],), o(1) = 
, [g],). Then y = pooisa pice in G from a to b. Since o(t) ¢ A(G) for 


ch t, there is a germ FAR such that 


= a4. Ly af Ee 


‘oi = (12), [fil cn) 


We claim that {[fj],): 0 < ¢ < 1} is the required continuation of [/], 
along y. Since [f], = [fol, and [g], = [/1],, it is only necessary to show that 
{Llc} iS a continuation. For each t let D, be a disk about z = y(t) such 


SF 


oO 
=~ 


that ZI (oa fland f ic defined ann TID Biv tin lM 11- nee Alf ft NV ic a noaigh. 
tilal £17, UF GLINE Jp 1S UAL Vn ay, EIA ELL LV, Edy IWS AVA J ey 277) 10 ME 
borhood of o(f) and o is continuous, there is a6 > 0 such that 

(#+—8 #48\V Cc lyingfr NWN 

st is ie ca ios 4 = VNU ts tt) 
That is, if |s—t| < 8 then ((s), [f],,..) = als) ¢ NY, D,). But, by definition, 

3 I i NES? LS SHY(S)/ Ws NS 09 iy in ] 

thie o1yveac that wleV\ oc DN and [ f1 — [fl and thic ic nrarcicely tha con_ 
ILS EAVES LIAL Yo © £77, AU LJ sl y(s) LJ thy(s)> GHIM titi 15 preeioei tui VULL 
dition needed to insure that {(/,, D,): 0 < ¢ < 1} is a continuation along y 
(Definition 2.2). 


Now suppose that y is a curve in G from a to b and {[fj],.:0 < ¢ < 1} 


is a continuation along y such that Vola = = [/], and [/,], = [g],. Define o: 
IN 11s PIN he aft\ = Cot) TF 1 it ic claimed that - ic a nath fram 


[0, 1] -> AG) by oft) = (©), Lfilycy); it is claimed that o is a path from 
(a, [f],) to (6, [g],). Since the initial and final points of o are the correct ones 
it is only necessary to show that o is continuous. Because the details of this 
argument consist in retracing the steps of the first half of this proof, their 
execution is left to the reader. Ml 


5.11 Theorem. Let € < S(G) and let (a, [f],) ¢ €@; then © is a component of 
SG) if 
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6 = {(6, [g],): [g], is the continuation of | f], along some curve in G}. 
Proof. Suppose @ is a component of S(G); by Corollary 5.9 @ is an open 


arcwise connected subset of S(G). So by the preceding theorem, for each 
point (b, [g],) in 6, [g], is the continuation of [f], along some curve in G. 


Conversely, if [g], is the continuation of [f], along some curve in G then 

(h [al.\ helanage tan the camnanent nf PIGGY whic cantaine ff [Ff1)\: that 

Ys LS51b/ Uweivy ley > hed tw twiiwv WV TTI Priel Wh C4 (V7 VV RGEIWEEL WVSWLILGELio \H, LJ Ja/> CALOAL 
la an on fC? 


Now suppose that @ consists of all points (6, [g],) such that [g], is a 
continuation of [f],. Then @ is arcwise connected and hence is connected. 
If @, is the component of “(G) containing @ then by the first half of this 
proof it follows that @ = @,. 

Notice that the point (a, [f],) in the statement of the preceding theorem 
has a transitory role; any point in the component will do. 

Fix a function element (f, D) and recall that the complete analytic 
function ¥ associated with (f, D) is the collection of all germs [g], which 


are analytic continuations of [f], for any a in D (see Definition 2.7). Let 
5.12 G = {z: there is a germ [g], i 


it follows that G is 
zon 


disk B about z ‘learly B < G so that G is open. 


is acomponent of Y(C) and that p(#) = G. (It is also true that 2 < Y(G).) 


5.14 Definition. Let ¥Y be a complete analytic function. If & is the set 
defined in (5.13) and p is the proiection map of the sheaf S(C) then the 


WARRRWwRS AEE aw yp ARE PAN FA Pk waa pt eeew Was eal eeaeewe,s Fae 


pair (#, p) is called the Riemann Surface of #. The open set tG denned 4 in 


(5.12) is called the base space of F. 


5.15 Theorem. Let F be a complete analytic function with base space G and 

let (2, p) be its Riemann Surface. Then p: & — G is an open continuous map. 

Also, if (a, [f],) is a point in & then there is a neighborhood NCf, D) of (a, [f],) 
H] 


5) e Ja/ ‘Oo NJ 9 4 Ly 4d 
curh that n mane NIL DV hamoanmarnhinralh anton Aan anen rel oon tho nilnno 
SUCH tide P MmuUpo avys, yy NOMI pniicai GnmiG am Cpt GION the Et puume. 
Proof. Consider & as a component of A(C). Since p: Y(C) > C is con- 
tinnane it fallawe that ,.- @_». Otc rantinuane Tra chaw that - 1c nnen it tec 
LUIUUUDS IL LULU WS Ullal Pp. 7 7A 19 CUMUMUUUS. AU SHUW Ullal Pp is Upper it is 
sufficient to show that p(NV(/, U)) is open for each (f, U) (Exercise 4.4). But 


p(N(f, U)) = U which is open. 
If (a, [f],)¢Z let D be an open disk such that (f, D) €[f],. Then p: 
N(f, D) — Dis an open, continuous, onto map. To show that p is a homeo- 


marnhiom it antkkwy ramainge tn chaw that zn 10 Ane_nne ann NIL D). But if 
WLU poi It Olay FOimiails tO smOWw Ullal P 1s Ulle-OlIe OL ivy, ak 


(6, [f],) and (c, [f].) are distinct points of N({, D) then b 4 c which gives 
that p is one-one. 


Remarks. In its standard usage the Riemann surface of a complete ani 
R f 


C 
function consists not only of what is here called a Riemann Surface but also 
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some extra points—the branch points. These branch points correspond to 
singularities and permit a deeper analysis of the complete analytic function. 


Exercises 


OLS on 


1. Define F: S(C) > C by F(z, [f],) = f(z) and show that F is continuous. 
2. Let ¥Y be the complete analytic function obtained from the principal 
branch of the logarithm and let G = C— {0}. If D is an open subset of G 


‘\ 
and f: D — Cis a branch of the logarithm show that [/], « F for all ain D. 
DAWA Areal fF LL ny Le a he ee element hea eee aLnA¢4fSTft S&S Ce Ls fs i ea pte oe 
VULVEeLSly, UJ, 27) IS a LUNCUOT CICIMCMe SUCHE Lilal LY jg & 7 LOL sOme @ in 


D, show that f: D — C is a branch of the logarithm. (Hint: Use Exercise 2.8.) 
3. Let G = C— {0}, let F be the complete analytic function obtained from 
the principal branch of the logarithm, and let (#@, p) be the Riemann surface 
of F (so that G is the base of #). Show that Z is homeomorphic to the graph 
I = {(z, e”): z€G} considered as a subset of Cx C. (Use the maph: &# > T 
defined by A(z, [f],) = (/(2), z) and use Exercise 2.) State and prove an 
analogous result for branches of z!/". 


4. Consider the sheaf Y(C), let B = {z: |z—1] < 1}, let ¢ be the principal 

branch of the logarithm defined on B, and let 7,(z) = 4(z)+2zi for all z in B. 

faY Tat TY Soe lol | 12 nenA chases; thane 1 TAL N ae A f1 FAT N baleen 4, the 
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pene 


SNOW 
same component of p~‘(D). (b) Find two disjoint open subsets of S(C) 
each of which contains one of the points (4, [¢],) and (4, [¢,],). 


§6. Analytic Manifolds 


In this section a structure will be defined on a topological space which, 
when it exists, enables us to define an analytic function on the space. Before 
making the necessary definitions it is instructive to consider a previously 
encountered example of such a structure. The extended plane C,, can be 
endowed with an analytic structure in a neighborhood of each of its points. 
IfaeC, anda +# o then a finite neighborhood U of a is an open subset of 
the plane. If p: U > C is the identity map, y(z) = z, then » gives a “‘co- 
ordinatization” of the neighborhood U. (Do not become confused over the 
preceding triviality. The introduction of the identity function gm seems an 
unnecessary nuisance. After all, U is an open subset of C so we know what it 
means to have a function analytic on U. Why bring up ¢? The answer is that 
for the general definition it is necessary to consider pairs such as (U, yp); 
ren appear here because this is a trivial example.) If a = oo then let 
U,, = {z: |z| > 1} U {co} and define y,: U,, >C by 9,(z) = 2z7' for 
Zz ee 00, ae 0. So y,, is a homeomorphism of U,, onto the open disk 
sie Be Hence a gaa pout a in | Cog a pair (Ua Pa) | iS eee such hae U, 


set of the plane. What peer if two of the sets U, and U, p intersect? supnees 
for example that a # o© and U,NU, # (. Let G,, = BO; 1) = »,,(U~) 
and let G, = 9,{U,) (=U,). Then »3'(z) = z7! for all z in G,; thus 


us 


© (>) — 2~! for all z in (Ux A U,). Since 0 ¢ U,, 0¢ 9, (U,, AU) 
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so that y,°9,,' is analytic on its domain. Similarly, if both a and b are 
finite then y, c ps ' is analytic on its domain. This is the crucial property. 


6.1 Definition. Let X be a topological space; a coordinate patch on X is a 
pair (U, y) where U is an open subset of X and is a homeomorphism of U 
onto an open subset of the plane. If ae U then the coordinate patch (U, ¢) 


6.2 Definition. An analytic manifold is a pair (X,®) where X is a Hausdorff 


connected topological space and ® is a collection of coor path te patches on 
X such that: (1) each point of X is contained in at least on mene: of 9, 


and ‘Gi if (U,,¢%,), (U,,9,) E® with U,A U,¢LD then ee ' is an analytic 
function of g,(U, VN U,) onto y,(U,0 U,). The set ® of coordinate patches 
is called an analytic structure on X. 

An analytic manifold is also called an analytic surface. 

Note immediately that y,°9,;' is one-one since both y, and 9, are. 
Henceforward, for the sake of brevity, care will not ue taken in mentioning 
the appropriate domain of a function such as Pa ° Pp 
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0 K 
compatible analytic structures (eae of them the natural one). This is also the 
case with the torus which can be made into an analytic manifold in an un- 


ae number of incompatible ways. (Exercise 4.) But this investigation 
1ust be postponed until we have the notion of an isomo rp phism between 


see surfaces, 
With the collection of coordinate patches introduced prior to Definition 
6.1, C. becomes an analytic manifold. oe a closed disk is not a mani- 


patch Similarly, the union of two in sie ecting planes in R> is not an analytic 


See ike Wen nn ses dy weaw essa w ee We 


manifold. 
A number of examples of analytic surfaces will be available after sub- 
stantiating the following observations which are gathered into a proposition. 


lan Va 1 ¥7 


6.3 Proposition. (a) Suppose (X,®) is an analytic surface and V is an open 
connected subset of X. If 


®,={(UNV,9):(U,9) € ®} 


then (V,®,,) is an analytic surface. (b) If (X,®) is an analytic surface and Q 
is a topological space such that there is a homeomorphism h of X onto Q, then 
with 


Kho 
we 
an 
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Proof. (a) This is a triviality. 
(b) It is clear that 2 is connected, that is a collection of coordinate 

patches for 22, and that each point of Q is contained in at least one member 


of ¥. So let (U,q~) and (V,u)¢@® such that h(U)NA(V)ALQ. But then 
UNV#¥Q since A(U)AA(V)=h(UNV). So, (poh !)o(poh') = 


(moh Nof(hon Y=qmoy! which 1s analytic by the condition on ®. Thus 
(gy jot nom “j= peop ich 1§ analytic by the condition on 

4@) als \ we an ana lets manitalA [===] 

(ea, xr) 19 All Al aryl MQaLlIVUIU. Be 


\ re | 


(a) of the preceding proposition the following assump- 
tion is made on all analytic structures ® that will be discussed: 


If (U,p) € ® and V is an open subset of U then (V,q) € ®. 


Of course, when an analytic structure is defined one does not bother to 
give all the coordinate patches, but only those that generate ® in the above 
manner. 

Proposition 6.3 also implies that any space that is homeomorphic to a 
region in the plane is an analytic surface. Hence a piece of paper with a 


crease in it 1S an analvtic curface Ic thic a chock ta von? If the reader hac 
a a a ay Lis vVJUVLIUuUYTwy aw BAAAWY CA WAAL wh ew ae aa cesbw ww 4suevy 

Baie Re ae eho a Ee BS nig Se SUR Sik EE Re EO Oe, ee ee Pe 
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a subset of R? then YX is a differentiable 2-manifold if each 
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R° has ae functions with continuous partial derivatives. That is, let 
G=q(U) and 9 (s,1)=(&5,t), n(s,0, &(s,) for all (5,1) in G. It is 


required arg ne n, and ¢ be functions from G into R with continuous 
partial derivatives. A folded piece of paper is not a differentiable 2-mani- 
fold. In fact, if (U,q) is a patch that contains a point on the crease then 
gy has at least one non-differentiable coordinate function. Since analytic- 
ity is a stronger notion than differentiability this seems confusing, but the 
explanation is simple. If # is a homeomorphism of X onto the region G in 


the plane then an analytic structure is imposed on x via h. In fact, by 


tt] 


differentiable structure “imposed” on X; the structure is y pestticied by 
conditions that it inherits as a subset of R”° (where there is already a 


differentiable structure). 
In a similar fashion th 
since 1t is homeomorphic 
Suppose now that G is a region and f:G->C is an analytic function 


such that f’(z)#0 for any z in G. We wish to give the graph 


= 


reac of a cube in R? is an analytic surface 


a us aw Gann iia | wd 
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an analytic structure. If p: + G 1s defined by p(z, f(z)) = z then p is a 
homeomorphism of [I onto G: conseauently I’ inherits the analvtic structure 
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that f’ doesn’t vanish. This is surely an uninteresting structure. So, to 
rephrase the problem: put an analytic structure on TI’ that is “connected” 
to the analytic properties of f. 


Fix a = (a, f(a)) in T. Since f’(a) 4 0 there is a disk D, about a such that 
Nn chand fie nne_nne on 'p) T at 
a Ww GaLint 7 LO VLISTVII Vil “ae Awe 
6.4 U, = {(z, f(z)): ze D,} 


and define p,: U, > C by 


6.5 p 
for each (z, f(z)) in U,. 


6.6 Proposition. Let G be a region in the plane and let f be an analytic 
function on G with non-vanishing derivative. If V is the graph of f and 


= {(U,, ,).«¢ET, U, and >, as in (6.4) and (6.5)} 


then (1, ®) is an analytic manifold. 


Proof. Since Tis homeomorphic to G it must be connected. Fix « = (a, f(a)) 
in [’; it is left to the reader to show that », is a homeomorphism of U, onto 


Ff (D,). eUppess that B = (6, f(b))eT with UL U, a [] and compute 
Since ne there oes an an als tic fu ction we OY 
Pa? > pa | - wl nce /: D, —> C is one-one tnere iS an an aiytic iu CUOTL Ss. s4 — D,, 


where 22 = f(D,), such that f(g(w)) = w for all w in 2. Since p( Us) = Q 
it follows that yg ‘(w) = (g(w), w); thus ~, o Pa ‘(w) = -,(g(w), w) = w for 
each w in »,(U, A U,). In particular ¢, ° gg ' is analytic. Il 


Henceforward, whenever the egranh of an analytic function with non- 
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vanishing derivatives is considered as an analytic manifold, it will be assumed 
that it has the analytic structure given in the preceding proposition. 


6.7 Theorem. /f(@, p) is the Riemann surface of a complete analytic function 
and® = {(U, p): U is open in &, p is one-one on U}, then (A, ®) is an analytic 
manifold. 


Proof. It follows from Theorem 5.15 that each point of :# is contained in an 


Open set on which p is one-one and that p is a homeomorphism ohus 
Burthermor FT] pV and (VV »n\cQ® and Un V ~ 1] then pol(plU)” iS 
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the identity map. (The notation p|U is used to denote the restriction of p to 
U.) Since & is connected it is an analytic surface. J 


6.8 Definition. Let (X, ®) and (Q, V) be analytic manifolds and let f: ¥ > Q 
be a continuous function; let a¢ X and « = f(a). The function fis analytic at 


a a for any ae (A, #4) in which contains « there is a patch (U, ¢) in ® 
ne Su ch that 


oa 
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The function is analytic on X if it is analytic at each point of Y. 

The condjtion that (U, ~) can be found such that ae U and f(U) C A 
is a consequence of the continuity of f (Proposition 4.9(c)). The heart of the 
definition is the requirement that 4° fog ' be an analytic function from 
g(U) < C into C. 


For two given analytic surfaces there may be many analytic functions 
feraw nna tr tha nthar nvr tharn mau ha wae, fau HQ “Maneler acras RAmatant 
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function is analytic; but there may be no other analytic functions. For 
example, if X = C and 2 is a bounded region in the plane then Liouville’s 
Theorem implies there are no non-constant analytic functions from X into 
Q. Also, suppose that i: eee +» (Cisan analytic function; then (oe wo)! is com- 


pact so that ‘the restriction: of f to C is a bounded analytic Finetion on C. 
Again, Liouville’s Theorem says that each such f is a constant function. On 


the other hand, if p is a polynomial and ae C then both p(z) and p 
Z— 


— 
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anaes functions from C, to C,, (Exercise . 
If (X, ®) is an analyte. suiface then there are many analytic functions 
defined on open subsets a - For example, if (U, y)¢@® then g: U>C is 


analytic. It follows (Proposition 6.10 below) that fog: U—C is analytic 
fa nn maletin Fuanmntiann ££ TT ~ 
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Before proving some of the basic properties of analytic functions on 
manifolds, one further example will be given. This example is stated as a 
theorem and justifies the terminology “‘complete analytic function’’. 


6.9 Theorem. Let ¥ be a complete analytic function with Riemann Surface 
(2, p). If F: & ~C is defined by 


F(z, [f].) = f(z) 
then-¥ is an analytic function. 


Proof. Fix « = (a,[f],) in & and let D be a disk about a on which fis defined 
and analytic. Let U be the component of p~ '(D) which eg a; so (U, ®) 


is a coordinate patch. Let p~' denote the inverse of p: U —> p(U). We mu 
shaw-ahat 6 x ey wey agaan lay Fae ALE TY ee. Dak PA ee TEN 
SIIW CLLIAL «7 P 1a laly lle Uill PLY J — WY. bul ivi _2ziill pU), 


op '(2) = F(z, f(2)) =f); 


that is, F o p-' = f which is analytic. 
Ey next several results are generalizations of theorems about analytic 


6.10 Proposition. Suppose (X, ®), (Y, ¥), and (Z, X=) are analytic manifolds 
and f: X -» Y and g: Y > Z are analytic functions; then gof: X > Z is an 
analytic function. 

The proof is left to the reader. 
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analytic functions from X into Q. If {x « X: f(x) = g(x)} Aas a limit point in X 
then f = g. 


Proof. Define the subset A of X by 


open ana cid sed in X. 
ain X such that for pee neighborhood U of a there is a point 
x #a and f(x) = g(x). It is easy to conclude that f(a) = ota) =a. If 
(A, J) e VY and « e A then there is a patch (U, ¢~) in ® such that f(U) and g(U) 
are contained in A with both #0 fog! and pogo! analytic in a disk D 
about Zz) = ¢(«). But the hypothesis gives that z, is a limit point of {ze D: 
pofop (z) = pogog ‘(z)} = F. In fact, if f(x) = g(x) then of) F. 
Thus fo fog '(z) = fogog ‘(z) for all z in D; or f(x) = g(x) for all x 
in UN ‘(D). Henceae A andA 4+. 


6.12 Maximum Modulus Theorem. Let (X, ©) be an analytic manifold and 
let f: X — C be an analytic function. If there is a pointae X anda neighborhood 


ro Oo 
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The proof is left to the reader. 
The Maximum Modulus Theorem allows us to generalize Liouville’s 


Theorem in the following way. 


6.13 Liouville’s Theorem. Jf (X, ®) is a compact analytic manifold then there 
is no non-constant analytic function from X into C. 


6.14 Open Mapping Theorem. Let (X, ®) and (Q, ‘V) be analytic manifolds 


and let f: X —> Q be a non-constant analytic function. If U is an open subset of 


X then f(U) is open in Q. 


Proof. et [UJ be an o e U such that 


a= ne nd (A, Jet which contains a, the such that f(V) 
< A and fofog™!? is analytic. Lt W= UN Ai. then W is open and so 
g(W) is an open subset of the plane. Since f is not a constant function it 


follows from Theorem 6.11 that % o fo »~* is not constant. Hence, the Open 


Mapping Theorem for functions of a complex variable implies that Y( IW)) 


SVR peste A ew wedded AWK AM Aw ELE gaa awsn sa ateviw saa eewe eaaiee 


= bofog ‘(g(W)) is open in C. But then f(W) = 4° '(@(f(W)) is open 


wey 


and «ce f(W) < f(U). So f(U) must be open. 
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6.15 Definition. If (XY, ®) and (Q, ’) are analytic manifolds, an isomorphism 
of X onto 2 is an analytic function f: XY — © which is one-one and onto. If 
an isomorphism exists then (X, ®) is said to be isomorphic to (Q, ¥). 

If f: X + Q is an isomorphism then f is an open mapping by (6.14). It 


follows that f~!: Q -> Y is a homeomorphism. Is f~! also analytic? The 
answer is yes and the reader is asked to prove the next proposition. 
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isomorphism. 
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Recall that the Riemann Mapping Theorem states that if G is a simply 
connected region in the plane and G # C, then G is isomorphic to the open 
unit disk if both are considered as analytic surfaces. Also recall that Proposi- 
tion 6.3(c) states that if (X, D) is an analytic manifold and h: X¥ ~Qisa 


norphism ¥ on opological space ©, then / induces an 
enaivnc care an denote thic ctructure hu O b-! Sunnoce alraandy 
ai A aU Ua writs may BSWEEWEW LLALO OULU LULe = , ° wuUPpPprYow we Gi1itwati 
De A a eR a Bi se ge a ag 1—1 Ween s. a ae. 
NaS al ANALYUC SLFUCLUIC TT. LLIS Casy lO SCO Nal Worl = T HEA dnalylic, 
that is, iff A is an isomorphism from (X, ®) onto (Q, ). 
As an example let ¥ = C and 2 = {z: |z| < 1}, and define h: X¥ > Q by 
A(z z) a ae . 
1+|z| 


Then / is a homeomorphism of C onto Q2, but it is clearly not analytic. 

So using / and the analytic structure on C, a structure can be induced on Q 

which is elas unrelated to its natural structure. For cxaMDe, with this 
ha 


nodiunrad aetrustiuirva OO ounll awa no haindad nan_ranc 
UUELU SOLLULLUL am WII LAV LIU VUULIUEU LLU UVIID 


nt lertin Fruinmntiane 


ant anaiyuec runctions. 
Consider the ‘following Situation: let G be a region in the plane and let 

ff: G—C be an analytic function with non-vanishing derivative. Let (g, D) 

be a function element such that g(D) ¢ G and f(g(z)) = z for all zin D. 
a - 


in + 
iil t 


“oe 
Ymy 
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whether # and the graph of f are isomorphic analytic manifolds. (The 
analytic structure for the graph of f was introduced in Proposition 6.6.) 
The answer to this question is yes provided that the domain of f is not 
restricted. To illustrate what can go wrong let G = {z: |z| < 1} and let f be 
the exponential function e’. There. F consists of all germs of branches of the 
logarithm (Exercise 5.3); so & is rather large and complicated. However, 
{(z, e7): z€G} is a simple copy of the disk G. The difficulty arises because 
the domain of e’ has been artificially restricted. If instead G is the whole 
complex plane then ¥# and the graph of G are indeed isomorphic analytic 


Sqhiiv Liikit o Cheah SSA OP ME SESE SEE presale LAC eal 


6.17 Definition. Let f: G—C be an analytic function with non-vanishing 

derivative Tf 7qeGand w _ fly~\ let fo NY he a fiinctian element ench that 

UVLIVALIVY. bi YU GLI K JF\YJo AYE US. 477 YY A AUTINUIVITE VLELTINITE SOULE Liat 
nm 1 £4, 7 NN (eb | 7 mimes 1 1 rc 

ae D and f(g(z)) = r all zin D. If # is the complete analytic function 


zi 
obtained from (g, D) then ¥ is called the complete analytic function of local 
inverses for f. 

There are two questions that arise in connection with this definition. 
First, does the definition of the complete analytic function of local inverses 
for f depend on the choice of the function element? Could we have started 
with another local inverse and still have obtained the same complete analytic 
function? Second, does ¥ contain the germ of every local inverse of f? The 
answer to each of these questions is given in the following proposition; it 


1 analytic function with non-vanishin derivative 
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about « and B respectively such that there are analytic functions go: Ag > C 
and g,: A, >C with go(«) = a, 2,(B8) = 6, f(g (S)) = ¢ for all © in Ao, 
S(g\(S)) = © for all € in A,. Then there is a path o in f(G) from « to B such 
that (g,, A,) is the continuation of (go, Ao) along o. 


Proof. Since G is connected there is a path yin G from ato b. For0 < t < | 
let TD he a dick ahnant wh cuch that DN Cc Gand an which fie nnea_nne T et 
a 1:5 coal 4 wy WwW WIV Ik UY Pate IU CLIC at Lo] Chains Wii A a iy A 9 Wil Wilwe AwWwL 

Lt a,-l Pia A Le = *_1 1. 1 atria ia — Lfrny re. We. 14 
C= J oy Hd ict dh, ec d GISK avout a(t) Sucn tnat L, ce JV 7) rinally, lel 


a 
g,: A, > C be an analytic function such that 
f(g) = for Cin A, 
g(o(t)) = y(t) 


Claim. {(g,, A,)} is an analytic continuation along o. To show this fix ¢ and 
let 8 be chosen so that y(s)ef~'(A,) M D, whenever |s—t| < 8. Now fix s 


pes 
Pe ae ma a 
Sf at) A, i 
/ me 1; \ 
LN OL BY 
/ ‘ Ks), / | 
ra Pecos 
7 | 
/ / 
/ / 
{ / 
\ / 
\ /(D,) 


with ls—t| < 58 and let B he a dick ahont vfe) such that Bo f-~MAVnND 
FY AULAA |v ww etl sre swt A vw uw wt AAD wUuvv ut wl Jeewik CLEC A J “tT ' , a § 

Be ihren Seta see containi fay Ll. fe\\ avA Lf P\ <] LIT \ 
OD, So f(B) is an open set containing o(s) = f(y and f/(B) <— f(D,). 


(s)) and / 
By definition g,(f(z)) = z for z in ‘his ae ec ¢ for all ¢ in f(B). But 
S(B) < A, which gives that HeO) = € for all ¢ in fb). But for ¢ in f(B) 
both g,(¢) and g,(¢) are in f eas D, © D, and f is one-one here. Hence 


g,(%) = — = 9 (f) for all Lin SC); alternately fol... — fol... whenever Is—t <6, 
wtih na wi L LS tJo(s) VV £A£iwih ¥ Wh 


nate 


This sibciantaics the lain: a 

Recall that if (@, p) is the Riemann surface of a complete analytic func- 

on ¥, the symbol ¥ is also used to denote the analytic function F: 
—> C defined by F(z, [f],) = f(z) (Theorem 6.9). 


| a 
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of f, and let (2, p) be the Riemann surface of F. If F(&) = G and p(A) = 
F(G) then 


7(z, [g].) = (g(z), 2) 


defines an isomorphism between the analytic manifold & and graph (f). 

Before proving this proposition we must show that under the same 
hypothesis each member of ¥ is a local inverse of f. This provides a partial 
converse to Proposition 6.18. 


6.20 Lemma. Let f, G, F and (BR, p) be as in the preceding proposition. 
If [g],¢F then there is a disk D about a on which g is defined and such that 


INS) = So sOr att co tr Ly. 


Proof. Fix [g], in F (so (a, [g],) « #); then, by hypothesis, g(a) = F(a, [g],) € 
G. If b = f(g(a)) then there is a disk B about b and an analytic function 
h: B > C such that h(b) = g(a) and f(A(z)) = z for all z in B. From Propo- 
sition 6.18, [i], ¢ 7. Alsoa = p(a, [g],) € p(#) = f(G). According to Theorem 
5.11 there is a path y in f(G) from a to b such that [A], is the continuation 


along y of [g],. Let {(g,, D,)} be a continuation along y such that [go], = [g] 
a (WWO bf? | 7 5 “oO Lo Ula LO Ja 
anda la 1 — [hl TieafGinea a anhkoat Taf in 11 hey 
aliu L&11b =e lob AYVILLIV A OUVUOUL ZF VI LV > ij vy 
T = {t: f(g(z)) = 2 for all z in D,}. 
J VOI i, 
We want to show that T = [0, 1]. In fact, once this is proved it follows that 
Qe Tso that (g, D) must be a local inverse of f- 
Ginna T nantainag 1 it ta nan empt - it must ha shown that Tia hath nanan 
WHIHILW £ ULVIILAIIIS IL it iS ALU 1 Aipl 5 TU tdauot UL OLLU Wil Liladt £g lS UULIIL Vpelt 
and closed in [0, 1]. For any nidiiber t in [0, 1] let 6 > O such that [g,],,.) = 


[Z:l4cs) Whenever |s—t] < 6. tf teT then f(g,(z)) = f(g,(z)) = z for all z 
in D, ON D, and |s—t| < 5. It follows that (t—6, t+6) < T and so T is open. 
If te T™ hen there is an gs in T such that ls—t| < 5. For z in D, A D, we 


have that /(g,(z)) = f(g,(z)) = t so that te T. That is, T is Siésed: ee 


Proof of } Proposition 6.19. It follows from the preceding lemma that (g(a), aye 


aa ee eS ee Se ee ee Oe oD eee Avs “7 


graph (/) if Os [g],) ¢ &. Thus, 7 does indeed map R into graph (/). 
Suppose (a, /(«)) € graph (f) and a = f(a). If (g, D) is a function element 

such that ae D, g(a) = «, and f(g(z)) = z for all z in D, then [g],¢ *% and 

r(a, [g],) = («, f(«)). That is 7(#) = graph (f). To show that 7 is one-one 


let (a, [g],) and (6, [A],) « # such that (a, [g].) = 7(b, [/],); that is, (g(a), a) = 


(A(6), 5). Thus, a = b and g(a) = h(b ) = a. Moreover, Lemma 6.20 implies 
that 

6.21 f(g(2)) = fA) 

for z in a neighborhood of a. But f’(«) # 0, so that fis one-one in a neigh- 
borhood of { = «. It follows from (6.21) that [g], = [A], and therefore, 7 is 
one-one. 


It remains to show that + is analytic. This is actually an easy argument 
once the question to be answered is made explicit. So fix (a, [g],) in & and 


put « = g(a). Let A be a disk about « on which fis one-one and let D be a 
diel ahant a an which o ie Aaefined and anch that Nc fi \ Teat 77 — S(r 
USK AUYUUUL YW ULI WILIVLIL & 1S ULLIIVU ailu OUNLI LLIGAL 1/7 ~~ J LA). awl Uso 
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f(©)): €¢ A} and define p: U>C by 9o(Z, f(d) = f(%); so (U, ¢) is a co- 
ordinate patch on graph (/) (Proposition 6.6). Also N(f, D) = {(z, [g].): 
ze D} gives that (N(g, D), p) is a coordinate patch on #& (Theorem 6.7) 
containing (a, [g],), and satisfying 7(N(g, D)) < U. Hence to complete the 
proof it must be shown that po7o p ' is an analytic function on D. This is 
trivial. In fact, if ze D then 


potop ‘(z) = yo7(z, [g],) 
= 9(g(Z), Z) 


SLs 


that is, pore p | is the identity function on D. Hi 


If G is the PUnet ane plane and F() = 2" for some v or if G = C and 
f(z) = e’ then the hypothesis of Proposition 6.19 is Sash ed. Let us examine 
this a little more closely for the case where f(z) = z*, ze G = C— {0}. So 
& is isomorphic to the graph of z7; let 1 = {(z, z7):z 4 0}. Now7: AOT 
is defined by 7(a, [g],) = (g(a), a). Recall that A: #Z—->C is defined by 
F(a, [g],) = 8(4). For this case ¥ acts like the square root function. In other 
words, we have found a natural domain of definition of z*. The corresponding 
function on I would project (z, z) to its first coordinate. 

Even though we have shown that # (a very abstract object) is equivalent 
to a less abstract object (the graph I’), this is still somewhat SoS ee 
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Plane | Plane 2 


Therefore, we would like to have a more geometric picture of the Riemann 
surface. Consider two copies of the plane that have been slit along the 
negative real ae ee imagine the planes as having two negative real axes 


lahel them nd ~ ac chnonwn tin the aire The enare we will decerihe 
CRLENA LER) CLI na A090 OAAW VV LE EEL CAiw mpuiw A diw yvparw ra \ vw wild WVOWLIUY 
will be the union ‘of the two planes but where the two *-axes are identified 


and the two ~-axes are identified. So if a curve in Plane | approaches the 
*-axis and hits it at —x then it exits in Plane 2 at —x on the *-axis. For the 


oint —Il on the *-axis a typical neighborhood would consist of a half 
1 and half a di 
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bout — 1 

the *-axis in Eran This is a representation of the Riemann surface of local 

inverses for 2? ae Ricwiann surface of Rs for short). To see this define a 

map k: X > # as follows. If z is in Plane 1, z not on the negative real axis, 

let sla = (z, [g],) where g is the principal branch of the square root. If z 
iA h 


lane 2 hit nat on the negative Ves (> fol \ where —_o 
IS in 1aile Vue UE Oll UIe esau ve } \“5 L&dz) WHrtere & 


is ‘fies pas branch of the square root. It remains to define A(z) for z on 
the *-axis and the ~-axis. This we leave to the reader along with the proof 
that the resulting function hf is an isomorphism (the space X has a natural 
analytic structure). 


a 


* 


r. 
A 


?) 
) 
ye) 
id 


In the case f{(7\ — o! wea can rarry aint the came conctrictinn hit ere ny 
J \-J ~ vYwy wail Vai ty WUE LILI SOCALLIWS |JVVILIOLL UVeUIVEl, wuUe LIL Fi 
copies of the plane are required. If f(z) = e” the same ideas are again em- 


ployed but now it is necessary to use an infinite number of planes indexed by 
all the integers. In the case of the surface for z'/", a curve which passes 
through the negative real axis of one plane exits through the negative real 
axis of the next one. If it is in the ”-th plane, then it exits through the negative 
axis of the first plane. For the surface of log z, a curve can continue hopping 
from one plane to the next and will never return to the plane where it started 


unless it “retraces its steps” 


Exercises 
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2. Which of the following are analytic manifolds? What is its analytic 
structure if it is a manifold? (a) A cone in R®. (b) {(x1, x2, 3) ¢ R°: x7 +-x3 
+x¢=lorx rem 


H 


‘@) 
= 
a 


p ee ee 


analytic manifold, let 2 be a topological space, and suppose there is a con- 
tinuous function h of X onto 2 that is locally one-one (that is, if x « X 
there is an open set U such that x e U and A is one-one on U). If (U, g) -¢® 
and h/ is one-one on U let A = A(U) and let J: A > C be defined by Y(w) = 


NX - ow moN 


po (h/U)\(@ »). Let VY be the collection of all such pairs (A iN) Prove that 


Vee] YW wWWitwwtsawis Wh 1 weOwad pessv \ot*s Ys RAW VW CALICAL 


(Q, ’) is an aidlynie manifold and A is an analytic function from X to Q. 

4. Let T = {z: |z| = 1}x {z: |z] = 1}; then 7 is a torus. (This torus is 
homeomorphic to the usual hollow doughnut in R*.) If w and w’ are complex 
numbers such that Im (w/w’) # 0 then w and w’, considered as elements of 
the vector space C over R, are linearly independent. So each z in C can be 
uniquely represented as z = tw+t'w’; t, t’ in R. Define h: C > T by A(twt+ 
tw’) = (e*7'*, e****). Show that A induces an analytic structure on 7. (Use 
Exercise 3.) (b) If w, w’ and ¢, ¢’ are two pairs of complex numbers such that 
Im (w/w') #0 and Im (¢/f') 4 0, define o(s€+5’C’) = (e2", e?'*) and 


é 


r(tw+t'w’) = (e7! eo?!) Let G = ftwtt'w':0<t<1,0<12t' < land 
Em | i ad J \\Y pia i] Ww »_ VV ™~ o ~ a5 Ww < & ~ * ee bine 
CY Fear bt wl SIAR N - _/ 2 De ehAssey that KACL an ~ 

86 = HIG TI GF. US s< 1, 0 <S < is, SUOW Uidat DOL O alld 7 are one-one 


on G and © respectively. (Both G and © are the interiors of parallelograms.) 
If ©, and ®, are the analytic structures induced on T by 7 and o respectively, 
and if the identity map of (7, ®,) into (7, ®,) is analytic then show that the 
function f: GQ defined by f= oc! o7 is analytic. oo <2 that the 
identity map of (7, ®,) into (7, ®,) is analytic is to say that ®, and ®, are 
equivalent structures.) (c) Letw = 1, w’ = i, ¢ = 1, ¢’ = « where Ima # 0; 
define o, 7, G, Q and fas in part se Show that ®, and ®, are equivalent 


analytic structures if and only ifo =i. (Hint: Use the Cauchy-Riemann 


eqanati dad) Can vou e 

Latins Kaacad . aa e wt wn P oad aLw “is . aay es aiwa Wai 

Eo LD: Ae Lk BV a Ss aa tg TO a Ds ne COS MIE CaP TAE: (PR nte yO ea AMES cocy PUSAE RSE a 
5. (a) Let f be a meromorphic function defined on C and suppose f has two 
independent periods w ’. That is, f(z) = f(z+tnw+n'w’) for all z in C 


and w 
and all integers n and n’, and Im (w/w’) ¥ 0. en the notation of Exercise 
4(a) show that there is an analytic function F: T > C,, such that f= Foh. 


WB J 
(For an example of a meromorphic fi tinn with twa indenendeant nerindc 
(et WA MHaa acciias he Wa, a AAAwA MELEE AEE ee as a Esawak VV ALLL CY¥V Wy REA PAO 2 pwssVwse 
ane De menton WITT Af) \ 
see Exercise VIII. 4.2(g).) 


4. 
(b) Prove that there is no non-constant entire function with two indepen- 
dent periods. 
6. Show that an analytic surface is arcwise connected. 
7. Suppose that f: C,, > C, is an analytic function. 
(a) Show that either f= o or f~ (3) is a finite set. 
(b) If fF o, let a,,...,a, be the points in C where f takes on the 


value oo. Show that there are polynomials po, p;,...,p, Such that 


Lf ™ ea if 2. . ~— [ I \ 
F(Z) = pol2) + D Pe | ] 
k=! sees 24 


for zin C. 
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(c) If f is one-one, show that either f(z) = az+b (some a, b in C) or 


f(2) = ~~ + b (some a, b, c in ©). 
Cc 


8. Furnish the details of the discussion of the surface for \/z at the end of 
BA i as eee 
Unis SCCLIOTN. 
c N 
: tg ™( . . 
Q Tatty — we - Rave and define f Gs f hy fr) = cin 7 yIVva 
Fe LWt WU as y) ™ ENN co oN p) aaa Miwillinw 7. wi - MY JSN\eJ OL Ge WILY 
XM J = 
a discussion for f similar to the discussion of Jz at the end of this section. 


§7. Covering spaces 


In this section the concept of a covering space will be introduced and 
some of its elementary properties will be deduced. One byproduct of this 
study is the fact that two closed curves in the punctured plane are homotopic 
iff they have the same winding number about the origin. 

Intuitively, a topological space Y is a covering space for the topological 
space Q if X can be wrapped around Q in ee a way that it can be easily 


URW IAPPEC: What is meant by ‘ “wrapping” one space around another? 
SR cay oe Head indic Sein. Serna ny Leeds - O TR gener that 
This SUCIIIs to ind t t 


icate that we want a function from XY o HOSS S2. 10 Say tn 
it must be easily unwrapped must mean that we can fin 
function. 


rer 


7.1 Definition. If Q is a topological space then a covering space of Q is a pair 
(X, p) where X is a connected topological space and p is a continuous function 
of X onto Q such that: for each w in Q there is a neighborhood A of w such 
that each component of p~ '(A) is open, and p maps each of these components 
homeomorphically onto A. Such an open set A is called fundamental and A 
is properly covered. 

Both (C, exp) and (C— {0}, 2") are covering spaces of the punctured 
plane; also, each open disk in the punctured plane is fundamental. If = 
{z: |Z] = 1} and p: R-T is defined by p(t) = exp (27it), then (IR, p) is a 
/ a 
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The following is a list of properties of covering spaces. Their proof is 
left to the reader. 


a 


roposition. Let (X, p) be a covering space of Q. 


a 


is an open mapping of X onto Q. 

b) IfxeX Hen there is an open neighborhood U of x on which p is a 
homeomorphism. 

(c) Every fundamental open set is connected. 


(d) Jf Q is locally arcwise connected then so is X. 


In light of part (b) of the preceding proposition it is natural to ask if 
every locally one-one function p of X onto 2 makes CX, p) a covering space of 
Q. The answer is no. For example, let ¥ = {ze C: z#0,0 < argz < 5n/4}, 


\ ~~ 


of(7) = 7°. and let O = o . eno 

rP\S/ a 3 4448 1b we PA\<«* J ada | 3 aawihts v J aa an wt gs 
or oer We <i me Pee RY 8 ee 8, SA Te Se Bacey ~ eae tha “ISA N nancict 
{€: |€—-i| < r} for any r,0 <r < 1. It is easy to see that p “(A,) consists 
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of two components. One of these (the one in the first quadrant) is mapped 
homeomorphically onto A,, while the other is not. In fact, € = iis not in the 
image of this second component. 

One of the most important properties of covering spaces is the fact that 


i 


a curve in Q can be lifted to a curve in X 

7.3 Definition. Let CY, p) be a covering space of 2 and let y be a path in Q 
t™~es 4 a 

A path j in X is called a Jifting of y if po J = y. 


A useful way of understanding what a lifting is is to consider the following 
diagrams. If J = i 1] and the path y is given then we have the following 


X 


eaate 


Y 
that is, one can go from one place in the diagram to another without being 
ncerned about which path is taken 


It is an important property of covering spaces that every path may be 
lifted when the base space is locally arcwise connected. Actually a stronger 
result which will be of use later can be proved. 


7.4 Theorem. Let (X, p) be a covering space of the space Q. If F: { 


—»+ O fe a rantin FPLOYER’ fiumertin 
—> me £7 LE CONTIN OUS JURCTION ry 


p(Xo0) = Wo, then there is a unique continuous function F: {0, 
such that F(0, 0) = xy and po F = F. 
Before giving the proof of this theorem let us state an important corollary. 


7.5 Corollary. Let (X, p) be a covering space of the space 92. If y is a path in Q 


) = Wo, then there is a unique lifting % of y with 
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Proof. Define F: [0, 1]x[0, 1] ~ Q by F(s, t) = (s); so F is continuous and 
F(0, 0) = wo. According to Theorem 7.4 there is a unique function F: 
[0, 1] [0, 1] ~ X such that F(O, 0) = xg and po F = F. Let {(s) = F(s, 0); 
then 7 has initial point x, and is a lifting of y. To prove the uniqueness of ), 


suppose ¢ is also a path in X with initial point x, and which lifts y. Define 
K-10. 11x10. 11 -> ¥ by KG. 2) = G(s). Then KF: (0.0) = x, andoc Ks. Hj) = 
he LV> LI“ [V5 ce | 7 wi VU 21, uj Vol}. AitVi1 AX. (V5 Vv) AO aQai1lu P pes ALLY »s t)} 
p°d(s) = »(s) = F(s, t). By the uniqueness part of Theorem 7.4, F = K. 
Thus j(s) = F(s, 0) = K(s, 0) = G(s). 

pes oe Let 10 = 55 <8; Saas =< 5 = = I} and {=f'g < ty 
SS hits = 1} be partitions off [0, 1] such that for 0 < i, j < n—1, 


F(([sj, 5:44] * [t;, t741) 


is contained in a fundamental open set A; , in Q. (Verify that this can be done.) 
Now wy = FO, 0)€Agg. Let Ugg be the component p~'(Ago) which 
contains x. Since p|Up9 is a homeomorphism of Ugg onto Agg, it is possible 
to define F: [0, s,]x[0, t,] > X by 


F(s, t) = (p|Ugo) 2 F(s, t). 
Now extend F to [0, s,]x[0, ¢,] as follows. F({s,}x[0, t,]) is connected 
(Why?) and, since F({s,}x[0, t,J]) © Ajo, it is contained in p~‘(A,,). Let 
be ue component of pro) which contains F({s,}x[0, ¢,]). Then 


aw ase asaws esanwsss yeiii 


Fis.) R = = (10.0) o F(S, t) 


for (s, t) in [s,, 5.]x[0, ¢,]. This gives a continuous function F on [0, s.]x 
[0, ¢,]. (The domain can be written as the union of two closed sets, on each 
of these sets F is continuou us, and F agrees on their intersection; hence, F is 
continuous on their union.) Continuing this Process leads to a continuous 
function F: [0, 1]x[0, 1] ~ X such that po F = F and F(0, 0) = xo. Since 
at each stage of this construction the definition of F is unique (because p is 


a homeomorphism on each U,,), it follows that F is unique. 


The next result is called the Monodromy Theorem. To distinguish this 
feam tha thanram nf tha eama nama which wade anhtainad in 82 tha vnracant 
TAULLE ULI LLIVULULTIL UI ULI OCLIEEY LIGAALIU WILINITE Wao VUuUtdaLIeU Lil Nw 5 tlivv Plvoells 

G&G 1 Tr 1 


version is referred to as the “‘abstract’’ theorem. Later it will be shown how 
the original theorem can be deduced from this abstract one. 


{Ur 


7.6 Abstract Monodromy Theorem. Let (X, p) be a covering space of & and 
let y and o be two paths in Q with the same initial and final points. Let } and 
& be paths in X with the same initial points such that > and 6 are liftings of y 
and o respectively. If y~o (FEP) in Q then ¥ and & have the same final 
points and } ~é& (FEP) in X. 


Note. Although we have not defined the concept of FEP homotopy between 


turn furwvac in an avrhitearu tanaladiral aenara tha afinitinn ta aqamilar tan that 

twy VULVeS Lill Ali Al OLti aly LU puIVvEical Spare, LI WILILILAW EL LO OLLILLIdL CU LIIAL 
c . fat 1 a oe ee HF fo 44 

given for Curves in a region OF the plane (Verinition LY. O.1 TP). 

Denanf T at ..: and .., ha tha initial and final nninte racnactivaly nAf«a, anda « 

ya rUUs. LW t “oO ailu aed | Ue ULI ELAICTIGQL GAIL ibilcal PY lilto, Lvopeveuivel 5 Vi Y ailu Vv. 


248 Analytic Continuation and Riemann Surfaces 
Let x) ¢p ‘(w,) such that (0) = 6(0) = x9. By hypothesis there is a 
continuous function F: [0, 1]x[0, 1] ~ Q such that F(0, t) = wo, FU, t) = 
w,, F(s, 0) = y(s), and F(s, 1) = o(s) for all s and ¢ in [0, 1]. According to 


Theorem 7.4 there is a unique continuous function F: [0, 1]x[0, 1] > X 
such that F(0, 0) = x) and pe F = F. Now F({0}x[0, 1]) = {wo} and 
D0 FO F imnliec that F/IO%yx IN 11 om 4a fas) Rut each camnonent of 
Kv a a ey wien VAAL a \ iv 3s aN L“9 2)) fad \ Qye av utr wtwikb wee ewe We 

-1s ey ee SEC, EE CNET 2 x en mA PLINY CIN 1Wie nnmanar aA 
p (Wo) CONSIStS OF a Singie Point (LxXe;reise 4) and F({0} x [0, 1]) is connected. 
Therefore F(0, t) = x, for ali ¢t. Similarly, there is a point x, such that 
F(i, t) = x, for all ¢ and p(x,) = @. 


By the uniqueness of 7 and the fact that s > F(s, 0) is a path with initial 
oint Xo which lifts y it muiet he that 7 (s) = = Fis, 0). Simi la arly, G(s) — Fle 1), 


eee 5(1) = s(1) = = F(1, t) foe all t, and F demonstrates that 
j ~ G(FEP) in X. 

In order to show that the Monodromy Theorem can be deduced from 
the preceding version, it is necessary to first prove a lemma. This preliminary 


recilt ic actnally the Manndramvu Thenrem for a disk and the reader ic 
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asked to supply an elementary proof. 


. If y is a closed 
ee continuation 


So 
> 
Q2 SS 
= 
r~ a 


curve in B with y(0) = y(1) = ain A and {(g,, A,,) 


of (g, A) along y then [go]a = [81]a- 
The next theorem will facilitate the deduction of the Monodromy Theorem 
from the Abstract Monodrom uv Thenrem Addition i 


WAdd Wl OWE AW LAWS awry SB Albwwve em. Pa SS 5 


by itself. 


7.8 Theorem. Let (f, D) be a function element which admits unrestricted 
continuation in the region G, and let @ be the component of the sheaf (S(G), p) 
that contains (Zo, [f],,) for some Zy in D. Then (@, p) is a covering space of G. 


n-— 


Proof. Let B be any disk such that B < G and le 
p *(B) which is contained in @. The proof will t 
that p maps Y homeomorphically onto B. 

Fix (a, [g],) in @; then 


LW as 


wm teae 


oo 
Oo 
Q 
o) 
=} 
oS. 
ao 
- 
fa4) 
oO. 
oo’ = 
SG 


7.9 Claim. (z, [h],) « &@ iff z¢ B and [A], is the continuation of [g], along 
some curve in B. 

In fact, if @ [Al.) is such a point then there is a curve y in p- '(B)(< S(B)) 
from (a, [g],) to (z, [A],) (Theorem 5.10). Thus (z, [A],) must belong to the 
same component of p ‘(B) as does (a, [g],); that is, (z, [A],)¢ &%. For the 
converse, let (z, [h],.)<¢ WY; since WY is pathwise connected (Proposition 5.7) 
there is a path in Y from (a, [g],) to (z, [A],). But this implies that [A], is the 
continuation of [g], along a path in p(W) < B (Theorem 5.10). So claim 7.9 
has been shown. 

Since (f, D) admits unrestricted continuation in G and [g], is a con- 
tinuation of [/],, (Zo in D), it is a trivial matter to see ne [gz], admits un- 
restricted continuation in B. In view of (7.9) this gives that p(W) = B. 


XC 


Tt anly ramain 
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that if (6, [A],) and (b, [k],)<¢ @W then [A], = [k],. But since Y is arcwise 
connected, this is exactly the conclusion of Lemma 7.7. I 
Let us retain the notation of the preceding theorem. Fix a in D and let 
and o be paths in G from a to a point z = b. Suppose that {(f,, D,)} and 
(g,, B,)} are continuations of (f, D) along y and oc respectively; so [ f,] 
(o(2), [g1 loc) a a 
h the same initial point (a, [/],). More- 
over po ) = yand pod = o; so jy and G are the unique liftings of y and o to 
. ee to the ae Monodromy Theorem, if y ~ o(FEP) in G 
then } and o have the same final point. That is, (6, [/,],) = 701) = é(1) = 


(h Ta. lNenthatl £1. — Ila. Thie ic nracicaly the canclianan af Thanram 2 6 
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For another application of the Abstract Monodromy Theorem we wish 
to prove that closed curves in the punctured plane are homotopic iff they 
oe the same winding seer about the origin. To do this let [ = {z: 


— 
ill 


os 
ey 


= exp (27if) 
he (m ny 1c 4 coverina onara af TJ If iy is any rectifiable curve in — {0} 


eu LESs PJ a0 uw ww Vwi ilifg oparw Wi bt 


easy to see that y is homotopic (in C— {0}) to the curve o defined by 
erga = y(2)/|y(t)| (Exercise IV. 6.4). So assume that |,(t)} = 1 for all ¢. 
Similarly, we can assume that »(0) = 
Let 7 be the unique curve in | 


1 
A. (dexp (2mri}(t)) 
2ri y(t) 


sO 
7.10 n(y, 0) = FCI) 
since }(0) = 0. 
So if o is also a closed rectifiable curve with |o(t)| = 1, o(0) = 0 = o(1) 


and n(y; 0) = n(o, 0) = n then a(1) = 7(L) = 2, where G is the unique lifting 
of o to R such that g(0) = 0. Let F: [0, 1]x[0, 1] ~ I be defined by 
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Notice that the rectifiability of y and o was only used to define the winding 
number of y and o about the origin. It is possible to extend the definition of 
winding number to non-rectifiable curves. 


7.11 Definition. If y is any closed curve in C— {0} with (0 
t y iC 1 Ss 


NO 3 
let y,(t) = y(t)/|y(t)| and let 3 be the unique curve in R such that }(0) = 0 
LNs GNTSAILILENSI é a @qxnus 
and y,(t) = exp (27if(t)); the winding number of y about the origin is 


In view of (7.10) this definition agrees with the former definition for 
curves. 


7.12 Theorem. Let y» and o be two closed curves in C— {0} such that o(0) = 
y(0) = 1; then y~o in C— {0} iff n(y; 0) = n(G; 0). 


Proof. It was shown above that if n(y; 0) = n(c; 0) then y ~ o. Conversely, 
if y ~ o then the Abstract Monodromy Theorem implies that the liftings 
and & such that 7(0) = G(0) = O have the same end point. That is, n(y; 0) = 
n(o: 0). 


AT >) “)° 


Exercises 


1. Suppose that CX, p) is a covering space of 2 and (Q, 7) is a covering space 
of Y; prove that (X, 7° p) is also a covering space of Y. 


2. Let (X, p) and (Y, o) be covering spaces of 2 and A respectively. Define 


xo: ¥xw Y3OxA bv (ox) (x, y= — (r(x) o(y)) and show that (Xx Y. 
aNnWe aN A weet oN vs LR J vs A a Co) bad, ES 4 WA VV 4s 


p 
pXa) is a covering space of Qx A. 

3. Let (Q, %) be an analytic manifold and let (X, p) be a covering space of Q. 
Show that there is an analytic structure ® on X such that p is an analytic 
function from CX, ®) to (Q, ¥). 


4. Let CX, p) be a covering space of Q and let w <Q. Show that each com- 
ponent of p~!(w) consists of a single point and p~‘(w) has no limit points in 
Xx. 


Q be a pathwise connected space and let (X, p) be a covering space of 


5. Let 

Q. If w, and w, are points in Q, show that p~ '(w,) and p~ '(w,) have the same 
ca ty. (Hint: Let » be a path in Q from w, to Ws5 if x.€ 17... \ and 
7 is 


Vo eakae 7 vw a pees, 445 em serene “Ij Ld ee Ae) aa a | = P AY L) sans 


= » 
ao 


ifting of » with initial point 2 a 3(0), let f(x,) = 7(1). Show that 
fis a one-one map of p ‘(w,) onto p~ ‘(w,).) 
6. In this exercise all spaces are regions in the plane. 

(a) Let (G, f) be a covering of 2. and suppose that fis analytic; show that 
if Q is simply connected then fis one-one. (Hint: If f(z,) = f(z,) let y be a 
path in G from z, to z, and consider a certain analytic continuation along 
foy; apply the Monodromy Theorem.) 

(b) Suppose that (G,, f,) and (G,, f,) are coverings of the region 2 such 
that both f, and f, are analytic. Show that if G, is simply connected then 


w~ 2 SF a 
there is an analytic function f: G, > G, such that (G,, f) is a covering of 
ial Pape lee od pee” $2 tf TRA ge tha Alawenaw <6 runwnennstoatenya 
U2 dad UW 4 — J2 am Alldt lo LUO Uladgsl ail lo COMMMULALIVE. 
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G, G2 
\ / 
\ i 
Nh AE 

/ 
YZ 
ne 


(c) Let (G,, f,), (G2, f;) and © be as in part (b) and, in addition, assume 
that both G, and G, are simply connected. Show that there is a one-one 
analytic function mapping G, onto G,. 

7. Let G and 2 be regions in the plane and suppose that f: G > Q is an 
analytic function such that (G, f) is a covering space of Q. Show that for every 
region 2, contained in { which is simply connected there is an analytic 
function g: 2, -> G such that f(g,(w)) = w for all w in Q,. 

8. What is a simply connected covering space of the figure eight? 

9. Give two nonhomeomorphic covering spaces of the figure eight that are 
not simply connected. 


Chapter X 


Harmonic Functions 


a ae | 


In th iS chapte ter harmonic functions will be studied alid the Dirichl ilet 
Problem will be solved. The Dirichlet Problem consists in determining all 
regions G such that for any continuous function f/: 6G —R there is a con- 


tinuous function u:G~—R such that u(z) = f(z) for z in 0G and wu is 


a 
2 
OQ 


harmanir in G Altern ately y, we ara asked to determine all regio no 
parmonic in » ssatcltiua twiy WW GivlY @SALU CUE LE Veivias 


that Laplace’s Equation is solvable with arbitrary boundary values. 


§7. Basic properties of harmonic functions 


We begin by recalling the following definition and giving some examples 


y 1e f 
of harmonic functions. 
1 


1.1 Definition. If G is an open subset of C then a function u:G—R is 
harmonic if 4a aC cantiningne serand noartial derivatives and 
CUMETTEVILEU AE BAD VYLIELTITIUUY UD CU YLINE POL EILCEL REWLEVOLEL Vw CELINE 

Ou ou. 

— ~+-— 5 =0 

ox? dy 

7 

I ee CR’S fas maak rem 
ins equation IS Called LAPLACE S EQUATION. 


We also review the following facts ol harmonic functions. 
(1) (Theorem III.2.29) A function f on a region G is analytic iff Re f = u 
and Im f= v are harmonic functions which satisfy the Cauchy-Riemann 


equations. 
LAWN (TL 2 ~ 2-2 ee Wwos90oewn A aaa lee mga awatoad SCC LAS inAaR 
\<) {Ll oCOreil VIIL. z.Aj)) fA region G 1S sim Iply COIMICULCU ift for each 
harmonic function u on G there is a harmonic function v on G such that 


f = utiv is analytic on G. 


1.2 Definition. If f: G— C is an analytic function then u = Re f and v = Imf 
are called harmonic conjugates. 

0 nic function on a simply connect 
conjugate. if u is a harmonic function on G and D 1s a disk that is 
contained in G then there is a harmonic function v on D such that u+ iv ts 
analytic on D. In other words, each harmonic function has a harmonic 
conjugate a manally note that if | and v2 are both harmonic 
conjugates of u then i(v, — v,)=(ut iv))—(u + ivy) is an analytic function 
whose range is contained in the imaginary axis; hence v, = v,+c, for some 
constant c. 


1.3 Proposition. [fu: G > C is harmonic then u is infinitely differentiable. 


Proof. Fix Zo = Xo+iyo in G and let & be chosen such that B(z9;6) < G. 
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Then uw has a harmonic conjugate v on B(z,;5). That is, f = u+iv is analytic 
and hence infinitely differentiable on B(z);6). It now follows that w is 


infinitely differentiable. 
The preceding proposition gives a property that harmonic functions share 
with analytic functions. The next result is the analogue of the Cauchy 


itegral Formula. 


2 ARM OD we Yoo, on MN Pie. ot Boece Be Te al . ?? ou. Hr. oN 
1.4 Mean Value Theorem. Lei u: G—> R be a harmonic function and let B(a;r) 
be a closed disk contained in G. If y is the circle |z—a| = r then 

2n 


1 
an | u(a+re'*) dé 
0 


pa 


Proof. Let D be a disk such that B(a;r) < D < G and let f be an analytic 
function on D such that u = Ref. It is easy to deduce from Cauchy’s Integral 
Formula that 


20 
I ( ‘vs ig 
J(@) = a | J(at+re ) ae 
“77 J 
Oo 
By taking the real part of each side of this equation we complete the proof. Hi 
In order to study this property of harmonic functions we isolate it 


1.5 Definition. A continuous function uv: G—R has the Mean Value Property 
(MVP) if whenever B(a;r) < G 
2n 


1 ¢ “ 
2 | u(at+re'’) dd. 


u(a) = om 


any continuous function 


defin n oinn that ac the AVP muct armanic functinn One 
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OI! t ie LOMOWINE aldalOpue OF UIC 
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1.6 Maximum Principle (First Version). Let G be a region and suppose that 


wien rantinuauc ronl na alued fiunrtion On G wit he MVP. If thore ic a noint 
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ain G such that u(a) = u(z) for all z in G then u is a constant function. 


Proof. Let the set A be defined by 
= {ze G:u(z) = u(a)}. 


Since u is continuous the set A is closed in G. If Zz) < A let r be chosen such 
that B(z,:r) < G. Suppose there is a point 6 in B(z,;r) such that u(b) # u(a); 
then, u(b) < u(a). By continuity, u(z) < u(a) = u(Zp) for all z in a neighbor- 


hood of b. In particular, if p = |z)>—b| and b = z+ pe’, 0 < B < 27 then 
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there is a proper interval J of [0, 27] such that B e J and u(zy+pe'’) < u(Zo) 
for all 6 in J. Hence, by the MVP 


2n 


ee | 
u(Zo) = | u(Z + pe’”) dé < u(Z), 
a 


a contradiction. So B(zy;r) < A and A is also open. By the connectedness 
of G,A-G. 8 


1.7 Maximum Principle (Second Version). Let G be a region and let u and 
t be two continuous real valued functions on G that have the MVP. If for 
each point a in the extended boundary 0,,G, 

limsupu(z)< lim ninf v(z) 


za 


then either u(z)<v(z) for all z in G or u=v. 


to a fonnphans. 
ew tisw aayPvwY eLswue 
0 = lim [sup {u(z): z e G;}—inf {v(z): z € G5}] 
= lim [sup{u(z):z¢€G -+$+su p{- wz): 7 EG.) 
Gs fs +SUPy \S) 651 
6-0 


> lim sup {u(z)—v(z): z € G;}. 
5-0 


So lim sup [u(z)—v(z)] < 0 for each a in 2,,G. So it is sufficient to prove the 


theorem under the assumption that v(z) = 0 for all z in G. That is, assume 


1.8 lim sup u(z) < 0 

z7a 
for all a in 0,,G and show that either u(z)<0 for all z in G or u=0. By 
virtue of the first version of the Maximum Principle, it suffices to show 
that u(z) <0 for all z in G. 


Suppose that u satisfies (1.8) and there is a point b in G with u(b)>0 
Let «>0 be chosen so that u(b)>ec and let eas eG:u(z)2e}. If 
ae 0,,G then (1.8) implies there is a 6=6(a) such that u(z)<e for all z in 


GO B(a;6). Using the Lebesgue Covering Lemma, a 6 can be found that 
is independent of a. That is, there is a 6 >0 such that if z¢G and 
d(z,0,,G)<6 then u(z)<e. Thus, 


Bc {zeG: dz, 0,G) = 5}. 
This gives that B is bounded in the plane; since B is clearly closed, it is 
compact. So if B # (, there is a point zy in B such that u(z9) = u(z) for all z 
in B. Since u(z) < e for z in G—B, this gives that uw assumes a maximum 


value at a point in G. So u must be constant. But this constant must be 
fhe \N exslinh ico wm pncitizqvn and thie cranteandiric (1 Q\ Mm 
u(Z9) Whicn is positive ana tnis contradicts (1.0). mm 
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The following corollary is a useful special case of the Maximum Principle. 


nG 
U. 


om 
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w(z) = 0. Now take w = v and 
w(z) = 0. Since both of these hold, w = 0. zi 

Even though Theorem 1.7 is called the Maximum Principle, it 1s also a 

Minimum Principle. For the sake - completeness, a Minimum Principle 


corresponding to Theorem 1.6 is stated below. It can be proved either by 


appealing to (1.7) or by ieee nc the function —u and appealing to (1.6). 


1.10 Minimum Principle. Let G be a region and suppose that u is a continuous 
real valued function on G with the MVP. If there is a point a in G such that 
u(a) < u(z) for all z in G then u is a constant function. 


Rwarnicac 

MAVENS 
Ou Ou 

1. Show that if wis harmonic then so are u, = — andu, = —. 
Ox oy 

2. If wis harmonic, show that f = u,—iu, is analytic 

n 
3. Let p(x, y) = ¥ a xy' for all x, y in R. 
k,1=0 
Show that p is harmonic iff: 
(a) k(k—ia, 1-2+1d- l)a,-2,1 = 0 for 2< k, l <n; 


(b) Q,-4,1=4,1=Ofor2<l<n 
(C) Qyn-1 = &n=Ofor2<k<n 


4. Prove that a harmonic function is an open map. (Hint: Use the fact that 
the connected subsets of R are intervals.) 
5. If fis analytic on G and f(z) # Ofor any z show that u = log|f|is harmonic 


on G. 
6. Let u be harmonic in G and suppose B(a;R) © G. Show that 
] rt 
u(a) = 7 L | u(x, y) dx dy 
mR” JJ 
B(a;R) 


7. For |z| < 1 let 


Show that wu is harmonic and lim u(re'®) = 0 for all 6. Does this violate 


r>1- 
Theorem 1.7? Why? 
8. Let u:G > R be a function with continuous second partial derivatives 
and define U(r, 6) = u(r cos 8, r sin 6). 
(a) Show that 
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Ou = a*tu 67U cu =28U 
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So if 0 ¢ G then u is harmonic iff 
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is, u(z) = oll). Show that u is harmonic iff u(z) = a log |z|+5 for some 
constants a and b. 

9. Let u:G > R be harmonic and let A = {ze G: u,(z) = u,(z) = 0}; that 
is, A is the set of zeros of the gradient of u. Can A havea hilt point in G? 

1 Gtata and sense a Cnhuyaesr Doaflactinn Deinn iole frxe haemnnic fumotinan 


iv. otate anda prove a scnwarz nenecuon rrincipie ror narmonice runctions. 


11. Deduce the Maximum Principle for analytic functions from Theorem 


Before studying harmonic functions in the large it is necessary to study 
them locally. That is, we must study these functions on disks. The plan is to 
study, harmonic functions on the open unit se {z:|z| < 1} and then inter- 
pret the results for arbitrary disks. Of basic importance is the Poisson kernel. 


2.1 Definition. The function 
P(A = ¥ riein?, 


n=-—- © 
forO <r < land —@ < 6 < o, is called the Poisson kernel. 
Let z = re’?, 0 <r < 1; then 


i+re 
~~ = (1+ 2(l¢ztz74+..,) 
I—-re'®@ 8 
o. 
= 14232" 
n=1 
me 1425 rei? 
n=1 


Hence, 
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= 2 
I+re!® 1+ re!®—re~ 8 — 
Also — = ce Sse so that 
l—re |l1—re'*| 
—,? {1+re'\ 
2.2 P,(8) =. 7. x oe a= ( 7 a 
1—2r cos 6+r? \1—re’?) 
2.3 Proposition. The Poisson kernel satisfies the following 
x 
fan 1 ( m /Orn Ww” 1 
(a) 5- | Pe) ad = 1; 
2m J 
— 
(b) P,(6) > 0 for all 6, P,(—8) = P,(6), and P, is periodic in 6 with period 
Qn; 


(c) P,.(@) < P,(5) if0 < 6 < |6| < 
(d) for each 8 > 0, lim P,(6) = 0 uniformly in 6 for 7 = |6| = 5. 
a Vl 
Proof. (a) For a fixed value of r, 0 < r <1, the series (2.1) converges 
uniformly in @. So 


a:i—% 


(b) From equation (2.2), P.(#) = (1—r*)|i—re'®|-? > 0 since r < 1. 
The rest of (b) is an equally trivial consequence of (2.2). 

(c) Let 0 < 8 < 6 <7 and define f:[6, 0] > R by f() = P(t). Using 
on ee that ft) <Qso fi 


Wah WALW that Vs = Ww id 


(2,2). a routine calculat 


Aare —79 Mm wttsw wa 


(d) We must show 


ee 


oD. las 


But according to part (c), P,(6) < P.(5) if 5 < |@] < 7; so it suffices to show 
that lim P,(6) = 0. But, again, this is a trivial consequence of equation (2.2). 
r7i- 
Before going to the applications of the Poisson kernel, the reader shouid 
take time to consider the significance of Proposition 2.3. Think of P,(@) not 
as a function of r and @ but as a family of functions of 6, indexed by r. As r 


subinterval of [—7, 2] which does not contain 6 = 0 (part d). Nevertheless. 
part (a) is still valid. So as r approaches 1, the graph of P, becomes closer to 
the 6 axis for 6 away from zero but rises ‘sharply near zero so that 2.3(a) is 
maintained. 

The next theorem states that the Dirichlet Problem can be solved for the 
unit disk. 


2.4 Theorem. Let D = {z:|z| < 1} and suppose that f:0D — R is a continuous 
Losanetanc Than slrauan 22 Apa ttcserrese Lets asinw. are Mase Ak shins 
junction Lné€n tneéeré iS @ Continuous Junction ULZ “FUN DUCT LUE 
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Moreover u is unique and is defined by the formula 


a4 
& ulroli9y — i | py ees t 
eed NE J bo FI MS P eed 

2r | 

—~“k 
forOsr<1,0<@< 27 
Proof. Define u:D > R by letting u(re'®) be as in (2.5) if 0 <r < 1 and 
letting u(e’’) = f(e'®). Clearly u satisfies part (a); it remains to show that u 


is continuous on D™ and harmonic in D. 
(i) wis harmonic in D. If0 < r < 1 then 


L+re'@-9 
u(re’®) = zp efi peta [FE dt 


T+rei@-O 7] 
= Re} | Ke 2 fend ar\ 
re ia) 


bal a 
cif e+ rel? | 
= Rey — | fe) | = | dt > 
(47 J Le —re- 
So define g:D > C by 
z 


g(z) = = fe'y| 5 


—-f 


2) at 


Since u = Re g we need only show that g is analytic. But this is an easy 
consequence of Exercise IV.2.2. 

(ii) wis continuous on D~. Since uw is harmonic on D it only remains to 
show that wu is continuous at each point of the boundary of D. To accomplish 


this we make the following 


p < I, and an arc 


Once claim 2.6 is proved the continuity of u at e’” is immediate since fis a 

continuous function. 

To avoid certain notational difficulties, the claim will only be proved for 
= 0. (The general case can be obtained from this one by an argument 

which involves a rotation of the variables.) Since f is continuous at z = | 

there is a6 > O such that 

2 


~y 
of 
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if |0] < 5. Let M = max {| f(e’)|:|6| < 7}; from Proposition 2.3 (d) there 
is a number p, O < p < 1, such that 


2.8 P(6) < — 
8) <3 


« 
I 


for p < r < 1 and |6] = 48. Let A be the arc {e”?: 
and p<r<l, 


: ie | 
Me) IO ge. | AO OI aL) 


; I , 
PO—DL fle") f(D dt + oe | P(8—d[ fle") —f()] dt. 
\t| <6 |} >8 


If |f| => 5 and |@| < 46 then |t—6| = 48; so from (2.7) and (2.8) it follows that 


. = 3° 3M) 
This proves Claim 2.6. 

Finally, to show that u is unique, suppose that v is a continuous function 
on D~ which is harmonic on D and v(e'’) = f(e'®) for all 6. Then u—v is 
harmonic in D and (u—v) (z) = 0 for all z in 2D. It follows from Corollary 
1.9 that vu—v = 0. 


2.9 Corollary. [f u: D~ -R is a continuous function that is harmonic in D 
then 


u(re'®) = | P(6—t)u(e") dt 


for0 <r < 1 andall 0. Moreover, u is the real part of the analytic function 


n 
l-fet+z . 
He ) | it u(e'’) dt 
27} e'—z 
—n 
Proof. The first part of the corollary is a direct ee bea of the theorem. 
The second part follows from the fact that fis an analytic function (Exercise 


IV.2.2) and formula (2.2). I 


2.10 Corollary. Let ae C, p > 0, and suppose h is a continuous real valued 
function on {z:|z—a| = p}; then there is a unique continuous function 
w: we: p) > R such that w is harmonic on B(a; p) and w(z) = h(z) for |z—a| 
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eye zZ—a\., ‘ : 
it is an easy matter to show that w(z) = (= is the desired function on 


p 

B(a; p). 

It is now nocahle ta oaorve the nronmicad canverce tn the Aean Valine 

vv AL pyyeys: wi tu &! vw Lib v4 WALLOON wil wi OW tw Chi AVYEwals yYaiuwyr 
TL. eo ee 
LIMO 
S11T......._.. RAXITR =] 
411 LHCOrenl. If u: G —_> R is a continuous function which has the VIVE Inen 
u is harmonic. 


Proof. Let ae G and choose p such that B(a; p) ¢ G; it is sufficient to show 
that u is harmonic on B(a; p). But according to Corollary 2.10 there isa 
continuous function w: B(a; p)—>R which is harmonic in B(a; p) and 
w(at pe'®) = u(a+pe'®) for all 6. Since u—w satisfies the MVP and 
(u—w)(z) = 0 for |z—al| = p, it follows from Corollary 1.9 that u = w in 
Ba; p); in particular, u must be harmonic. I 

To prove the above theorem we used Corollary 2.10, which concerns 
functions harmonic in an arbitrary disk. It is desirable to derive a formula 
for the Poisson kernel of an arbitrary disk; to do this one need only make a 


change af variahlec in the farmula (9 9\ 
MAGLI BY Vi VALIGUICS TH Lt LULTIIUIG (ao). 
wren. YY at. | *4 mer... : aL. $499 PSR AN Of. 
lr A > UV tTnen substitutin iw ryw Orrin the made OF (2.2) gives 
2 2 
at c 
2.12 


R* —2rR cos 6+r° 
forO0 <r < Rand all 6. So if u is continuous on B(a; R) and harmonic in 


B(a; R) then 


( 33 
2.13 u(a+re’®) = Es (| ; seas = | a+ Re dt 
2 LAS ae 


and R—r < |Re''—re'®| < R+r. Therefore 
R-r R?-/? 
< 
R+r” R?~—2rRcos (@—1)+r? 


as | ¢ ak as ™ 


If u => 0 then equation (2.13) yields the following. 


2.14 Harnack’s Inequality. Jf u: B(a; R)—>R is continuous, harmonic in 
B(a; R), and u > 0 then forO < r < Rand all 6 


id 
ae ula) <u r =< 
——- u(a) < u(a+re") < u(a) 
IN TT 
Before proceeding , the reader is advised to review the relevant definitions 
r Seal eae 2 whe eewe SY £458 aywee tw Aw TY Aw FT Chew 2 wee VEAL VAWAAAEALAW LAD 
anaA nennartiagn Af caret ti nts oe eee, 0 Mr (Annet ne WIT 1\ 
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2.15 Definition. If G is an open subset of C then Har(G) is the space of 
harmonic functions on G. Since Har(G) < C(G, R) it is given the metric that 
it inherits from C(G,R). 


Mtr WW... Wt. 8 ee s 


2.16 Harnack’s Theorem. Let G be a region. (a) The metric space Har(G) is 
complete. (b) If {u,} is a sequence in Har(G) such that u, < u, <... then 
either u,(z) — 00 uniformly on compact subsets of G or {u,} converges in 
Har(G) to a harmonic function. 


Proof. (a) To show that Har(G) is complete, it is sufficient to show that it is 
a closed Barspae of PG: Ry: = ie Aun 1a Be : red gts in ae ch that 


c. by Thesreni 2.11, u must ie Rhemonie 

(b) We may assume that u, > 0 (if not, consider {u,—u,}). Let u(z) 
= sup {u,(z):n = 1} for each z in G. So for each z in G one of two possi- 
bilities occurs: u(z) = oo or u(z) € R and u,(z) > u(z). 


rm. C 
Define 
A = {zeG:u(z) = «o} 
Dm (5. f0. f\ - pple 
B= (~ZEGi UZ) < CF; 
then G = AU Band AN B = [). We will show that both A and B are open. 
Te fs Ane oD kA Rh AKER. ore eh ELawcs 1.9 ‘aii en 
LTLa@ey, et Ww De CNOse/en sucn ur 


for all z in B(a; R) and alln > 1. I1fae A then u,(a) — © so that the left hal 
of (2.17) gives that u,(z) — oo for all z in B(a; R). That is, Bla; R) < A and 
so A is open. In a similar fashion, if a ¢ B then the right half of (2.17) gives 
that u(z) < oo for |z—a| < R. That is Bis open. 


Since G is connected, either A = G or B = G. Suppose A = G;; that is 
as a Br mr. — 1 0 a (R Ven, -1.An 
u= oo. Again if B(a; R) <— Gand0O < p < Rthen M = (R—p)(R+p) > 0 


and (2.17) gives that M u,(a) < u,(z) for |z—a] < p. Hence u,(z) — oo 
uniformly for z in sae p). In other words, we have shown that for each a in 


Gthereisap>Os uch that u,(z) — oo uniformly for lz—al < < p. From this 
it is easy to deduce shai u,{Z} > © unitonmly for z in any compact set. 
Now suppose B = G, or that u(z oo for all z in G. If p < R then, as 


LS 
a. A 


above, there is a constant N, which depends only on a and p such that 
M u,(a) < u,(z) < Nu,(a) for |z—a| < p and alln. So ifm <n 


0 < u,(z)—u,,(z) < Nu,(a)—M u,,(a) 
= ea = U,,(a)] 


ff" c 
177 Wwe u “A ai vw 

Bra; p). It follows that {u,,} is a Cauchy sequence in Har(G) and so, by part 
(a), must converge to a harmonic function. Since u,(z) > u(z), u is this 


harmonic function. i 
It is possible to give-alternate proofs of Harnack’s Theorem. One involves 
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applying Dini’s Theorem (Exercise VII.1.6). Another involves using the 
Monotone Convergence Theorem from measure theory to obtain that u has 
the MVP. However, both these approaches necessitate proving that the 


fue se, we , 


function ry is CO t7 ous. ie 410 ra aewv to accomplis annealing tan 
LhULIWLL i wu AICLitEes u ALLO lwo 2 Al aw WwW Www hkd phos Lo Lad ol eedatatetel —) tv 
SY 179 2 Aad Ce aha f..¥ fou & 9) as oe a ae OS ed ae 
(2.17) and the fact that u,(z) — u(z) for all z; these facts imply tnat 
R—|z-a| R+|z-al 
-u(a) < u(z) < u(a) 
R+j\z-a| R—|z—a 
Hence 
—2 |z-—a 2\z—a 
Em al a) < w(2)—u(a) < “= 
R+|z—-al R—|z-a| 
or 
|z—a| 
|u(z) —u(a)| < u(a) 
|z—al 
So as z >a, it is clear that u(z) — u(a). 
Exercises 
1 Teten Conde: SO AL aa a STN Ne ee ect pe Se 
1. Let vy {z:|z| < 1} and suppose that f:D”~ — C is a continuous function 


n 


Y 
= s 
such that both Re fand Im fare harmonic. Show that 


ee ae 
Jey =5- | HEP) at 


—=- 
eo 


for all re’’ in D. Using Definition 2.1 show that fis analytic on D iff 


v1 


i fle")ei' dt = 0 


l 2.4 % SUPPYUS5C th at fi S piecewise continuous 
on oD. Is the conclusion of the theorem still valid? If not, what parts of the 
conclusion remain true? 
3.:Léet DS 42:2) < 1h FF = 0D = 42:\2) = 1} 
oy Show that if See —> C is a continuous function and g,:T > C is 


An, = aha’ malarial LA Z 
defined by g,(z) = g(rz) then g,(z) ~ g(z) uniformly for z in T as r > 1— 


(b) If f:7— C is a continuous function define f:D~” > C by f(z) = fz) 
for z in T and 
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(c) Weierstrass approximation theorem for 7. If f: TC 1s a continuous 
function then there is a sequence { p,(z,z)} of polynomials in z and z such 
that p,(z,z)—>f(z) uniformly for z in T. 

(d) Suppose g:[0,1]—C is a continuous function such that 2(0)=¢(1). 
Use part (c) to show that there is a sequence { p,,} of polynomials such that 
P,(t)—>g(t) uniform 

(ec) Weierstrass approxima 
continuous function then there is a sequence {p,} of polynomials such 
that p,(f)> g(t) uniformly for ¢ in [0,1]. (Hint: Apply part (d) to the 
function g(t)+(1 — £) g(1) + tg(0).) 

(f) Show that if the function g in part (e) is real valued then the 
polynomials can be chosen with real coefficients: 

4. Let G be a simply connected region and let I’ be its closure in C,; 
0, = ['—G. Suppose there is a homeomorphism ¢ of I onto D (D 


= {z:|z| < 1}) such that 9 is analytic on G. 


ncorem i0Fr jv 0, 1}. If g ao IA Wat _ 
‘ cr 


“LY> 1p 18 a 


(a) Show that 9(G) = D and 9¢(2,,G) = aD. 
(b) Show that if f:2,G —R is a continuous function then there is a 
s function u: rT>R such that u(z) = f(z) for z in 0,G and uw is 


Poe FI ye JN 7 


> © 
>] 
7 
3 
5 
= 


uppose satel the function f in part (b) is not assumed to be con- 
tinuous at oo. Show that there is a continuous function u:G -—> R such that 
u(z) = f(z) for z in 0G and wu is harmonic in G (see Exercise 2). 


5. Let G be an open set, ae G, and Gp = G— {a}. Suppose that wu is a har- 
monic function on Gg such that lim u(z) exists and is eine wi Show that 


za 


if U:G —R is defined by U(z) = u(z) for z # a and U(a) = A then U is 
harmonic on G. 


6. Let f: {z:Re z = 0} ~R be a bounded continuous function and define 
ase Save Ra v-~N1 _. M he 
ut. {z: INO 2H Us TZ WHE 
xf(it 
u(x+iy) = (2, Ai) 5 
Je +(y—t) 


salt 1 ; 


Show that wv is a bounded harmonic function on the right half 
for c in R, f(ic) = lim u(z). 


7, Let D={z:|z|<1} and suppose f: dD-—R is continuous except for a 
jump discontinuity at z=1. Define wu: D->R by (2.5). Show that w is 
harmonic. Let v be a harmonic conjugate of u. et can you say about 


wes 2 SS Nee sh, BE = Saft ek, & 1 9 ey eee) ee as7A Aa no 
We OCMaVvIOr Ol UV) as fr |1|7—: What avout v(re' 8) as rol- anda v—-vu: 


§3. Subharmonic and superharmonic functions 


In order to solve the Dirichlet Problem generalizations of harmonic 
functions are introduced. According to Theorem 2.11, a function is harmonic 
exactly when it has the MVP. With this in mind, the choice of terminology in 

the next definition becomes appropriate. 


Nee wees we asthe GP pi yt 
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3.1 Definition. Let G be a region and let p:G — R be a continuous function. 
gy is a subharmonic function if whenever B(a;r) < G, 


The first comment that should be made is that ¢ is superharmonic iff —» 
is subharmonic. Because of this, only the results on subharmonic functions 
will be given and it will be left to the reader to state the analogous result for 
superharmonic functions. Nevertheless, we will often quote results on 
superharmonic functions as though they had been stated i in detail. 


In the definition of a subharmonic function 9 1 


only that y is upper semi-continuous. However this would make it necessary 
to use the Lebesgue Integral in the definition instead of the Riemann Integral. 
So it is assumed that » is continuous when @ is subharmonic even though 


there are certain technical advantages that accrue if onlv upper se emi- 


wh LG BYE CGAY atte OO OLLIE aii orf SQ ilit 


Clearly every harmonic function iS su bharmonic as well as superharmonic. 
In fact, according to Theorem 2.11, u is harmonic iff u is both subharmonic 
and superharmonic. If », and ~, are subharmonic then so is a,9, +492 
if a;, a, > 0. 


It is interesting to see which of the results on harmonic functions also 
hold for subharmonic functions. One of the most important of these is the 


Maximum Principle. 


3.2 Maximum Principle (Third Version). Let G be a region and let p:G >R 
be a subharmonic function. If there is a point a in G with g(a) = 9(z) for all z 


in G then ¢ is a constant function. 

The proof is the same as the proof of the first version of the Maximum 
Principle. (Notice that only the Minimum Principle holds for superharmonic 
functions.) 


The second version of the Maximum Principle can also be extended, but 
here both subharmonic and superharmonic functions must be used. 


3.3 Maximum Principle (Fourth Version). Let G be a region and let » and 
be real valued functions defined on G such that » is subharmonic and } is 
superharmonic. If for each point a in 0,,G 


lim sup ¢(z) < lim inf (2), 


z7a za 
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Again, the proof is identical to that of Theorem 1.7 and will not be 
repeated here. 

Notice that we have not excluded the possibility that a subharmonic 
function may abe a Sy value. Indeed, this does happen. For 
example, G(X, = x? +y- 1S a subharmonic function and it assumes a 


is never subharmonic unless it is harmonic. 
When we say that a function satisfies the Maximum Principle, we refer 
to the third version. That is, we suppose that it does not assume a maximum 


value in G unless it is constant. 


> 
= 
C@?) 

é = 
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3.4 Theorem. Let G be a region and »:G — Ra continuous function. Then 9 is 
subharmonic iff for every region G, contained in G and every harmonic function 
u, on Gy, p—U, Satisfies the Maximum Principle on G,. 


Proof. Suppose that » is subharmonic and G, and u, are as in the statement 
of the theorem. Then y—uw, is clearly subharmonic and must satisfy the 
Maximum Principle. 


Now suppose 9 is continuous and has the stated property; let B(a, r) < G 
According to Theorem 2.4 there is a continuous function u: Baa, r)—>R 
which is harmonic in B(a;r) and u(z) = 9(z) for |z—a| = r. By hypothesis, 


g—u Satisfies the Maximum Principle. But (p—u)(z) = 0 for |z—a| = r. So 
@ < uand 


u(a+re!®) dé 


Prt 


Therefore fe) is subharmonic. iz 


3.5 Corollary. Let G be a region and »:G—R a continuous function; then p 
is subharmonic iff for every bounded region G, such thai G; <G and for 
every continuous function u,:G,; —>R that 1. is harmonic in G, and satisfies 


3.6 Corollary. Let G be a region and >, and ¢, 

G; if ¢(z) = max {y,(z), ~2(z)} for each z in G then » is a subharmonic 
function. 

Proof. Let G, be a region such that Gj © G and let u, be a continuous 


function on G; which is sainoniG on G, with ¢(z) < WC) for all z in 0G,. 
Then both ¢,(z) and ¢,(z) < u,(z) on 0G,. From Corollary 3.5 we get that 


g,(z) and ¢,(z) < u,(z) for a z in sea So 9(z) < u,(z) for z in G,, and, 
al ‘orollary 3.5 


266 Harmonic Functions 


3.7 Corollary. Let g be a subharmonic function on a region G and let 
Bia; r) < G. Let ' be the function defined on G by: 


(i) o'@ = 92) if 2 G—Bla; 9); 

(ii) ~’ is the continuous function on B(a; r) which is harmonic in B(a; r) 
and agrees with ¢(z) for |z—a| = r. 

Then ' is subharmonic. 


The proof is left to the reader. 
As was mentioned at the beginning of this section, one of the purposes 
in studying subharmonic functions is that they enter into the solution of the 


Dirichlet Problem. Indeed, the fourth version of the Maximum 
gives an insight into how this occurs. If G is a region and u:G —>Risa 
continuous function (G~ = the closure in C,,) which is harmonic in G, then 
g(z) < u(z) for all z in G and for all subharmonic functions g which satisfy 


lim sup ¢(z) < u(a) for all a in 0,,G. Since uw is itself such a subharmonic 


D.t oe alale 
Prep 


a 


function we arrive at the trivial result that 


zZ7a 
Although this is a trivial statement, it is nevertheless a beacon that points 
the way to a solution of the Dirichlet Problem. Equation (3.8) says that if 
f:0,,G—R is a continuous function and if f can be extended to a function 


harmonic functions which are defined solely in terms of the boundary 
values f. This leads to the following definition. 


3.9 Definition. If G is a region and /:0,,G — R is a continuous function then 
the Perron Family, Af, G), consists of all subharmonic functions 9p:G >R 
such that 


for all a in 0,,G. 
Since fic cantinirane there ic a canctant A ouch that | ffar\l =< AA Far all 
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is never empty. 
If w:G —R is a continuous function which is harmonic in G and 
f = uld,,G then (3.8) becomes 


3.10 u(z) = sup {9(z):p¢ AL, G)} 


for each z in G. Conversely, if fis given and wu is defined by (3.10) then u 
must be the solution of the Dirichlet Problem with boundary values /; that 
is, provided the Dirichlet Problem can be solved. In order to show that 
(3.10) is a solution two questions must be answered affirmatively. 

(a) Is wu harmonic in G? 

(b) Does lim u(z) = f(a) for each a in 0,,G? 


z7a 
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The first question can always be answered “Yes” and this is shown in 
the next theorem, The second question sometimes has a negative answer and 


an example will be given which demonstrates this. However, it is possible to 
impose geometrical restrictions on G which guarantee that the answer to 


3.11 Theorem. Let G be a region and f:¢,,G — R a continuous function; then 
u(z) = sup {9¢(z):~ « ALF, G)} defines a harmonic function u on G. 


Proof. Let | f(a)| < M for all ae @,,G. The proof begins by noting that 


3.12 g(z) < M for all z in G, pin AF, G) 
This follows because, by definition, lim sup y(z) < M whenever ge A(/, G); 
za 
so (3.12) is a direct consequence of the Maximum Principle. 
Fix a in G and let Bia; r) © G. Then wa) = sup {x(a sa —— G)}; 
so there is a sequence {y,} in A(f, G) such that u(a) = m ~,(a). Let 


®, = max {y,,...,9%,}3 by Corollary 3.6 ©, is subharmonic. es ,, be the 


subharmonic function on G such that 9/(z) = ®,(z) for z in G— Bla: it and 
0, is harmonic on B(a; r) (Corollary 3.7). It is left to the reader to verify the 
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Because of (3.15), ®/(a) < u(a); from (3.14) and the choice of {y,}, this gives 
that 


3.16 u(a) = lim ®/(a). 


Moreover, statement (3.12) gives that ®; < M for all n; so using (3.13), 
Harnack’s Theorem implies that there is a harmonic function U on B(a; r) 


such that U(z) = lim ®/(z) uniformly for z in any proper subdisk of B(a; r). It 
EFrAAws feam (2 14\ and (2 14A\ that TI] aand T/f alrN\N recnectively 
LOULIOGWS LPULIE (oes GAHU Ly.buy Lat u Vis, LeOpewurvery. 
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Now let Z) € B(a; r) an 
u(Zo) = lim ¥,(Zo). 
Let xy, = max {y,, ¥,}, X, = max {x,,..., x,}, and let X7 be the sub- 


harmonic function which agrees with Xn off ao r) and : ee in 


Bla: Ag aha co thic ] 
DU 5 r). As av0ove, Uilbo i 


U, <u and U/(Zo) = uz). But 9, < y, so. that o < X ” Hence 
U< U, <u and Ua) = Ua) = ua). Therefore U—U, is a negative 


harmonic function on B(a; r) and (U—U,)(a) = 0. By the Maximum 
i ( 
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Principle, U = Ug; so U(z9) = u(zo). Since zg was arbitrary, u = U in 
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function. The harmonic function u obtained in the preceding theorem is 
called the Perron Function associated with f. 
The next step in solving the Dirichlet Problem is to prove that for each 
point ain 0,G lim u(z) exists and equals f(a). As was mentioned earlier, this 
Za 


does not always hold. The following example illustrates this phenomenon. 


Let G = {2:0 < |z| < 1}, T= (le = 1}; so eG = TU {0}. Define 
f:0G +R by f(z) = 0 if ze T and f(0) = 1. For 0 < « < I let uz) = (log 
2) (log «)~'; then uw, is harmonic in G, u.(z) > 0 for z in G, u,(z) = 0 for 


in T, and uz) = 1 if |z| =. Suppose that ve A(f, G); since |f| < 
Io(2)| < 1 for all z in G. If R, = {z:€ < |z| < 1} then lim sup o(z) < u,(a) 


for all ain OR,; by the Maximum Principle, v(z) < uz) for all z in R,. Since 
e was arbitrary this gives that for each z in G, v(z) < lim u,(z) = 0. Hence 


e70 
the Perron function associated with f is the identically zero function, and 
the Dirichlet Problem cannot be solved for the punctured disk. (Another 
proof of this is available by using Exercise 2.5 and the Maximum Principle.) 


2 wl) 28, 2 

Exercises 

1, Which of the following functions are subharmonic? superharmonic? 
: \ 2s 2 

harmonic? neither subharmonic nor superharmonic? (a) g(x, y) = x°+y°; 


2 “~ 


y 
(b) (x, y) = x7 —y*; (©) (x, y) = x+y; (d) oy, y) = x°—y; (©) OG, Y) 
= x+y"; (f) 9x, y) = x-y’. 
2. Let Subhar(G) and Superhar(G) denote, respectively, the sets of sub- 
harcionie and — 
onic and superharmonic functions on G. 

a) Show that Subhar(G) and Superhar(G) are closed subsets of C(G; R). 

(b) Does a version of Harnack’s Theorem hold for subharmonic and 
superharmonic functions? 


3. If G is a region and if f:¢,G — R is a continuous function let u, be the 
Perron Function seaceiates with f. This defines a map 7:C(0,,G; R)—Har(G) 


(a) Tis linear (i.e., T(@, fy +@2fo) = a,T(f{)+42T(/;)). 

(b) T is positive (i.e., if f(a) = 0 for all a in 0,,G then T(f)(z) > 0 for all 
zin (7). 

(c) T is continuous. Moreover, if {f,} is a sequence in C(@,,G; R) such 


that f, > f uniformly then 7(f,) — T(/) uniformly on G. 
(d) If the Dirichlet Problem can be solved for G then T is one-one. Is the 


converse true? 
4. In the hypothesis of Theorem 3.11, suppose only that f is a bounded 
function on @ G: prove that the conclusion remains valid. (This is useful if 
G is an inbounded region and g is a bounded continuous function on éG. 
If we define f:2,,G > R by f(z) = g(z) for z in 6G and f(oo) = 0 then the 


conclusion of Theorem 3. 11 remains valid. Of course there is no reason to 
ior 


“~ ALN 
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5. Let G be a region and f: ¢,,G — R a continuous function. Define U(f{, G) 
to a. the family of all eiipechanonic functions % on G such that nn po 


W(z) > f(a). If v:G +R is defined by v(z) = inf {X(z):be Uf, G)}, nrove 
that v is harmonic on G. If u is the Perron Function associated with f, show 
that u(z) < v(z). Prove that lim u(z) = fla) for all ain 0G iff u u(z z) = (7) 


that u(z) Pro im u(z) for 
Za 
for all z. Can you give a condition in terms of 


u 
sufficient that lim uf(z) = f(a) for an individual poi 
c tila VS) = JhG7 OL a Vidal P 


6. Show that the requirement that G, is bounded in Corollary 3.5 is 
oD. 
7. if ff: -Gok is analytic and Q: QR iS subh lar 


a 
subharmonic if f is one-one. What happens if f’(z es 


§4. The Dirichlet Problem 


4.1 Definition. A region G is called a Dirichlet Region if the Dirichlet Problem 
can be solved for G. That is, G is a Dirichlet Region if for each continuous 
function f: é,,G — R there is a continuous function u:G~ — R such that u is 


punctured disk is not. In this section, we will see conditions that are 


sufficient for a region to be a Dirichlet Region. The first step in this 
direction is to suppose that there are functions which can be used to 


erry: eescit lsh ih GLY Sh SR CERES ONE ORES OS UO LN 


restrict the behavior of the Perron Functions near the boundary. 
Te ee ee TO I Te a eee ee Sey SN fia SNS. \ WwW. n 
For a set G and a point a in 0,,G, let G(a; r) = GO Bia; r) for allr > 0. 


4.2 Definition. Let G be a region and let ae 0,,G. A barrier for G ataisa 
family {%,:r > 0} of functions such that: 


(a) wW, is defined and superharmonic on G(a;r) with O< wd (z)< 1; 
As) Tr rr AN a of TFN? 7 
LYN lien LL fo\ —_ ne 
\Y¥) ill Yrle) — VU, 
za 
(c) lim (2) = 1 for win GN fw:lw—al =r} 
vrs TPN") a ta 4 I I J 
zw 
Tha fallauwing nheaarwvatinn ta neaaful 7 oe wo AnGined hey lattinag a — .f Aan 
ALN IVILU wilig, VUSLLVALIVEIL IO USOUILUI. LI Yr 19 UULILIIVNU U AULLILIE Yr =. Yr Wil 
G(a; r) andy,(z) = 1 for z in G— B(a; r), then, is superharmonic. (Verify!) 


So the functions w “approach” the function which is one everywhere but 
z = a, where it is zero. The second-observation which must be made is that 
if G is a Dirichlet Region then there is a barrier for G at each point of 2,,G. 
In fact, if aed,G (a # o) and f(z) = |z—al(1+|z—al)~’ for z 4 
with f(o) = i, then f is continuous on @,G; so there is a continuous 
function u:G  ->R such that uw is harmonic on G and u(z) = f(z) for z in 
é.G. In particular, u(a) = 0 and a is the only zero of u in G” (Why?) 
Let c, = inf {u(z):|z—al =r, oa = min {u(z):|z—a| =r, zeG }>0. 
(z) = : min {u(z), c,}. It is left to the reader to 
C, 
check that {,} is a barrier. 


X 
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The next result provides a converse to the above facts. 


4.3 Theorem. Let G be a region and let a € 0,,G such that there is a barrier for 
G at a. If f:¢,,G — R is continuous and u is the Perron Function associated 
with f then 


ii Let {¢,:r > 0} be 
a # oo; also e that j 

Let « > 0 an > 0 such tha t | fw) icv 

|w—al| < 28; let inn de Let W:G >R be defined by #(z) = y(z) fore an 

G(a; 8) and #(z) = 1 for z in G— Bia; 5). Then wW is superharmonic. If 


|f(w)| < M for all w in 2,,G, then —My—e is subharmonic. 


4.4 Claim. —Mp—<c is in Af, G). ; 
If we é,G— B(a; 5) then lim sup [—My(z)—«] = —M-—e < f(w). Because 


zZ7w 


(z) = 0, it follows that lim sup [—My(z)—«] < —e for all w in 0,G. In 
particular, if w ¢ 2,,G 7 B(a; 8) then lim sup [—MW(z)—«] < —e < fiw) by 


Zw 
the choice of 6. This substantiates Claim 4.4. Hence 


zmeritysn 


J 
lim inf [My(z)+«] = lim sup 9(z) 


zw z7w 


for all p in A(f, G) and w in 2@,,G. By the fourth version of the Maximum 
Principle, g(z) < My(z)+« for m in A(f, G) and z in G. Hence 


u(z) < MYy(z)+e; 
or, combining this with (4.5), 


4.6 — Mi(z)-« < u(z) < Mi(z)+e 

for all z in G. But lim (z) = lim g(z) = 0; since « was arbitrary, (4.6) gives 
that za z-a 

tilal 


This completes the proof. 
Notice that the purpose of the barrier was to construct the function 
which “‘squeezed”’ u down to zero. 


4.7 Corollary. A region G is a Dirichlet Region iff there is a barrier for G at 
each point of 0,,G 

The above corollary is not the solution to the problem of characterizing 
Dirichlet Regions. True, it gives a necessary and sufficient condition that a 
region be a Dirichlet Region and this condition is formally weaker than the 


definition. However, there are aesthetic and practical difficulties with Corol- 
1 Wty 3 a A: BAN tAMican LA DY aor Rink eae wees 
lary 4.7. One difficulty is that the condition in (4.7) is not easily verified 
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Another difficulty is that it is essentially the same type of condition as the 
definition; both hypothesize the existence of functions with prescribed 


boundary behavior. 

What is desired? Both tradition and aesthetics dictate that we strive for 
topological-geometric condition on G which is necessary and sufficient 
a 


that G be a Dirichlet Region. Such conditions are usually easy to verify for 
aA a@vaNn vadqinn and tha aniiwvalanra anf a aanmatricr nranartyu and an analutin 
a &livell IVEIVII, Gali’ ULI VYUIVAIIIVNE vid SeVilweti lv pPivpelr ly qaiiul all allay uly 
one is the type of beauty after which most mathematicians strive. At the 


present time no such equivalence is known and we must be content with 
sufficient conditions. 


4.8 Lemma. Let G be a region in C and let S be a closed connected subset of 
C,, such that 0 € S and SO 0,G = {a}. If Go is the component of C,,—S 
which contains G then Gg is a simply connected region in the plane. 


Proof. Let Go, G,, ... be the components of C,,—S with G © Go; note that 
each G,, is a region in C. If ze ¢,G, then G, U {z} is connected (Exercise 
IT.2.1). Since G, is a component it follows that 0,G, < S. By Lemma 


11.2.6 G,U S (= G, U S) is connected and, consequently, so is L J (G, U S) 


= C,—Gp. In virtue of Theorem VIII 3.2(c), Go is simply Sénnecisal mi 


4.9 Theorem. Let G be a region in C suppose that aé 0,,G such that the 


an 
component of C.,, —G which contains a does not reduce to a point. Then G has a 


barrier at a. 


Proof. Let S be the component of C,,—G such that a e S. By considering an 
appropriate Mobius transformation if necessary, we may assume that a = 0 
and ooe€ S. Let Gp be the component of C,,—S which contains G. The 


preceding lemma gives that Gg is simply connected; since 0 ¢ Gg there is a 
branch 7 of log z defined on Go. In part icular 7 is defined on G. For r > 0, 


let Z(z) = Gi = = ¢(z)—log r for z in G(0: r). So —€(G(0; r)) is a subset 

of the right half plane. Now let C, = GO {z:|z| = r}; then C, is the union 

of at most a countable number of pairwise disjoint open arcs y, in {z:|z|=r}. 
t —Z¢(y,) = (ia,, i8,) = {it:a, < t < B,} for k = 1. Hence 


_ t(C, VU (ix,, iB) 


and these intervals are pairwise disjoint. Furthermore, the length of y, is 


r(B.—a.): so 
"\K kj» wv 
4.10 > (B,-%) < 27. 


k= 1 


Now if log is the principal branch of the logarithm then 
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is harmonic in the right half piane and 0 < 4,(z) < w for Re z > 0 (see 
Exercise III.3.19). Moreover 


Bx 
C x 
4.11 h(x+iy) =| ; 
J x*+(y—-2) 
ak 
if x > 0. From (4.11) it follows that 
fo @] 
ees ( x ; 
LadxXty) S | 75 at = 
k=1 Je ryt) 


Since each 4, > 0, Harnack’s Theorem gives that h = y h, is harmonic in 
the right: half plane. Hence k=1 


He) = —h(—4(2) 


ome Re f[_floVl = tm on 
r r&. §8e 


k=1 
oo Bk >; 
= dt 
14+-(y—t!lx) 
k=1d VW ys 
Ok 
[vo] 
Z een 
pa ear —o 
= Zs k— %) 
k=1 
A 
LTT 
< oman 
x 
So, indeed, lim A(x+iy) = 0 uniformly in y; this gives that lim ¥,(z) = 0 
x7 +0 z>0 
To prove that lim ¢,(z) = 1 for w in G with |w| = r, it is sufficient to 
prove that sae 
4.12 lim f(z) = z if x < c < f, for some k 
t 


So fix k > 1 and fix c in (a,, B,). The following will be proved. 


4.13 Claim. There are numbers « and 8 such that a < q& < f, < B and if 


(z—i« \ 
u(z) = Im log - } 

Cen 79 
v(z) = Im log (22%) 

\2— iB / 
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then x > 0 and « < y < B, implies 0 < A(x+iy)—A,(x+iy) < uxt) 
+u(x+iy). 

Once 4.13 is established, Equation 4.12 is proved as follows. From Exercise 


so if x+iy > ic, c < B, < B, then v(x+iy) > 0. 
Similarly u(x+iy) > 0 as x+iy > ic, with « < a <. 
Hence, Claim 4.13 yields 


4.14 lim [A(z) —h,(z)] = 0. 


h(x+iy) = arctan (=) —arctan (” ne ‘) 
x 


eometrically. Recall 
in the. aes Consider all the 


° nsiqder ah USE 


Ww 
"= 
a) 
2 
= 
0 
= 

G9 


wi Aga ts 
lying above (ia,, if, 


the imaginary axis, keeping them above (i«,, i8,) until their endpoints 
coincide and such that one of the endpoints coincides with if,. Since 
(8 ;—«,;) < 2m there is a number 8 < (8,+27) such that each of the trans- 


J 
ted intervals lies in (i8,, i8). Now if z = x+iy, x > O and y < y < B,, 


— 
ry on) 
ot 
fa!) 
Lon] 
<' 
pet) 
—_ 
N 
om 
bY 
R 
hone 
a 
— 
| 
a 
= 
= 
Gs 
a) 


Fa 


a) 
eer Ae ee 


- 
a 
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then the angle / ,(z) increases as the interval (i« ,, (8 ;) is translated downward. 
Hence «, < Im z < 8, implies 


4.15 Sh 
“ 
J 


where v is as in the statement of the claim and the sum is over all j such that 
a, > B,. By performing a similar upward translation of the intervals (i«,, 
iB ;) with B; < «, there is a rane a < («,—27) such that the translates 


lie in the interval (ic, ia,). So if u is as in the claim and «, < Imz < Bis 


4.16 Yh fz) < ue) 


where the sum is over all j with 8; < «,. By combining (4.15) and (4,16) the 
claim is established. Jj 


4.17 Corollary. Let G be a region such that no component of C,,—G reduces 
to a point; then G is a Dirichlet Region. 


4.18 Corollary. A simply connected region is a Dirichlet Region. 


Tr 7 © «hae wre 14 3a plane since tT (VR caahig Asn RAGA RAGEA 
~ dl UF WY tne resuit IS Vital SHILOe WY TU Has Ullly VHY component. 


If G = C then the result is trivial. 
Theorem 4.9 has no converse as the following example illustrates. Let 


l>r,>r,>...with r,—0; for each n let y, be a proper closed arc of 
the circle |z| = r, with length V(y,). Put G = BO; 1)—[ U J Ym} U ve and 


suppose that lim V(y,)/r, = 27. So C,,-G = {0} U U) a} U {z:|z| = 
=1 


According to Theorem 4.9 there is a barrier at each point of ¢,G = @G with 
the possible exception of zero. We will show that there is also a barrier at zero. 


Ifr,-; > 7 >, and if m > n, let B, = BO; n- U {y;}. Let h,, be the 


B7- which is harmonic on R “Sotth h (z\) = 1 for 
aa a “"m VV AhAiWSASE aw Sd wiahhy wae ~"m FY £eLL emo] a 
m 
|z| = rand h,,(z) = 0 for z in U {y;}. Then {h,,} is a decreasing sequence of 
j=n 
positive harmonic functions on G(0; r); by Harnack’s Theorem {h,,} con- 
verges to a harmonic function on G(O; r) which is also positive (Why?) 
ow that lim h(z) — Q, Let k,, 


ee aeaen Fe awe 


Since lim A(z) = — 1 for lw] = r. we need only sh 
5 vr ww A age we 


aan BASAL a Soar J awa 


z7w z70 
be the harmonic function on B(O; r,,) which is 0 on {y,,} and 1 on {z:|z| 
= Tm}— {Ym} (this does not have continuous boundary values, only piecewise 
continuous boundary values which are sufficient—see Exercise 2.2). Then 


0<h<k,, on BO; r,,) and 


ee te 
Km(O) = an | mime) ae 
a caer) 
m / 
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Vm) 


m 


a barrier at zero. 


Since —> 27, k,,(0) > 0; it follows that A(z) > 0 as z > 0. Thus, G has 


Exercises 

1. Let G = BO; 1) and find a barrier for G at each pon of the boundary. 
9 Tat 7 ~~ [lan M andl construct a barri ie MOR ee nt -~£ 9 7 

& Lb = UT LY, Yj] alia construct a barrier for each poit It OL CLU 

3. Let G be a region and a a point in 0,,G such that there is a harmonic 


function u:G — R with lim u(z) = 0 and lim inf u(z) > 0 for all w in 2,G, 
za zw 

w # a. Show that there is a barrier for G at a. 

4. This exercise asks for an easier proof of a special case of Theorem 4.9. 


Let G be a bounded region and let a € éG such that there is a point b with 


[a, b} 0G™ = {a}. Show that G has a barrier at a. (Hint: Consider the 
transformation (z—a)(z—5)~!.) 


§5. Green’s Function 


In this section Green’s Function is introduced and its existence is dis- 
cussed. Green’s Function plays a vital role in differential equations and other 
fields of analysis.. 

5.1 Definition. Let G be a region in the plane and let aeG. A Green’s 
Function of G with singularity at a is a function g,:G—>R with the 
properties: 


(a) g, is harmonic in G— {a}; 
(b) G(z) = g,(z)+log |z—al is harmonic in a disk about a; 


Vurn 


(c) lim g,(z) = 0 for each w in @,G. 
zw 
For a given region G and a point a in G, g, need not exist. However, if it 
exists, it is unique. In fact if h, has the same properties, then, from (b), 
h,—g, is harmonic in G. But (c) implies that ae [h,(z) —g,(z)] = 0 for every 


ONS a4 


win 0,,G; so h, = g, by virtue of the Maximum Principle. 

A second observation 1s that a Green’s Function is positive. In fact, g, is 

harmonic in G— {a} and lim g(z) = + © since g,(z)+log |z—a| is harmonic 
za 
at z = a. By the Maximum Principle, g,(z) > 0 for all z in G— {a}. 

Given this observation it is easy to see that C has no Green’s Function 
with a singularity at zero (or a singularity at any point, for that matter). In 
fact, suppose gy is the Green’s Function with singularity at zero and put 
g = —2,; So g(z) < O for all z. We will show g must be a constant function, 
which is a contradiction. To do this, it is sufficient to show that if 0 ¥ z, 


+~7,+0Q0 then 2(z,) < g(2,) If «> 0 then there is a § sO cneh t 
J <2 TT Ww esaewaen \e 2) a OV 17° aa - ww wsswikb there aw u“ ial - Ww Web 
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|g(z)—ga(z1)| < € if |z;-z| <6; so g(z) < g(z,)+e if |z—z,| < 6. Let 
r > |z,—z,| > 6; then 


is harmonic in C— {z,}. It is left to the reader to check that g(z) < A,(z) 
for z on the boundary of the annulus A = {z:6 < |z—z,| < r}. By the Maxi- 
mum Principle, g(z) < h,(z) for z in A; in particular, 4,(z,) = g(z2). Letting 


» ~ OM wea cat 
a Tr A WY &wt 


g(z2) < limA,(z2) = g(z,)+¢; 


since e was arbitrary, g(z,) < g(z,) and g must be a constant function. 
When do Green’s Functions exist? 


5.2 Theorem. /f G is a bounded Dirichlet Region then for each a in G there is 


antes Ase ise 


a Green "S Function On G with singularit ty aia 


Proof. Define f: dG > by f(7) = log Ilz—al. and let u:G” —> be the 
a ak Oe which it ie enti Ney A L «hb, { »\ __ ff o\ 
unique Continuous 1ruNnction Whicn i (ZJ=f(Z) 


is harmonic on G and such that wv 
z)—log |z—a| is easily seen to be tl 
Function. 

This section will close with one last result which says that Green’s 
Functions are conformal invariants. 


5.3 Theorem. Let G and Q be regions such that there is a one-one analytic 
function f of G onto Q; let ae G and « = f(a). If g, and y, are the Green’s 
Functions for G and QQ. with singularities a and « respectively, then 


8AZ) = Ya f(Z))- 


Proof. Let p:G —R be defined by g = y,° f. To show that @ = g, it is 
sufficient to show that m has the properties of the Green’s Function with 
singularity at z = a. Clearly » is harmonic in G— {a}. If we ¢é,G then 
lim ¢(z) = 0 will follow if it can be shown that lim 9(z,,) = 0 for any sequence 


{z,} in G with z, > w. But {f(z,)} is a sequence in Q and so there is a sub- 
sequence {z,, } such that f(z,,) > w in Q7 (closure in C,,). So y,(/(Z,,,)) > 0. 
Since this happens for any convergent subsequence of { f(z,)} it follows that 
lim 9(z,) = lim y,(f(z,)) = 0. Hence lim ¢(z) = 0 for every w in 2,G. 


zw 
Zz 4 


Finally, taking the power series expansion of f about z = a, 


f(z) = «+A,(z—a)+A,(z—a)*?4+...; 


or 
fla\ nw — (57 _ rN A 1. A fe __ AVL 1 
0 i Nol Ae \e MPLA Ve FEDS “Myles J 
Hence 
KA logl f(z) —a«! = longle — al + bf) 
wer BIS) a 1VEl|“o “| TMS), 
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where A(z) = log |A, + A,(z—a@)+...| is harmonic near z = a since A, # 0. 
Suppose that y,(w) = A(w)—log|w—a| where A is a harmonic function 
on &2. Using (9.4) 
H(z) = A(z) —log|flz)— 
= [A(f(z)) —h(z)] —log|z—a]. 


Since Ao f—h is harmonic near z = a, 9(z)+log |z—a| is harmonic near 


z=a.H 


Exercises 


1. (a) Let G be a simply connected region, let a ¢ G, and let f:G ~ D = {z: 
|zZ| < 1} be a one-one analytic function such that f(G) = D and f(a) = 0. 
Show that the Green’s Function on G with singularity at a is g,(z) = —log 


fr ‘Nt 


[f@I- 
(b) Find the Green’s Functions for each of the following regions: 


(i) G = C—(o, 0]; (ii) G = {z:Re z > 0}; (ii) G = {z:0 < Imz < 27}. 


ia) tha (t+ on Da ction on a act (" nth sineu larity atz =a 
he Let Sa be LlIIY NUL n o io unction vuil regio on wu Wit ingui aiily at aca & 
Prove that if % is a Bositive super anionic function on G— {a} with lim inf 

za 
[¥(z) +log |z—al] > — 0, then g,(z) < ¥(z) forz Aa 


3. This exercise gives a proof of the Riemann Mapping Theorem where it is 
assumed that if G is a simply connected region, G # C, then: (1) C,,—G is 


connected, (ii) every harmonic function on G has a harmonic coniugate 


whe ow ee wees usw nase ae con} —_— tole 


(iii) if a ¢ G then a branch of log(z—a) can be defined. 

(a) Let G be a bounded simply connected region and let a € G; prove that 
there is a Green’s Function g, on G with singularity at a. Let u(z) = g,(z) 
+log|z—a| and let v be the harmonic conjugate of u. If » = u+tiv let 
f(z) = = e!(z —a)e™ 2) for a real number «. (So fis analvtic in G.) Prove that 


J Ye) ae a when 2b Wessswwae BE RACES Ae Ree aaw eaetie 


| f(z)| = exp (—g,(z)) and that lim | f(z)| = 1 fer each w in 0G (Compare this 


z7wyw 


with Exercise 1). Prove that for 0 < r < 1, C, = {z:|f(z)| = r} consists of 
a finite number of simple pee curves in G (see Exercise VI.1.3). Let G, 
be a component of {z:|f(z)| < d apply Rouché’s Theorem to get that 


f(z) = 0 and f(z)— wo = 0,7 yy Z r, aie the same number of solutions in 
G,. Prove that f is one-one on G,. From here conclude that /(G) = D = {z: 
\z} < 1} and f(a) > 0, for a suitable choice of «. 

(b) Let G be a simply connected region with G # C, but assume that G 
is unbounded and 0, 0 € d,,G. Let ¢ be a branch of log z on G, ae G, and 
a = ¢(a). Show that 7 is one-one on G and ¢(z) #4 «+2zi for any z in G. 
Prove that o(z) = [¢(z)—«—27i]~' is a conformal map of G onto a bounded 
simply connected reer in the plane. (Show that @ omits all values in a 
neighborhood of «+ 2zi.) 

(c) Combine parts (a) and (b) to prove the Riemann Mapping Theorem. 


4. (a) Let G be a region such that @G = y is a simple continuously differen- 
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g,(z) is the 


tiable closed curve. If f:0G > R is continuous and g(z, a) 
Green’s Function on G with singularity at a, show that 


ds indicates that the integral is with respect to arc length. (Note: these con- 


as to merit presentation.) (Hint: Apply Green’s formula 
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for entire functions (VIL. t 

multiplicity m = 0 at z = 0; let {a,} the zeros of f, a, 4 0, arranged so that 
a zero of multiplicity k is repeated in this sequence k times. Also assume 
that |a,| < |a,| < .... If {p,} is a sequence of integers such that 


the W 

f he an antiern 

J Ul All ULIULLYS 
i os 


2 r Pnt1 
n=1 la, 
for every r > O then 
oo 
0.2 P(z) = || £E,,(z/a,) 
converges uniformly on compact subsets of the plane, where 
ae eee up z z?\ 
0.3 E,(z) = (l-z)exp[z+~—+...+—] 
\ i P/ 
for p = | and 
E,(z) = 1-z 
UNS 
Consequently 
0.4 S() = 27 e™ P(z) 
where g is an entire function. An interesting line of 1 investigation begins if we 


to have certain “nice” properties? Can restrictions be imposed on f which 
will imply that g and P have particular properties? The plan that will be 
adopted in answering these questions is to assume that g and P have certain 


characterictice dAedice the imnhed nrnnertiec af f and then tru ta nrove the 
WhLhd Cw bw bolus, Vw WUVy t11y Asdtpiwe + vpw tiwv Wi J9 CALLING USAW UA ty vivrrw telly 
converse of this implication 

How to begin? Clearly the first restriction on g in this program is to 


suppose that it is a polynomial. It is equally clear that such an assumption 
must impose a growth condition on e%”). A convenient assumption on P is 
that all the integers p, are equal. From equation (0.1), we see that this is to 
assume that there is an integer p > 1 such that 


(o.@) 


yas 2 0: 
n=1 


that is, it is an assumption on the growth rate of the zeros of f. In the first 
279 
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section of this chapter Jensen’s Formula is deduced. Jensen’s Formula says 
that there is a relation between the cope: rate of the zeros of f and the 
growth of M(r) = sup {| f(re’’)|: 0 < 2m} as r increases. In succeeding 
sections we study the growth of the eros ie f and the growth of M(r). Finally, 


7 


N 


n Cc eorem of Hadamard 

a, a r aaa - a a, ws aw a wt as AWWA WAAAL WA AAUUMUEEAAAUEL LS 

which chaps: an intemate eelatinn kaetiues ma ¢hn wen::; 4h, wnt RAL AMIN nee A thane 

TUCITL OLIOWS AI LIT aAle TOLaAtLIULIL OUCLWUCI! LIC BI UWL Lal& Ul /VZ VF) alld LIS? 
assumptions on g and P 


§1. Jensen’s Formula 


If fis analytic in an open set containing B(0; r) and f doesn’t vanish in 
BO; r) then log | f| is harmonic there. Hence it has the Mean Value Property 
(X. 1.4); that is 


puan| 
=, 


Suppose f has exactly one zero a = re‘* on the circle |z/ = 
(z—a)~' then (1.1) can be applied to g to obtain 


8(Z) = f(Z) 


1 °c 
log |g(0)| = — | [log | f(re")| —log |re® —re'*|] dé 
an J 
0 
Since lo lafM| =_ lag | f1M\I y atowill Fallaw that /11\ rwamainge valid 
I&5\¥ | IVS lJ \) | Vy aL ALL LVlIVw Ullal deal AUELIAIIO Vailu 


But this follows from the fact that 


2n 
| log (sin? 20) dd = — 4m log 2 
0 


(Exercise V. 2.2(h)). So (1.1) remains valid if f has a single zero on |z| = 
by induction, is valid as one as f has no ZeTOs in BO; r). 
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BOO; r) and suppose that a,,... 
according to multiplicity. if f{(0) # 0 then 


log | f(0)| = 


en {rN 
=D g{— += 
ay \ | 
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, a, are the zeros of f in BO; r) repeated 


: 1) onto 
7 


maps B(0; r) onto itself and takes the boundary to the boundary. Therefore 


n 2_ > 
Fe) =f] [2-5 


is analytic in an open set containing B(O; r), has no zeros in B(O; 
[E(-\| ~ | ff-\| for lz; = =r, So] lha nplies to F to give 
[+ \e/ | lJ \e/| AWas I“{ Lae beter Af rr Aww Ty a ew &* ww 
2n 
i | . 
lag |EMM| — __. lag | fra! A 
108 |L\U)| = f FOB AIMEG eae 
2a 
However 
TT r 
k=1 \ a] 


so that Jensen’s Formula results. Jj 


If the same methods are used but the MVP is replaced by Corollary X. 2.9, 


log | f(z)! can be fou 
Fa) vu 


|J Yes} wilt UW 


nd for 7 4a le 
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Fen 


| ~ ~~ 
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1.3 Poisson-Jensen Formula. Let f be analytic in a region which contains 


nin 


BOO; r) and let a,,.. 
multiplicity. If |z| <r and f(z) # 0 then 


, a, be the zeros of f in B(O; r) repeated according to 


2n 
log | f(z)| = S log nae | at Re (as log | f(re’®)| dé 
. baer el (@—a,) a,| an | \ rez) = 
0 
Exercises 
1. In the hypothesis of Jensen’s Formula, do not SUPPOSS that f(0) # 0. 
Show that if fhas a zero at z = 0 of multiplicity m then 
; 2n 
* £0 )| NC * [ r \ | f. 1 we 7A\! O75 
log a ee — 7 10o8( Jt, | log |7ve yi ae, 
| m! k=l \ 1k) ec 
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2. Let f be an entire function, M(r) = sup {{f(re'’)|: 0 < 6 < 27}, n(r) = 


the number of zeros of fin B(0; r) counted according to Pcie. Suppose 
that f(Q) = 1 and show that xn(r) log 2 < log Mey: 


eostee Gasre Ss YY w2ihe J VS AVS \= 

2 Te Tancan Ce. ula An nant ctimnneoa that fic ana tan A PaatAnwm PANtTtALAANnGe 
a. All Jensen’ S rormuia Go nots PppYyse tlidt sy ls al ial yu Cina IUSIOI VULLLAIIL 1s 
B(O; r) but only th ee is meromorphic with no pole at z = O. Evaluate 


27 
0 
4. (a) Using the notation of Exercise 2, prove that 
f n 
es | ( ) 
0 
where 4, a, are the zeros of f in B(O; r). 
th) Let ae meromornhic without a nole at 7 — 0 and let nfr) he the 
VJ iw J vw aAASaWwSE eel eB RNB RE A et VV LULLAY UL “ | tid teal we a VW 41s iwt oye J wy vily 
es a ee ee DM. GN enltenise Pk ae Set Soe BOR oe BS bee Fo ee ge 
TDUnMLOCL 1 ZOL1Os O1 es ill Res re minus LN MuMmiver OL poles (Cacn COUTILCG 


5. Let D = B(O; 1) and suppose that f: D — C is an analytic function which 
is bounded. 

(a) If {a,} are the non-zero zeros of fin D counted according to multi- 
plicity, prove that )(1—|a,|) < oo. (Hint: Use Proposition VII. 5.4). 

(b) If f has a zero at z = 0 of multiplicity m > 0, prove that f(z) = 


SPtaMtlh yy FPR mo MS pet NS LSE 


z™B(z) exp (— g(2)) where B is a Blaschke Product (execs wi 34) and g 


weft Pisce neds ee foigm FPO ee Tara ys Cl LONI. 


tic function on D with Reg (z) = —log M (M = sup {[|/f()|: 


§2. The genus and order of an entire function 


2.1 Definition. Let f be an entire function with zeros {a,, a,,...}, repeated 
according to multiplicity and arranged such that |a,| < ja,| <.... Then 
f is of finite rank if there is an integer p such that 


fe @] 
2 Z wr 1 ! —{p+ 1) 
° 2s 1An| < 0. 

n=1 
If p is the smallest integer such that this occurs, then fis said to be of rank p; 
aw fLrmntinn arth Amles «a Beatin Sssehi knw ALP Ae AG Lan enw LL ,, ae See ares ah eae 
QA LUIIVLIULI WILL VUILly QA LEAILOS TIUEDTIUUL UL ZULUS Iliad IALIN VU. CA LULTILLIUI! Is Ul 
° ff *, > i eo ° nmr *. 1 
infinite rank if it is not of finite rank 
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From equation (0.1) it is seen that if f has finite rank p then the canonical 
product P in (0.4) can be taken to be 


co 
2.3 P(z) = [| £,(2/a,) 
n=1 
Notice that if fis of finite rank and p is any integer larger than the rank 
af £ than (9.9) ramaine valida Can thare ic earnand rannnical nraduct (9 2) 
vw. J9 CLivVil \aorke) AW1LIGALIO Yalu WY LlIVIb 19 GA JEU VAaLIViILIVGal piveudet (eae J>5 
a at Cc fly AN TT fal 


and this shows that the factorization (0.4) of fis not unique. However, if the 
product P is defined by (2.3) where p is the rank of f then the factorization 
(0.4) is unique except that g may be replaced by g+2ami for any integer m. 
2.4 Definition. Let f be an entire function of rank p with zeros {a,, a3,...}. 


Then the product defined in (2.3) is said to be in standard form for f. If f is 
understood then it will be said to be in standard form. 


2.5 Definition. An entire function f has finite genus if f has finite rank and if 
f(z) = 2" P(e), 

where P is in standard form, and g is a polynomial. If p is the rank of f 

and q is the degree of the polynomial g, then » = max (jp, q) is called the 

genus of f. 


Notice that the genus of fis a well defined integer because once P is in 
etandard farm than gic unninnaly datarminad un tan adding a muiltinie af 9-7 
olLaALIUIGALY IUL Ail, tiivil & lo Usllyuel AVE LILIILIVU Up ty GQUUILE a AMUN UL helile 
In particular, the degree of g is determined. 


2.6 Theorem. Let f be an entire function of genus . For each positive number 
a there is a number ro such that for |z| > ro 
[7] < exp (e|z|"**) 


Proof. Since f is an entire function of genus pu 


Lo oN m g(z) rr mero Nf 
J\2) = 2 @ | Ly Z/Qay)s 
n=1 


where g is a polynomial of degree <j. Notice that if |z| < 4 then 


2.7 log |E,(z)| = Re {log (1—z)+z+...+2"/u} 
C 1 1 
— Red — ed f gut2 
e+] pwt2 
I Iz| 
a Fa jt Piss 4 
| (ut | = u+2 J 
< |z\***(1+44+()’+...) 
ZX l-lut1 
£ |Z| 
Also 
|E,(z)| < (1+|z|) exp (lz) +... +[z/"/), 
so that 
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Hence, 
log |E,(z)| 


|-|u+1 
i 


lim = 0 


z7@® 


So if A > 0 then there is a number R > O such that 
2.8 log |E,(z)| < Alz|4**, |z| > R. 


But on {z: $< |z| < R} the function |z|"“*” log |E,(z)| is continuous 
except at z = +1, where it tends to — oo. Hence there is a constant B > 0 
such that 


2.9 log |E,(z)| < Blz|**',4 < |z| < 
Combining (2.7), (2.8), and (2.9) gives that 
2.10 log |E,(z)| < M|z|**? 


Pe 
So la |T@t) < —., 
Meritt 4M 
But, using (2.10) 
2 Sond Zz uti a 
2.11 > bos lE,Gla)| <M > | <5 leit? 
n=N+1 n=N+11°% 


Now notice that in the derivation of (2.8), A could be chosen as small as 
desired by taking R sufficiently large. So choose r,; > 0 such that 


log |E,(z)| < rr = zie, for |z| > r,. 


If r, = max {la,|r,, |a.| 74,..., lay] r,} then 
B 


>, oR lEsGlanl = j 


|z|"*? for |z| > ry. 


11) 


Combining this with (2.11) gives that 
2.12 log |P(z)| = > log |E,(z/a,)| < lee 
n=1 


for |z| > r2. Since g is a polynomial of degree <p, 


m log |z|+|g@)| _ 
zee 


So there is anr; > 0 such that m log |z|+|g(z)| < 4 « |z/#*!. Together with 
(2.12) this yields 
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for |z| > ro = max {r,, r;}. By taking the exponential of both sides, the 

desired inequality is obtained. 
The preceding theorem says that by restricting the rate of growth of the 
zeros of the entire function f(z) = z™ exp g(z)P(z) and by requiring that g 
th of M(r) = max {I f(r ei9)|: 0 <6 < 2h is 


be a nolvnomial. then the grow 


ww br ay BAN EALALCLS Csswih CAAW aw TT aa J ed re tls \/ dew FI Jj 
So ee a eh qoee fe ea ee ee Aased Aves —~ 
dominated UY CAP (Aj<| JiVUI SUINe Mand diy & - V. 
We wish to prove the converse to this result 
“ nin G-t48 A n antiran fiaaptinn £16 amt Bytes AvAs af thins. ao us wredtieve 
Soh DICMMIUUT. SATL CII LUTIVUIOTL FY Is OL re Order ii UICIC load USITIVE 
constant a and an r, > O such that | f(z)| < exp (|z|% for |z| > ro. If fis not 


of finite order then fi is of infinite order. 

If f is of finite order then the number A = inf {a: | f(z)| < exp (|z|%) for 
|z| sufficiently large} is called the order of f. 

Notice that if | f(z)| < exp (|z|*) for |z| > r, > land 6 > a then |f(z)| < 
exp (|z|"). The next proposition is an immediate consequence of this obser- 
vation. 


2.14 Proposition. Let f be an entire function of finite order Xr. If « > 0 then 
| f(z)| < exp (|z|**5) for all z with |z| sufficiently large; and a z can be found, 
with |z| as large as desired, such that | f(z)| > exp (|z|*~). 


i] 
Although the definition of order seems a priori weaker than the con- 
elwgengiTee wat “MBA Awan VL «Ln. nm -” fact, mresiaxyrnlta TL. CAM HAe ca wale wl “4A 
CIUSIVUT! OF LHCULCIT 2.U, tlivy al Il LANL equivalent. LLU Leaduel ls aSALTU LU 


* 


show this for himself in Exercise 3. 
So it is desirable to know if every function of finite order has finite genus 
(a converse of Theorem 2.6). That this is in fact the case is a result of 


Hadamard’s Factorization Theorem. proved in the next sec 


BAAS ssw wats Dai Vwweaw aid 


The proof of the next proposition is left to the reader. 


log log M(r) 
rae logr 
Consider the function f(z) = exp (e”); then | f(z)| = exp (Re e”) = exp 
(e" cos 6) if z = re’’. Hence M(r) = exp (e’) and 
loglog M(r) or 
logr _—idogrr’ 


thus, fis of infinite order. On the other hand if g(z) = exp (z"), n > 1, then 
|g(z)| = exp (Re z") = exp (r” cos m6). Hence M(r) = exp (r") and so 


log log M(r) 
log r ; 
thus g is of order n. For further examples see Exercise 7 
Tleing thie tarminnlagy Thanram 9 6 ran he varnhrvraced ac Faltawe 
Vols titlO WWLEAMIIUIVE YY, 2MEUILITE 2.U Call US LE PIILaseU ads LULIOWS 
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1. Let f(z) = ¥.c,z" be an entire function of finite genus «4; prove that 


lim carver) = 0, 


noo 
(Hint: Use Cauchy’s Estimate.) 
2) Tat ££ and ff. ha antira Friimanrinne nf Gauita nAvrdare )} ann ) ragnantivaldy 
ae AN Jj aliu J2 Uw ULILIL LULINEIULTIO UL TTI ULUubiS Ny ELM "9 LeYopervul Vl 
Show that f= f,+/, has finite order A and A < max ((,, A,). Show that 
A = max (A,, A) if A; # A, and give an example which shows that A < max 
(A,, Az) with f 4 0 
3: setae f is an entire function and A, B, « are positive constants such 


that there is a rg with | f(z)| < exp (A[z|?+ B) for |z| > ro. Show that fis of 
finite re <a. 

4. Prove that if fis an entire function of order A then f’ also has order A. 
5. Let f(z) = }.c,2" be an entire function and define the number « by 


(a) Show that if f has finite order then « > 0. (Hint: If the order of fis A 
and Q2 ~ 1 chaw that lr | << »74 (rB\ far anfGciently laroe x and find the 
qaitu BP a Nr OLIV VY tilae on — & Ve J AVL OULLIWIVILEL 1a1i Bw Fy CALANE ALLINE Cd 


maximum value of this expression.) 
(b) Suppose that 0 < a < oo and show that for any e > 0, « < a, there 
is an integer p such that |c,|'/" < n~“"® for n > p. Conclude that for 


|z| = r > 1 there is a constant A such that 


Lf) < Ar? + >(4 =) 


n=1 


(c) Let p be as in part (b) and let N be the largest integer <(2r)'/“*-®. 
Take r sufficiently large so that N > p and show that 


00 / r \n N / P NH 
> (sz) < land SY (5) < Bexp (2-9 tog) 
n a—eE 
ny ea, 
where B is a constant which does not depend on r. 


order A and A < i 

(e) Prove that f is of finite order iff « > 0, and if f has order A then 
a 
7. Find the order of each of the following functions: (a) sin z; (b) cos z 


(c) cosh ./z; (d) ) n~"z" where a > 0. (Hint: For part (d) use Exercise 6.) 
= 


8. Let f; and f, be entire functions of finite order A,, A,; show that f = f, fn 


has finite order A < max (A,, A,). 

9. Let {a,} be a sequence of non-zero complex numbers. Let p = inf {a 
v la ]|~@ a rr tha niwmbar -ic rallad the avnnyvont nt ANnNMNMAMerOMNND af fA 
Li “nj WW fg LUIS ALULILUEL P IO VAALIVU LLIY CAPUTICILt vy CUNUCT SCHLE vil Un Se 
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(a) If fis an entire function of rank p then the exponent of convergence 
p of the non-zero zeros of f satisfies: p < p < p+l. 

(b) If p'= the exponent of convergence of {a,} then for every « > 0, 
y la,|@t9 < coo and dy la,|~ (p—€) 


| 
1 Laan By -“_ 


fn\ T at £ 
~(&) Lely 
Zero Zeros O 
convergence O 


next section.) 


U 
f f counted according to multiplicity. If p is the exponent of 
f {a,} prove that p < A. (Hint: See the proof of (3.5) in the 


(d) Let P(z) = [| £,(z/a,) be a canonical product of rank p, and let p 
n=1 


be the exponent of convergence of {a,}. Prove that the order of P is p. 
(Hint: If A is the order of P, p < A; assume that |a,| < |a,| < ... and fix z, 
|z| > 1. Choose N such that |a,| < 2 |z| ifm < N and |a,| > 2 2 ifn>=>N 
+ 1. Treating the cases p < p+1 and p = p+1 separately, use (2.7) to show 
that for some e > 0. 


Prove that for |z| > 4, ies iE (z)| < B|z|? where B is a constant independent 
of z. Use this to prove that 


N 
Lee es 
> log lz, (=}} < cle 
n=1 x n/ | 
| eee OT PUENTE? og LEE PRATER RE ET «PO 
10r some Constant © inaepenaent oF Z.) 
10. Find the order of the following entire functions 
fe 6) 
far £f5\ _ TT £1 —ns\ n | Il 1 
WJ Je = TI] Ua7ee) YS [a> st 
n=1 
OO: af x’ 
(c\ flv) = [Trova 1 
at A Ae ed Lb“ \WJ/I ° 


§3. Hadamard Factorization Theorem 


In this section the converse of Corollary 2.16 is proved; that is each 
function of finite order has finite genus. Since a function of finite genus can 
be factored in a particularly pleasing way this gives a factorization theorem. 


3.1 Lemma. Let f be a non-constant entire function of order X with f(0) = 1, 


and let {a,, a,,...} be the zeros - f counted according to multiplicity and 
arranged so that \a,| < |a,| < .... [fan integer p > X—1 then 

d’ [ f(z) | — I 

7 | Cr eN | = —p! » f \pt+1 

az" LSI) J az (4n— 2) 


L 


1Or Z # Q,, @>,... e 
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Proof. Let n = n(r) = the number of zeros of fin BO; r); according to the 
Poisson-Jensen formula 


2n 
n 2 ~ - id : 
te | £7.\! — anf _ 4Z | : l ( > (re 2 \: a wd iA\! 1 
log |/(z)j = — log | |} + 5— | Re| 7 } log |f(re")| d 
r(z—a,) or re’ —2 
k=1 ry “KI | wrt sey Na / 
0 
for |z| <r Using Exercise | and Leibniz’s rule for differentiating under an 
integral sign this gives 


, 2 w a 
IA ) = (z—a,)~' ae ° ar —a,Z) : 
f(z) y 
eee k=1 k=1 


+ | 2re*(re'® —z)~? log | f(re'®)| dé 
WT 


for |z| < rand z 4 a,,...,a,. Differentiating p times yields: 


lg Cee) | qos La 
3.2 —| camer | a —p! S (a, —Z) P 14! 5 qt (p? — 1,2) ?~! 
de" LJ) J = iad 


Now as r —> ©, n(r) > oo so that the resuit will follow if it can be shown that 
the last two summands in (3.2) tend to zero as r — oo. 

; then |a,| < r 
gives |r?—d,z| > 4r? so that (|a,| |r?—4 i) aig) ee (2/ryP* 2, Hence the 
second summand is dominated by n(r) (2/r)?*'. But it is an easy consequence 
f Jensen’s Formula (see Exercise 1.2) that log 2n(r) < log M(r). Since f is 
of order A, for any e« > 0 and r sufficiently large 


log 2 n(r) r~?* < log a r (pth) 


< 


— 


But p+1 > A so that « may be chosen with (A+e«)—(p+1) < 0. Hence 
n(r) (2/r)?*! +0 as r + o0; that is, the second summand in (3.2) converges 
to zero. 
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since this integral is a multiple of the integral oO 
circle lw = r and this fi S 
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an (2 es remains unc hanged if ax; 
All (J.L) remains ULLMAN ECU I 
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So for 2|z| < r, the absolute value of the integral in (3.2) is dominated by 


o) 
(od 
“— 
As) 
+ 
= 
ho 
"3 
™“ 


Qn 

( | “ 

| log | f(re'*)| dd > 0 
J 

Oo 


since f(0) = 1. Also log M(r) < r’** for sufficiently large r so that (3.3) is 
dominated by 


(p+ 1)! apt 3pAte—(pt 1) 


As before, « can be chosen so that r+*£~*!) +0 asr—-> oo. 
h 


Ninte that the nreredina lemma imnalhicithly acacumac that f 
LIwew CALL via es wwweellis SWwALLAh nee ZAALpVLIWLEL y Aso Uline CLIGt 


many zeros. However, if f has only a finite number of zeros then the sum in 
Lemma 3.1 becomes a finite sum and the lemma remains valid. 


LT. J.-..2--) Da n4nnt nen st nw TL... TO Le ie tir ~ até 
3.4 Hadamard’s Factorization Theorem. /f f is an e function of finite 
order 2» then f has finite genus pw < A 


ee py ae aes 


Proof. Let p be the largest integer less than or equal to A; sop <A< p+i. 

The first step in the proof is to show that f has finite rank and that the rank 

is not larger than p. So let {a,, a,,...} be the zeros of f counted according 
la,| < 


to multiplicity and arranged such that |a,| < |a,| < .... It must be shown 
that 
fo. @) 
3.5 Vi la !~@t) < a 
eee 2. 14n| 


There is no loss in generality in assuming that f(0) = 1. Indeed, if f has 
a zero at the origin of multiplicity m and M(r) = max {| f(z)|: |z| = r} then 
for any « > O and [z| =r 


log |f(z)z"™| < log[M(@)r"™] 


r°*€_mlogr 


IA 


pit2e 


IA 


if r is sufficiently large. So f(z)z~™ is an entire function of order A with no 
zero at the origin. Since multiplication by a scalar does not affect the order, 
the assumption that f(0) = 1 is justified. 

Let n(r) = the number of zeros of fin B(O; r). It follows (Exercise 1.2) 
that [log 2] n(r) < log M(r). Since f has order A, log M(r) < r’*?* for any 
« > 0 so that lim n(ryr~ 2+9 = 0. Hence n(r) < rt for sufficiently large r. 


rao 
Since |a,| < Ja.| <..., k < n(la,|) < |a,|*** for all k larger than some 
integer k,. Hence, 


—(pt+1) | 2-(ptl/Ate 
<K 
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for k > ko. So if « is chosen with A+e < p+lI (recall that A < p+1) then 
Y' |a,|~*” is dominated by a convergent series; (3.5) now follows. 

Let f(z) = P(z) exp (g(z)) where P is a canonical product in standard 
form. Hence for z ¥ a, 


—p! Ss (a.—z) tt) — = gt Diz) + cai [?’@] 
oe hand NX fF NU F dz} P(z) | 


d’| Pz — 
BD) 09 > eae 
Pp & XN f 
dz?| P(z) | asi 

for z # a, d>,.... Hence g’*") = 0 and g must be a polynomial of degree 
<p. So the genus of f< p < A. 
—f o J &r — 

mao all applvativil Vl £RAUAIIIAIU O LEIVVILULII a SprevVlal Vaow’ Vil LItaiu so 
Theorem can be proved. This theorem is proved in full generality in the next 


chapter. 


3.6 Theorem. Let f be an entire function of finite order, then f assumes each 
complex number with one possible exception. 


Proof. Suppose there are complex numbers « and B, « # 8, dale that F(Z) x a 


and ffo\ < Ofar all ein CA ft wean antira func tann tha navar wa ghac 
Gill jf \o) J- BP IV All 4 lil Ww. WV fj B boadail entire LULINUIVI ila never vanishes; 


hence there is an entire function g such that f(z)—a = exp “e(2). Since f has 
finite order, so does f—«; by Hadamard’s Theorem g must be a polynomial. 


But exp g(z) never assumes the value B—« and this means that g(z) never 
assumes the value log (B—«), a contradiction to the Fundamental Theorem 


od ww eee Sowa Sew 


om 


One might ask how many times f assumes a given value «. If g is a 
polynomial of degree n > 1, then every « is assumed exactly n times. How- 
ever f = e% assumes each value (with the exception of zero) an infinite number 
times. Since the order of e9 is n (see Exercise 2 5) the next result lends some 


wenn ee eS ee ewe er we ne ee wee S64 SR 5S SWS 


confusion to this problem; the confusion will be alleviated i in the next chapter. 


at Yt ~s 


3.7 Theorem. Let f be an entire function of finite order 4 where X is not an 
integer; then f has infinitely many zeros. 


Proof. Suppose f has only a finite number of zeros {a,, a2,..., a,} counted 
according to multiplicity. Then f(z) = e%(z—a,)...(z- a) for an entire 


function g. By Hadamard’s Theorem, g is a polynomial of degree <4. But 
it 10 Aaa tn cae that fand oI have the ecama anrder Gincrea tha arder af 79 1c the 
atu lo waoy ty OU tLictt 7 aliw Cc Lid vw ULL OAAITITIL VIEL. WLIIWY LLIN VIL VI © AO ULL 
degree of g, A must be an integer. This completes the proof. 
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3.8 Corollary. [ff is an entire function of order and X is not an integer then f 
assumes each complex value an infinite number of times. 


Proof. If xe f(C) 
af Uje aj “a~- JY) 


Exercises 
1 Te 6 he Aw See Oe A Sewn Lo aw A Sass RAS HEARSE te BASE TA Aw AS TNIci Sera 
i LU / DOU all rue ill d IUERIO 1U alla SuUPPUSE Lildt / is TLOL IUCIMICALLY LUIO 
Let Gp = G— {z: f(z) = 0} and define h: Gp > R by A(z) = log |f(z)| 
ee | ee ee 
Show that — — i— ="— on Go. 

ox oy ff 


2. Refer to Exercise 2.8 and show that if A, # A, then A = max (A), A). 
3. (a) Let f and g be entire functions of finite order A and suppose that 
f(a,) = g(a,) for a sequence {a,} such that }° Ja,|~¢* = oo. Show that 
f=g. 

(b) Use Exercise 2.9 to show that if f, g and {a,} are as in part (a) with 
> |a,| “79 = oo for some « > 0 then f = g. 

(c) Find all entire functions f of finite order such that f(log n) = n. 

(d) Give an example of an entire function with zeros {log 2, log 3,...} 


In this chapter the range of an analytic function is investigated. A generic 
problem of this type is the following: Let ¥ be a family of analytic functions 
PO, Vikas PT ity Glee some property DP Whosat nae hae ent abhneit SION 

on a region U Whicn Si LISLY SUTTIC PIOPCILy £. VWVildl Udall Ol SacI ADUUL J (LU) 


for each fin #? Are the sets f(G) uniformly big in some sense? Does there 
exist a ball B(a; r) such that f(G) > B(a; r) for each fin F ? Needless to say, 
the answers to such questions depend on the property P that is used to 
define F. 

In fact there are a few theorems of this type that have already been 
encountered. For example, the Casorati-Weierstrass Theorem says that if 

= {z: 0 < |z-a| < r} and F is the set of analytic functions on G with 
an essential singularity at z = a, then for eac <6 <r, and each f1 in 


> 
om & 
ye 


fis a 


1 

1 
polynomial then /(i/z) has an essential singularity at z = 0.8 
to the Casorati-Weierstrass Theorem, f(C) is dense in C 
function (if fis a polynomial then f(C) = C). 


Thic chapter will culminate in the Great Picard Theorem t 
AUU Bs A iwtsi ws a wwiw L 


This chapter wil Imir the Great 
stantially improves the Casorati-Weierstrass Theorem. Indeed, it states shat 
if f has an essential singularity at z = a then f(ann (a; 0; 5)) is equal to the 
entire plane with possibly one point deleted. Moreover, f assumes each of 
the values in this punctured disk an infinite number of times. (See Exercise 
V. 1.10.) As above, this yields that f(C) is also the whole plane, with one 
possible point deleted, whenever fis an entire function. This is known as th 
Little Picard Theorem. However, this latter resuit will be obtained inde- 
pendently. 


Before these theorems of Pi 
(@] 


as a corollary 
or each entire 


iene) 


Aes 


€ 


ard are proved, iS necessary to obtain 


oO 
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To fit the result referred to in the title of this section into the general 
questions posed in the introduction, let D = B(O; 1) and let F be the family 
of all functions f analytic on a region containing D™ such that f(0) = 0 


ana f'(N\ — 1 LI Auw, “hig? na n 41 T)\ had? Di, another Wa van LILY — 
aliut 7 (Vv) — kd. LAVUW UIE Va RJ\L) UU. 2 ut QLIVLLIVG way: because / (Vv) — 


1 4 0, fis not constant and so f(D) is open. That is, “M(D) must contain a 
disk of positive radius. As a consequence of Bloch’s Theorem, there is a 
positive constant B such that f(G) contains a disk of radius B for each fin F 
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1.1 Lemma. Let f be analytic in D = {z: |z| < 1} and suppose that f(0) = 0, 
f'(0) = 1, and| f(z)| < M for all zin D. Then M > nae, > BO; 1/6M). 


| <— ve 


since M > 1. 

Suppose |w| < (6M)~'; it will be shown that g(z) = f(z)—w has a zero. 
In fact, for |z| = (4M)~', |f(z)—g(z)| = |w| < (6M)7! < |f(@). So, by 
Rouché’s Theorem, f and g have the same number of zeros in B(O; 1/4M). 
Since f(0) = 0, g(Zo) = 0 for some 2); hence f(D) > B(O; 1/6M). 


1.2 Lemma. Suppose g is analytic on BO; R), g(0) = 0, |g‘(0)| = uw > 0, and 
\g(z)| < M for all z, then 


e(B(O; R)) > a( 0; 


R217 \ 


? =) 


OM / 
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{z: |z| < 1}, f(0) = 0, f’(0) = 1, and |f(z)| < M/uR for all z in D. According 
to the preceding lemma, f(D) > B(O; »R/6M). If this is translated in terms 
of the original function g, the lemma is proved. 


Proof. Let f(z) = [Re’ (Q)]~ 'o(R 22 z) or : < 1: then f is analytic on D—= 


1.3 Lemma. Let f be an analytic function on the disk B(a; r) such that 
| f'(z)—f'(@| < | f'(@)| for all z in Ba; r), z # a; then f is one-one. 


Proof. Suppose z, and z, are points in B(a; r) and z, # z,. If y is the line 
segment [z,, Z.] then an application of the triangle inequality yields 


M2.) -fle2)| = | [roa 


> 


[r@a -|[r@-rele| 
> |f'@)| l21-22l — | If’ @-F'O! lel. 


Using the hypothesis, this gives | f(z,)—f(z2)| > 0 so that f(z,) # f(z) and 
fis one-one. 


1.4 Bloch’s Theorem. Let f be an analytic function on a region containing the 
closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, f’(0) = 1. Then 
there is a disk S < D on which f is one-one and such that f(S) contains a disk 
of radius 1/72. 
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Proof. Let K(r) = max IF @IL: |z] = r} and let A(r) = (1—r)XK(r). It is 
easy to see that /: [0, 1] ~ R is continuous, A(O) = 1, A(1) = 0. Let ro = 
hen | h(r 9) = lor, < 1. and h{r) < lifr> ro (Why?). 


sun {r: hr) = 1%: t 
i Se Vs a J 9 eiab ash oN (0) 9 OQ =“ As < aay 
Tat whe AnWABam <xrith bal anA l!L’L,\! — 1. * +L ns 
t @ ve cnosen with jdj = ro and |f (a@)) = A(ro); then 
1.5 lf'(a\| = 1—r.)7} 
~ iJ \&7| (2 Fo, 
Now if |z—al < 4$(1—rg) = po, |z| < 4(1+r9); since rg < 4 (1+/r9), the 
definition of r, gives 
1.6 [f’(z)| < KGU+4+7r5)) 


1/1 -—1 


= AG +ro)) (1-40. +r) 
< [1-41 +ro)]}7’ 
= 1/po 
for |z—a| < po. Combining (1.5) and (1.6) gives 
IF@O-f@| < If! + |f'O! 


< 3/2 po. 


FQO-f@l <5 =a 


By Lemma 1.4, fis One-one on § 


eesnae wesw Wssw Wes Ae 


It remains to show that f(.S) contains a disk of radius 1/72. For this 


define g: BOO; $p9) > C€ by g(z) = f(z+a)—f(@) then g(0) = 0, |g’(0)| = 
|f'(a)| = (2p9)*. If z ¢ B(O; 4p.) then the line segment y = [a, z+a] lies 
in S < B(a; po). So by (1.6) 


fn 


ja21 = | F700) a 
y 
] 
< —|z| 
ro 
< 4. 
nolvinga Temma 19 oivec that 
& ARPPRAY mig Bosh 2 ote &irey tsar 
g(BOO; $po)) > BO; c) 
where 


Gee) (a) 
Aen 


2Po 
a. 
] 
]. 
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If this is translated into a statement about ff it yields that 


fs) > B(f@:--). 
\ tay, 
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Proof. Apply Bloch’s theorem to the function g(z) = [f(Rz) — f(0)]/Rf’ (0) 
(the result is trivial if f’(0) = 0, so it may be assumed that f’(0) 4 0). 


1.8 Definition. Let F be the set of all functions f analytic on a region con- 
taining the closure of the disk D = {z: |z| < 1} and satisfying f(0) = 0, 
f'() = 1. For each fin F¥ let B(f) be the supremum of all numbers r such 
that there is a disk S in D on which fis one-one and such that f(S) contains 


ae ae 


a disk of radius r. ee BUS) = 72) . Bloch’s constant is the number B defined 


by 
= int (Pl J): fe F 5. 
1 
According to Bloch’s Theorem, B > —. If one considers the function 
72 
f(z) =z then clearly B < 1. However, better estimates than these are 
Lnauwn In fact it ic Ennun that AI - Re AT Altthana thea avart walia 
FWALIVvvile Lil Lawl, ZU LO KNLIV WL LLL OY OL OR OL lt Tl fsilliwusil Lily WACAWYLt VYaluUuwv 
of B remains unknown, it has been conjectured that 
1 11 
ry-yT 
3 12 
“ty 3)*T (| ) 
A related constant is defined as follows. 
1.9 Definition. Let FY be as in Definition 1.8. For each fin F define A(f) = 
aun Jee SOD Anntaine @ Aick: Af fadiiie TandAnmypoa annetant T ie AafineoA hy 
sup VV oJ VY) WVULILALHIS a UION VI LauUuluo i S LUGE Oo CUMWtUsii a 1oO UNLILLivUu YU 


Clearly L > B and it is easy to see that L < 1. Again the exact value of 
L is unknown but it can be proved that .50 < L < .56. In particular, L > B. 


na region containing the closure of the disk 


is al ic o 
: |z| < 1} and f(0) = 0, f'(0) = 1; then f(D) contains a disk of radius 
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point « in f(D~) and a subsequence {«,,} such that «,, > «. It is easy to see 
that we may assume that « = lim «,. If |w—e| < A, choose ng such that 
|w—a| < A—I/no. There is an integer n, > ny such that 


|< A— 


<A-—-— 
No 
1 

<A—- 
n 


ifn > n,. That is we B(«,; A—1/n) < f(D). Since w was arbitrary it follows 
that B(«; A) < f(D). Bi 


11 Corollary. Let f be analytic on a region that contains B(Q;R); then 
A 


FIONN T 
J (VJ | +: 


Mi c ¢ 7 | 
ftyd 4 ULI vi ruUulityvo ar] 


Exercises 


i. Examine the proof of Bloch’s Theorem to prove that Z > 1/24. 
2. Suppose that in the statement of Bloch’s Theorem it is only assumed that 


f is analytic on D. What conclusion can be drawn? (Hint: Consider the 
functions f(z) = el flor) 0 << 6 < 1) D0 the same 


Sew LO J §e J —— Mee J Wess Vv ™ ~~ ae avyw tilw 


The principal result of this section generalizes Theorem XI. 3.6. However, 
before proceeding, a lemma is necessary. 


2.1 Lemma. Let G be a simply connected region and suppose that f is an 
analytic function on G that does not assume the values 0 or 1. Then there is 


MPO ER. POPU EER ere GAre a 4 Te, fie 


Proof. Since f never vanishes there is a branch 7 of log f(z) defined on G; 
that ic a — £ Tat Cfl\ — 19-3\-1 A). af Dany —inm Far anmea intoqar mnt 
tliat lo C — Je LUC @ \<) = (out) Cle), ds (UG) — fi LUE SUTLIL LLU ELL rit 
JS(@ = exp (2z7in) = 1, which cannot happen. Hence F does not assume any 
integer values. Since F cannot assume the values 0 and 1, it is possible to 


define 


N 


IT f-~\ 4 lod ronal = 

Ai\e) — NIEVES) Vie) 
Now A(z) # 0 for any z so that it is possible to define a branch of g of 
; ey 2 ee Tlankaw “AAChIORILY — 17429 337 2a I VWf/o9 so 9\2 _ 
lUEsL Vil Lo LIVCLIVU VUSINLE JT i — PAU TC JT i — Dae Tec J — 
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l 
4(H+1/H)? = 2F = — @. But this gives f = e” = exp [zi+7i cosh (2g)] = 
7 


un the lemma. nis 4 nositive integer and mic any 
od bP = aa A thy awikhbssithg ob aw we pwvavsvw Ailtwiwis EEA FFE LO GhAb 

iatunna: We eh wsa ten eA Boh 9 ee. APN a He TN ae oe 
leer. al LCS IS a POi;it ¥ ih U Wilth § (a) DC WEWATY NT lrg inn, 
1 rm a | oe al ny neem or — faye ay — leew i 
then 2 cosh[2g(a)] = e7%%+e7 7 = e'™"(./n+./n—1)** +e ~ Gat 
Jn—1)*? = (<1) Jn+ ln— P+ (/n—./n—1)*] = (-))"[22n—1)]; or 
cosh [2g(a)] = (—1)"(2n—1). Therefore f(a) = —exp [(—1)"(Qn—1)zi] and, 
since (2n—1) must be odd, f(a) = 1. Hence g cannot assume any of the values 


Cs 
{+ log hres ee >1lm=0, +1,...}. 


These points form the vertices of a grid of rectangles in the plane. The height 
of an arbitrary rectangle is 


ie eh = ti < aloe 
oe width is log ( (Jn+i+y Vn) —log ( (/nt+., Jn=1) > 0. Now 9(x) = 


of any recta angi 


le 
rectangle <2. T 


his gives the following. 


2.3 Littie Picard Theorem. /f f is an entire function that omits two values 
then f is a constant. 


ner lL f.. all flo. foo EN AHF. \-1 aL. 
fFrooj. if f(z) a a and I) A bob ior au z tnen {/—@) \O—a) omits tne 


values 0 and 1. So assume that f(z) # 0 and f(z) # | for all z. According to 
Lemma 2.2, this gives an entire function g such that g(C) contains no disk 
of radius 1. Moreover, if fis not a constant function then g is not constant 


so there is a noint 7. wit g(z \ Ry concaderina of7t7.\ if nececcarv 

foe eet -O VV ELEA \eo Q/ PP oe QO. ary wWilbOLuwad pags &\"- 1 -“O/ aa ALew woe 75 
ee pees Ae Ce ue. Gl aie Yl O rin Die ne to Corolla 111 
il lady OU supposed Uil at = {VU) 0. put accorain LO LOroladaly I.1it, 


g(B(O; R)) contains a disk of radius LR|g ‘(0)|. If Ris is chosen sufficiently large 
this gives that g(C) does contain a disk of radius 1—a contradiction. So f 
must be constant. 


1. Show that if fis a meromorphic function on C su - oe C ., —/(C) has 
at least three points then f is a constant. (Hint: What if oo ¢ f(C)?) 
2. For each integer n 2 1 determine all meromorphic ok f and g on 


C such that f?+g"=1. 


§3. Schottky’s Theorem 
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g = a branch of log H. 
is scheme wnere we are allowed 
ing the functions ¢ 
log f and ioe A, pepe For the proof o 
specify these branches by requiring 


3.1 0 < ImX0) < 2z, 
3.2 0 < Img(0) < 2z. 
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3.3 Schottky’s Theorem. For each a and Bp, VU<a<o and0< B <1, there is 
a constant C(a,B) such that if f is an analytic function on some simply 
connected region containing B(Q;1) that omits the values 0 and 1, and such 
that | f(0)|< a; then | f(z)| < C(a,B) for |z| < B. 


Proof. It is only necessary to prove this theorem for 2 < « < o. The proof 
is accomplished by looking at two cases. 


Lf NN. rm 


Case 1. Suppose 4 < |/(0)| < «. Recalling the functions F, H, and g in 
Lemma 2.1 (and rediscussed at the beginning of this section), (3.1) gives 


1 
F(0)| = 5 llos| (0)| +i Im €(0) 
l 
< an log a+] 5 


1 
Let C,(«) = es log a+l1. Also 
TT 


3.4 |JF(O) +VF(O)—-1) < |\VFO)| + |VF(O)-1 
= exp (4 log | f(0)|) + exp (3 log |F(0)— 1) 


< ObaNE LIC (4\ 4173 
=> © oUF) TLYoW4T #J 
Let C,(«) = Co(x)? +[Co(a) + 1]*. Now if |H(0)| > 1 then (3.2) and (3.4) give 
\g(0)| = log] H(0) | +7 1m g(0)| 


log |H(0)| +27 
log C,(a)+2n. 
If |H(0)| < 1 then in a similar fashion. 
|g(0)| < —log |H(0)| + 27 
/ 1 ‘ 
= log aor + 27 
1H(0)), 
log |VF(0) + VF(0)—1| + 2m 


1~~ £7 £,N 19 
10g C,(a)+ 27. 
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Let C,(«) = log C,(«)+2z. 
If |a| < 1 then Corollary 1.11 implies that g(B(a; 1—|a])) contains a disk 
of radius 
3.5 L(1 —|al) |g’(a)|. 


On the other hand, Lemma 2.2 says that g(B(O; 1)) contains no disk of 
radius 1. Hence, the expression (3.5) must be less than 1; that is, 


3.6 |g’(a)| < [L(1—|a])]~* for Jal < 1. 

Te [al 2 4 tae 1 hk Bee ee arn 1 1 

If jaj < 1, let y be the line segment [0, a]; then 
[al < [2001 +1a@)-200) 


Tlaing (2 BY thie aivac 
Vols (eV) tillo BlYvoe | | 
a 
|e(a)| < C,(«) + ——~ 
L{i — |a}) 
If C3(a, B) = C(«)+P[L(1 —f)]~! then this gives 
lolz\l < Cle. RB) 
IONMTZE Se SINS PS 
if |z| < B. Consequently if |z| < B, 
|f(2)| = exp [zi cosh 2g(z)]| 
- sem f_ilnnchk 924/-\!1 
S €Xp [7|COSn 2g(Z)|J 
< exp [we?!9(2)1] 


define C,(«, 8) = exp {a exp [2C3(«, f)]}. 

Case 2. Suppose 0 < |/(0)| < 4. In this case (1—/) satisfies the conditions 
of Case I so that |1—f(z)| < C,(2, B) if |z| < 8. Hence |f(z)| < 14+C,(Q, 8). 
Tf we define 


AA VW WMwikslliw 


3.7 Corollary. Let f be analytic on a simply connected region containing 
BO; R) and suppose that f omits the values 0 and 1. If C(«, B) is the constant 
obtained in Schottky’s Theorem and |f(0)| < « then |f(z)| < C(«, B) for 
|z| < BR. 
Proof. Consider the function f(Rz), |z| < 1. 

What Schottky’s Theorem (and the Corollary that follows it) says is that 
a certain family of functions is uniformly bounded on proper subdisks of 
BO; 1). By Be Theorem, it follows ee this family is normal. It is 
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The main tool used in the proof of Picard’s Theorem is the following 
result. 


41 Moantoal_Carathandary Thanram If F re) Oofthp fa mily anf all analytic 
Tek iVeORNCi- VC arauieogory i.icorem. is ine jfamlliy Of @it @naiylic 
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Junctions on a region G that do not assume the values 0 and 1, then F is 


normal in C(G,C,,) 

Denntf Tix a anint 7) in Gand define thea families GZarlA OWhkhy 
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G = {fe F:|feo| <1, 


= {fe F:|fZo)| = 1}; 

so F =GUA. It will be shown that Y is normal in H(G) and that # is 

normal in C(G, C,,) (that oo is a limit of a sequence in # is easily seen by 

considering constant functions). To show that Y is normal in H(G), Montel’s 

Theorem is invoked; that is, it is sufficient to show that @ is locally bounded. 
If ais any point in G let y be a curve in G from zy toa; let Do, D,,... oe 

be disks in G with centers Zp, Z,,... 


,Z, = aon {y} and such that z,_, 
and z, are in D,_, OAD, for 1 < k <n. Also assume that D, © G for 
0 < k <n. We now apply Schottky’s Theorem to Do. It follows that there 
is a constant Co such that |f(z)} < Co for z in Dg and fin &Y. (if Dp = 


B(z9; r) and R > r is such that B(z); R) < G then, according to Corollary 


3.7, |f(z)| < CL, B) for zin Dy and fin Y whenever £ is chosen withr < su 
In particular f(z,)| < Cy so that Schottky’s Theorem gives that 9 1 


uniformly bounded by a constant C, on D,. Continuing, we have that Gis is 
uniformly bounded on D,. Since a was arbitrary, this gives that & is locally 
bounded. By Montel’s Theorem, Y is normal in H(G). 

Now consider # ={ fe F: |f(zo)| = 1}. If fe # then 1/f is analytic 


on G because f never vanishes. Also 1/f never vanishes and never assumes 
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H is normal in H(G). So if {f,} is a sequence in ¥% there is a subsequence 
{f,,¢ and an analytic function / on G such that {1/f,,} converges in H(G) 
to h. According to Corollary VII. 2.6 (Corollary to Hurwitz’s Theorem), 
either h = O or /: never vanishes. If h 


4.2 Great Picard Theorem. Suppose an analytic function f has an essential 
singularity at z = a. Then in each neighborhood of a f assumes each complex 
number, with one possible exception, an infinite number of times. 


Proof. For the sake of simplicity suppose that f has an essential singularity 
at z = 0. Suppose that there is an R such that there are two numbers not in 
{f(z): 0 < |z| < R}; we will obtain a contradiction. Again, we may suppose 
that f(z) 4 0 and f(z) 4 1 for 0 < |z| < R. Let G = B(O; R)— {0} and 
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Let {f,,$ be a subsequence of {f,} such that f,, > » uniformly on {z: 
|z| = 4R}, where ¢ is either analytic on G or g = o. If ¢ is analytic, let 


M = max {\p(z)|: |z| =4R}; then [f(zin)| = [fi < Lf,()—@)| + 
lp(z)| < 2M for n, sufficiently large and |z| = 42. Thus | f(z)! < 2M for 
IT N\7 | k ae = Ded | Z eS 7 ed 
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Principle, f is uniformly bounded on concentric annuli about zero. This 
gives that f is bounded by 2M on a deleted neighborhood of zero and, so, 
= 0 must be a removable singularity. Therefore » cannot be analytic and 
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zero. 

So at most one complex number is never assumed. If there is a complex 
number w which is assumed only a finite number of times then by taking a 
sufficiently small disk, we again arrive at a punctured disk in which f fails to 
assume two values. 

An alternate phrasing of this theorem is the following. 


4.3 Corollary. [f f has an isolated singularity at z=a and if there are two 
complex numbers that are not assumed infinitely often by f then z=<a is either 
a pole or a removable singularity. 

In the preceding chapter it was show 
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A, where A is not an integer, assume: h value infinit 1 (Corollary 
XI.3.8). Functions of the form e%, for g a polynomial, assume each value 
fa 1,1 1 at 1 wri 


infinitely often, although there is one excepted value—namely, zero. The 
Great Picard Theorem yields a general result along these lines (although 
an exceptional value is possible), so that the following result is not 
comparable with Corollary X1.3.8). 


4.4 Corollary. /f f is an entire function that is not a polynomial then f 
assumes every complex number, with one exception, an infinite number of 


Proof. Consider the function n g(z)=f(l/z 
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Exercises 


1. Let f be analytic in G= B(O; R)— {0} and discuss all possible values of 
the integral 


1 |; f'(2) & 
mi |e) —a 


where y is the circle |z| = r < R and a is any complex number. If it is 
assumed that this integral takes on certain values for certain numbers a, 


does this imply anything about the nature of the singularity at z = 0? 
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Appendix A 


Calculus for Complex Valued Functions 
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In this Appendix we would like to indicate a few results for functions 
defined on an interval, but whose values are in C rather Huet R. ie f: fa, 2) 
t 


> € is a aiven function then one can easily study 
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by considering the real valued functions Re f and Im f. 
fact that for a complex number z = x+iy 


max (|x|, |yl) < |z| = Vx? +? < 2 max (x1, |), 


easily allows us to show that fis continuous iff Re fand Im fare continuous. 
However we sometimes wish to have a property defined and explored directly 
in terms of f without resorting to the real and imaginary parts of f. This is 
the case with the derivative of f. 


A.1 Definition. A function f: [a, b] — C is differentiable at a point x in (a, 5) 
if the limit 


exists and is finite. The value of this limit is denoted by f’(x). For the points 
x= aor b we modify this definition by taking right or left sided limits If f 
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iS difieccatiable at ee point of [a, b] ‘then we Say that fis a differentiable 
function and we obtain a new function f’: [a, b] ~ C which is called the 


derivative of f. 
The next Proposition has a trivial proof which we leave to the reader. 


A.2 Proposition. A function f: [a, b] — C is differentiable iff Re f and Im f are 
differentiable. Also, f'(x) = (Re f)’(x) + i(Im f)’(x) for all x in [a, 5). 
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function being positive; accordingly, t 
derivative of a real valued function has no analogue for complex valued 
functions. However the reader is invited to play a game by assuming that 
Re f and Im f have positive or negative derivatives, and then interpret these 
conditions for ft 

One fact remains true for derivatives and this is the consequence of a 


vanishing derivative. 


A.3 Proposition. /f a function f: [a, b] — C is differentiable and f'(x) = 0 for 
all x then f is a constant. 
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Proof. If f’(x) = 0 for all x then (Re f)’(x) = (Im f)‘(x) = 0 for all x. It 
follows that Re f and Im f are constant and, hence, so is f. 


One important theorem about the derivative of a real valued function 
which is not true for complex valued functions is the Mean Value Theorem. 
In fact, if f(x) = x?+ix? it is easy to show that 
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f(6)—fla) = f'(c) (6-4) 


for some point c in [a,b] only when a= b. 

One of the principal applications of the Mean Value Theorem for 
derivativee ie the nranf af the Chain Riile In lic.” of the dtecnecaan in the 
ULLIVALIVES IS UL pi VUI VI UI Ullalli INUIL. ILI Alpias UI UI UlSsLUSSIVULH ELI U1 
preceding paragraph one might well doubt the validity of the Chain Rule 
for complex valued functions. The Chain Rule tells us how to calculate the 
derivative of the composition of two differentiable functions; this leads to 
two different situations. First suppose that f:[a,b]-C is differentiable 


nd let g: [a a Bl) alen he diffarantinhla Tha FF alm\—Ra ff aly 
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iImf( gi(?)): from here the Chain Rule follows by applying the Chain Rule 
from Calculus. In the second ae the result still holds. Let G be an open 
subset of C such that f ([a, b})<G and pea ae s vee IS analytic. We 
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mposiuion of two analytic functions (Proposition I 
will not repeat it here. We summarize this discussion in the following: 


A.4 Proposition. Let f: [a, b] > C be a differentiable function. 

(a) If g: [c, d] > [a, 6] is differentiable then fog is differentiable and 
(f° g)'(t) = f'(g(M)2'(0). 

(b) If G is an open subset of C containing f([a, b]) and h: G—C is an 
analytic function then ho f is differentiable and (ho f)’(x) = h'(f(x))f'(x). 

To discuss integral calculus for complex valued functions we adopt a 
somewhat different approach. We define the integral in terms of the real and 
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If the reader wishes to see a direct development of the integral he need 
only work through Section IV. 2 of the text with y(t) = ¢ for all t. However, 
this hardly seems worthwhile. 

Besides the additivity of the integral the only result which interests us is 
the Fundamental Theorem of Calculus. 

Recall that if F: [a, b] > C is a function and f = F’ then F ts called a 
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A.6 Fundamental Theorem of Calculus. 4 continuous function f: [a, b] > C 
has a primitive and any two primitives differ by a constant. If F is any primitive 


of f then 


Proof. If g and h are primitives of Re fand Im fthen F = g+ih is a primitive 
of f. The result now easily follows. 
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The theory of analytic functions of one complex variable is a vast one. 
The books by Ahlfors [1], Caratheodory [9], Fuchs [17], Heins [24], Hille 
(26], Rudin [41], Saks and Zygmund [42], Sansone and Gerretsen [43], and 
Veech [46] treat some topics not covered in this book. In addition they 
contain material which further develops some of the topics discussed here. 
We have not touched upon the theory of functions of several complex 
variables. The book by Narasimhan [37] contains an elementary introduc- 
tion to functions of several complex variables. Also Cartan [10] contains an 
introduction to the ue The book by Whittaker and Watson [47] 
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a 
ments. Finally the two aeolian a work by Polya and Szeg6 [39] should 
looked at by every student. These books contain problems on analysis with 
the solutions in the back. 
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CHAPTER III 


§1. A more thorough treatment of power series and infinite series in 
‘neral can be seen the book by Knopp [28] 
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§2. There are several ways to define an analytic function. Some books 
(for example, Ahifors [i]) define a function to be analytic if it has a 
derivative at every point in an open subset of the plane. Other books (for 


example, Cartan [10]) define a function to be analytic in an open subset of 


9 
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the plane if at every point of this open set the function has a power series 
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standard way of defining a function to be analytic in several variables. 
In many ways the study of analytic function theory can be considered 
as the study of the logarithm function. This will become more evident in 
the remainder of the book. 
§3. More information concerning Mobius transformations can be ob- 
tained from the book by Caratheodory [9]. 


CHAPTER IV 


theorems. 


308 Appendix B 


§4 and §5. Cauchy’s Theorem first appeared in the treatise [11]. How- 
ever Cauchy's original statement was far different from the one that 


appears in this book. Cauchy proved his theorem under me cclestaaue 
that the function f is 
1 


and inside a a simple closed smooth curve. Goursat 120, 2 l removed the 
assumption that f’ is continuous but retained the assumption that the curve 


over which the integral is to be taken is a simple closed smooth curve. 
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Pringsheim fl introduced the method of proof that is used by many 
eae ne fir first t pr hi the theorem for triangles (the method ae to prove 
a. ee 1 a1 


gons. The ‘le of fie winding number in Cauchy’s theorem aha ‘the 
extension to a system of curves such that the sum of the winding numbers 
with respect to every point outside of the region of analyticity is zero, 
seems to have first been observed by Artin [4]. The proof of Theorem 
IV.5.4 is due to Dixon [13]. 


CHAPTER V 


NY I U 
treatise he explores several applications of the theory of normal families 
problems in complex analysis. 

§4. There is a wealth of material on conformed mappings. Caratheodory 
[9] has some additional information. Also the books By Bergman [5], 
Goluzin [19], and Sansone and Gerretsen, vol. II [43] have extensive 
treatments. It is also possible to use Hilbert space techniques to construct 
conformal maps. See Bergman [5] and the second volume of Hille [26]. 


§7. For more information on the gamma function look at the book of 


Artin [3]. Also the paper [30] contains more information about the gamma 
Oe ae ite Oe Eas ee a es le a ia) 
f ion. An interesting survey article is one by Davis [12]. 


ICL 
§8. The book by Edwards [16] gives a complete exposition of the 
Reimann zeta hypothesis from an historical point of view. This book 
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examines Riemann’s original paper point by point and fully explicates his 
results. There is a result of Beurling (see the book by Donoghue [14]) that 
gives an equivalent formulation of the Riemann zeta hypothesis in terms of 
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CHAPTER VII 
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There are several other proofs of Runge’s Theorem. One proof is by “pole 


pushing”; this was used in the earlier edition of this book and also appears 
in [42]. A proof using functional analysis appears in Rudin’s book [41]. 


CHAPTER IX 
§3. An interesting paper on the cpt theorem is nen 
§6. The book by Springer [44] gives a readable introduction to the 
theory of temann cuirfacec A more ites treatment iS ae 
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Further results on harmonic functions can be found in Helms [25]. This 
area of harmonic functions has been extended to functions of more than 
two variables. In addition the Dirichlet problem can be formulated and 
solved in this more general setting. 


The theory af entire functinne ic anne af the laraact hranchac af analytic 
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CHAPTER XII 
The book by Hayman [23] contains many generalizations of the theo- 
rems presented in this chapter. Also the paper by MacGregor [32] contains 
many applications and additional results. This paper also contains an 
interesting bibliography. 
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